


v
f

'
A

PR S

ONTENTS

C
O /7

PREFACE
ACKNOWLED GEMENT covotvvssesssaressnssssssssssasssasessmasgpmssssas st ({f_r_/
DEDICATION cocvveeaesisraserens (yf_:)
EXAMINATION TIPS eevieresreinmmaesssssnmsnnansnsessransiersess - (viii)

PART I: PURE MATHEMA TICS

CHAPER ONE: LOGARITHMS, SURDS AND INDICES 1ooonvonvnanmseeenseers saenenasens f-13 |,7
Powers as indices, Laws of indices, simplifying expressions, equations Ihflf require
use of lavws of indices, Logarithm as an index, Laws of logarithms. S:_mp/‘zﬁc_a!mn
of logarithmic expressions, Change of base, Simple equations involving indices
and logarithms, Rational and Irrational mumbers, Simplification of surds.

Rationalization of surds, Simple equations involving surds.

CHAPTER TWO: POLYNOMIALS covviviveiinveinrecncsnnannnnunansspnrrases s 0000
Formation of polynomial, Order of a polynomial, Operations on polvnomials

(addition, subtraction, multiplication and Division). evaluation of a polynomial,
Factorization of polynomials up to degree 2, solving a polynonial

CHAPTER THREE: QUADRATIC EQUATIONS «.ivvoiiiiiiiiinimnccnceinaiiininen 19-25 /
Methods of solving quadratic equations, factorization and completing the square,
Sum and product of roots of a quadratic equation, Formation of quadratic
equutinns, Equations reducing to quadratics, Maximum and minimum values or

the quudratic functions.

CHAPTER FOUI: SERIES 1vvonvcarssnsesnecsisonmnsssisessessesssssssomscsssinsessnen. 26-33/
Arithmetic and geometrical progressions, the nth term of A. Ps and G. Ps, sum of

AL cumofa G.P

CHAPTER FIVE: DIFFERENTIATION cco..cooeveccnmmnnrssessisserins s 3449V
Ciradient of a curve al a point, Equation of the tangent to the cmve .c;.l.'(;'})oi;n
Fguntion of the nurmal 1o the curve at a point, Maximum and minimum poi "I;
Curve skelching, velocity and acceleration, Derivatives of "‘fgonomezrfc{ /}mc‘!;‘ons

+

CHAPTER S1X: MATRICES (oviviiccniininsirennnnieniinaen s0- 653
. - ' I L N I I S - .~ \
(Jperettons: on matrices, Deteeminant of a 2 7 2 Matris, Inverse of a 2 x 2 matriv
Houthon of sumltoneons equetions using matrices and determinant. (¢ ‘m:nmw' 3
tiley - |




\
CHAPTER SEVEN: VECTORS ....v..ovvevenesreoosoo Craanen, e 66-73 L~

Vector notations, Displacement vectors, Position vectors, Addition and subtraction
of veciors, Multiplication by a scalar Magnitude of a vector, Unit vectors, Parallel
vectors, Equal vectors, Dot/Scalar product of hwo vectors, Angle between vectors,
Perpendicular veciors,

\
CHAPTER EIGHT: INTEGRATION ..u.....ooveevnrerarnnnersreooseoooo 74- 83 v~

The reveyse of differentiation, Indefinite integrals, Definite integrals, Area under a
Cirve, clmp{acemenr, velocity and acceleration,

CHAPTER NINE: TRIGONOMETRY ovcueenviiiirenvieecaee e eoseeeseee oo 84-101
Trigonometric ratios, Special angles of 0°, 30°, 45°, 60°and 90", Graphs of sin 0,
cos O and tan 0, Trigonometric identities, Trigonometric expressions, Compound
Angle Formulae, Double Angle Formulae, proving simple identities, Solving

simple trigonomeiric equations, Solution of Triangle, Sine rule, cosine rule, the
area of any triangle

CHAPTER TEN: DIFFERENTIAL EQUATIONS ...ovvuveeciiiiimninnreeessrenseenenn, 102- 106 +—
Concept of a differential Equation, Order of a differential equation, General
solution and particular solution of a differential equation, first order differential

equations with separable variables, Formation of differential equations of natural
occurrences

PART I1: PROBABILITY AND STATISTICS .

CHAPTER ELEVEN: DESCRIPTIVE STATISTICS «cvuvvveeeresiseeeeeoeeeeoeesen 7 -128  ~
Discrete raw data continuous raw data, Un grouped data, Grouped data, Data
presentation methods, Frequency tables, Histograms, Cumulative Jrequency graph
(Ogivey, Interpretation of statistical diagrams (F requency tables, Histograms and
Ogive), Mean, mode and median, Range, Quartiles/percentiles, Variance and
standard deviation, Data analysis. '

CHAPTER TWELVE: MOVING AVERAGES ....oovveeeivveeeeeessireeeeees oo eeos s 129 - 14{ -
The cycle of the data, Even and odd moving totals, Odd and even moving averages,
Graphs of moving averages

CHAPTER THIRTEEN: INDEXNUMBERS................................................1'42 - Ifi
Concept of Price indices (Price relatives), umweighted price indices, weighted
price index, Weighted Aggregate price index, Value index




r

!
!

y panun [.l-nnu’o‘j"(}&gf
CHAPTER FOURTEEN: SCATTER GRAPHS A ND C()I{.;H: 1117:’ Ta; ; ){f:? o }) o
Concept of correlation, Scatter d:‘u.s:rmm_'. Line Q/. LALNALD
cocflicient, dpplications of coefficient of correfation

CHAPTER FIFTEEN: THE PRORABILITY THEORY «.vovxes fmnm‘#m .;.;)1!::{9”.01:??0\,
Terminologies in pr'ohnhimyrhcor'y. Probability laws am' .m) o hbrbr'lin' oo

set rhmrr.\thab:‘h‘f_r sitations, the conditional probability, Probatiil

(C{l!(:j;}l'(;“,;'; SINTEEN: PERMUTATIONS A ND COMBINA T!QNS 1!37{- 194 '
Arrangement of objects in a row, Concepl of permutation, F Iacml ‘a nofg ’!0” {'.’"
Arranging objects in a circular form or ring, 1Way's of selecting objects, Selection
of any size r from a group.

CHAPTER SEVENTEEN: RANDOM AND CONTINOUS VARIABLES «.ccvvvvvsn 195 - 209 v~
Discrete randons variables . . .

Concept of discrete random Variable, Probability densify function (p. n’ﬂ of a
discrete random Variable, Properties of a p.d.fof a discrete randon variable,
Probability distribution table, Expectation E(X ), Variance, Var(X ), and Standard
deviation of a discrete random variable, Mode.

Coutinuous random variables

t.Concept of continwous random variable, Continuous probability Function,

Properiies of a Continvous random Variable, Expectation, variance and standard
deviation of a continuous random variable.

CHAPTER EIGHTEEN: BINOMIAL DISTRIBUTION ...coiiiiviiiiriivneriirieneearenenns 210 - 216'/
Concept of a binomial Distribution, Properties of a binomial Distribution,
Binomial notation, Binomial tables. Expcetation, variance and Standaid deviation

CHAPTER NINTEEN: NORMAL DISTRIBUTION ...ovvvveereeeennnnnn, veerans 217- 2247
Concept of normal Distribution, Properties of normal Distribution B '
Standardization, Standard normal tables. '

PART I1I: MECHANICS
CHAPTER TWENTY: LINEAR MOTION s

D{S!GHC‘E, displacement, velocity, speed, average speed, acceleration
Displacement-time graphs, Veloc .

ity-time graphs, Equati i ) .
Numerical problems. p quations of linear motion,




CHAPTER TWENTY-ONE: RESULTANT AND COMPONENTS OF FORCES.......233- 241
Resultant of parallel forces. non-parallel forces, any number of forces,
Components of a force, Resuliant of a number of forces.

CHAPTER TWENTY-TWO: FRICTION .................... bereretrerr i 242- 249
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Examination Format
There will be one paper of 2 hours 40 minutes. The paper will consist of
two sections. Section A and Section B,
Section 4 will comprise short questions on Pure Mathematics, Statistics
and Mechanics while Section B will comprise longer questions. Section
A will consist of eight (8) compulsory questions. Candidates will be
required to attempt all questions each carrying 5 marks. Section B will
consist of six (6) questions of which candidates will be required to
attempt any four (4) each carrying 15 marks.
In Section B, six (6) questions will be set from Pure Mathematics,
Mechanics and Probability and Statistics.
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Examination tips
Read carefully the instructions on the question paper. ‘ ]
If you only have to answer some of the questions, read the questions an
choose which to do. Start with the questions you know best.
If the instructions say “Answer all questions " work out steadily through the
paper, leaving out any qtiestions you cannot do. |
Read each question carefully to be sure what it is you are required to do
Set out all your work carefully and neatly and make your method clear. If
the examiners can see what you have done, they will be able to give marks
for the correct method even if you have the answer wrong.
If you have to write an explanation as your answer, try 1o keep it short
Check yowr answers, especially numerical ones. Look to see if your answers
are sensible.

Make sure you know how to use a calculator. They don’t all work the same
way.

When doing a calculation, keep all figures shown on the calculator, only
round off the final answer. .
Make sure you take all the equipment you need to the exam that is pens,
pencils, ruler, compasses and calculator (make sure its battery is working)

When you have completed the exam, check to see that you have not missed
out any questions.

You must show all working. If you give a correct answer without a working.
you will receive no marks. "
Avoid panic.
If you have done your revision, you have no need to panic. If vou find the
examination difficult, so will ever 1 pass 1
yone else. This means the K Wi

ot pass mark will
If you cannot do a question, move on and don’t worry about i
A . Y avout it. Often the

: Wit come a few minutes latey ‘
If panic occurs, try 10 fi ' .

: ind a question yoy
can do. i

Yorn o Success will help to calm
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CHAPTER I: § URDS,_LOGARI THMS AND INDICES

e — e — e ——— e

numerical values i.e, 4 = 2,25 = 5, However expressions such
as V2,3, V5 ... .can not be written numerically as ¢

Nactquantities i.e. V2 = 1.414 and V3 = 1.732. Such
numbers are called irrational and it’s olten more convenient o Jeqve them in the form ‘

Expressions such asv4,V25 have exact

V2B hence called surds. They arc thus erational numbers, which can be expressed as
powers, s
Examplcs:
I.Write the following as the simplest possible surds
M) VB (i) V12 () VS0 (iv) V8
Solution
() VB=V2X4=VaxVZI=2V2
(M VZ=VAx3=VixJI=2v3
(i) V50 =VZ5x2 = V75 x V2 =5v3
(iv) V88 =v1Ex3=viExV3=4/3
2. Simplify; (i) V75 + V108 + V27
Solution
V75 +VI08+ V27 = V25X 3 + V36 % 3 + V33
' = V25X V3 + V36 X V3 + V3 x 3
=5V3+6V3+3V3 =143
(i) V50+vZ-2vi8+v8
Solution . K
\/ﬁ+\/§—2\/ﬁ+x/§=w/2_575+ﬁ—2x/9_xz'+w/4_x_z

=VIEXVZ+ V2 - 2VIx VI + VA x3
=SV2+VZ - 2x3V2+2V3

‘ =8V2 —6VZ = 2¢2
3.Expand and simplify

(2) (3~3V3)(3+2V3)
() (5= 2v7)(5 4 2v7)
Solution
(@) (3-3v3)(3 +2v3) = 6 — 93 + 4vF — 6(/3)’
=6~5V3-6x3= ~12—5y3

() (5= 2V7)(5 +2V7) = 25 - 10V7 +10v7 = 4(y7)?
=25-4x7=25-28=—3

=1
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4. Rationalize the denominator of%
Z

o
0

Solution

Multiply numerator and denominator by v2
, VIT V2T VIO 2

. vz o,
5. Express 575 nthe form % where @ and b are real numbers.

Solution

V2 N2 V22 |t
23 Vaxv3 Ji2 (12 {6

Alternatively;

V2 \/__‘[_-_‘CH\/_
W3 2B d3 6 V36

6. Rationalize the denominalor ol‘ 3-V8
1+3V5

Solution
Multiply numerator and denominator by the denominator with sign of 35 changed (conjugate of the

denominator)
15 _ 3§ f 1-3¥5 _ (3'!52(1“3ﬁ52
T THadE J1-3vE | (1+3V5)(1-3V5)
_ 3-9Y5-VE+VZ5 3+15-10V5

| T -(3ve) T 1-4S
_18-10¥5 _ 18 1045
-44 -4 44
__+ S ‘r
. 1
7. Rationalize the denominator oi‘——a_‘[i
Solution
1 _ o« 34V2 _ _3H2
IyZ  3-V2 V2 37— (J‘}
e (3 +V2)
8. EXPress S5 37z j:";?m the forma+b\/_ '
2 -
Solution

i (2\/.+3\/—)(2[+3f) 23 x 2V3+ 2V3 X 3V2 + 3V2 x 2Y3 + 3VZ x 3V3

_._.—-——'_'-_—'—_.__ ’
o3z (23~ 3v2)(2V3 +3V2) 23X 2B H2VBx3VI-3V2 X 203 - 3VIx 372
: _ AVE+aVE+6VE+9VE
T AVB+6VE-6VE-9VE
_1za12Jar
12-111

_30012¢h 30 12va
- b “'._f;+__ﬁ=_5-2\/g
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Y, Simplily T_l_ﬁ BRI
Solution

1 I CL £ ol (L) B LR S T S S
=3 14v3  (1=VAN14v3) _;-{-ﬁr-_l—_;:_f:_ﬁ

l. Simplify (a) V8 + 18 — 2v2

(b\/_+2\/_ V27
(c) V28 + V175 - V63
(d)y V512 + V128 + V32
(¢) V1000 — V40 — v5p

[Ans: (a)3V2 (b) 6v3 (€) 4V7 (d) 28 (¢) SYTD |

2-243
2. Fxpress J‘ arzys N he form @ — bE [Ans: 5~ 2vF |

VE=-243
3. Given that + (3 : =22 o4
iven tha v,_ 5 P qvVr. ind p,gand r [Ans P=qga=r= '15]

4. Rationalize the surd m m [Ans: ; 10 + 4@]
T ¥3-2

5. Simplify == in the form p + qv3 [Ans:4 —%ﬁ ]
. . 1

6. Slmp]lf)’m [Ans: %(\/§+ \/§)]

12/5-10v3 oy V32
_Tw_] i) .,/;N; [Ans; 5 —2v6 }

7. Rationalize (i)%ﬁ+ﬁ [Ans:
1

- ,/' YW [Ans: 3 ]

V5+1 VZ+2V5 V10+245 2VZ-y3
9. Rationalize the denominator of (a)v,_ 7 (b) vz ()J_+J' (d) i (e )N' 7 (H
V6443

e [Ans: (@) > (S + V3 + V5 + VI5) (b) 4 + VI0 (¢) YZ (d) ~7 + 3VE (c) X (3\/‘+2\/j
(D 309 +2V18) )

10. Exprcss in the form a + bv/c ,
@ (V5 +2) (0) (1+VZ2)(3 - 2v2) (12 (@)VF+2 4+

8. Simplify

243-1
[Ans: (a) 9 + 45 (b) =1 + V2 (c)—+-—\/— @0 ]
S
11. Express ——— 32{,—- i}/:mtht. form dv’- where a, b, ¢ and d are integers  [Ans: 222 275 ]
VB-V18

12. Given that = ¢ + bV, determine the valuesofaand b [Ans: a = =-Z2,b=-1 ]

3. Express Z\f_ — 3vZ + V800 — 2+/72 in the form avb. Given that VZ = 1.414, evaluaie the
above expression [Ans 15vZ or 21.21]

14, [Zvalualcvr_ 5 ﬁf given that V5 = 2.236 and V3 = 1.732  [Ans: 3.716 |

I5. Given that £ = - (V5 + 1).Show that t? = 1 + ¢




Index is another word to mean power i.c. for 23 = a X a % a, here a is the basc and 3 is a power or

an index or exponent.

Laws of indices:

L eaMmx g =a e 213 x22 = 2342 = 25 =32
2 gM+at= amt e 33 = 32 = 33—2 =31=3
3. (am)n = ag™Mije (42)3___42)6 = 45
' 0

4 a®=1ies?=1, (3 =1,1000°=1 etc

R WU S RS 23 1
3. a —a"leZ T T sz 25

1 1
6, an="%Ya ic 42=Vi=2

7. a" x b = (ab)? ic.22x32=(2X% 3)? = 6% = 36

8. an = (V&)m =/ (a™)

xamples
] = S S = 27 \3

1. Simplify (i) 273 )47 D100z (iv) (625)F (V) (ﬁﬁ)

. 1 . 1 3)(‘- 1 —
) 273 =(3%)F =373 =3"=3
(ii) 4-7_" = (22):7.l = 2"-"% =2"1=

' B =

2
i 100% = 1007 = (107)3 = 107 = 10° = 1000
' 1

, o bt I ax?_ -1
(iv) (625) =GN =5 =5"=¢

-1
A

ot . = 3 -
(27 )':T CenT _ () _3 ¢ 3t
= -=

2T\ = - - =
1000 Goooys (103 10773
=37+ 1070 =i o=IXT=T

Q)

2. Simplify
1

277 #2432

)
2415 .
Solution
] i U 3 5
arraaadt _ (F)2x(3%)2 _ 32432
(O A L
2433 s(3")5
A
3(5 3 g4
= —— = 1
3t 3

)

pyon

S R

R A e A
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Solution
) 1
) n - 1 1 1
an =+ @ an an _anx am an*” ﬂ( l I:l)
n-n) (n+1) T & =
ntt 0+ 1
( : n+l
¢ a as u ) a( n ) a( n
(nzn)_(m) ni-p
=qa\ n n/ = ( n )_ h-1
L a ¢}
BEx43
(iii) T
326x1612
Solution
12 P S
85x47 (2 ]ax(zz)l 26x23 28*3

S
32ex1672 (25]ax(2*)11 26%217  5*1z 3%

. 3(27+1)-a(271)
(V) g

Solution

32™7) —4@™Y) _3(2"x2)—a(enx 271y 62"~ 4(-222)

2741 _2n (2nx 2 ~2m) o2 -1)
_ 62" —2(2") 26 - 2)
n = =
9ﬂ+1x6ﬂ—1 2 Zn
(V) 31n-1x2n
Solution
gi+lygn-1 _ 3“““’)((3):2)""‘ _ 32n+2x3n-1x2n-1
3en=1xon 32n~1y2n - 32n-1x3n

32n+2s\n—1x2n-—1 3Jn§lxzﬂ—1

32N—1xn - 32n—lx2n
= 3(3n+1)-(2n-1) x 2{n-1)}-2n

=33n+1-2n+1 % 2n—1—2n
= 3n+2 X z-n-—l

1
(Vi) xZ?l*IxXz
\fx3n
Solution
1 1 3 4n+3
2205 N 25 3 _ an+3 3n 4n+3-3n n+a
Jyxan I T T woTX: or=Ex o o=x
xe x2 x2

Equations involving indices:
Solve the following equations;

3% = 81 2. 277 =g
i
3X=34 (33)’1':;
nx=4 33 = 3-2
3x-~—2=>x=?2

Mathenad ' |
Ma z;rm.r.r.a.c.s..bx.l.(m.mm.13«!3.@.4!..............Zfii’.lidi(irzn
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3, 4 =05
. 4x -- l
i 2
i (22 = 27!
22x — 2—1
2x= Ly =
X=—-—Lx= 2

3.0 28N 41 = 9(2%)
Solution
22X x 23 +1=9(2%)
8(27)—-9(2*)+1=0
8§(25)2 — 9(2%) + 1 = O since 22 = 2¥ x 2% = (2%)?
Let 2* = y, then;
By?—9y+1=0
8y —By-y+1=10
@y-1)(y-1)=0 ,cither8y—1=0=y=zory—1=0=y=1
thny=§,2"=ﬂl=2" =2i,= 2x =273, x=-3
Wheny=1,2X=12¥=20,x=0
v sx=00rx=-3
4. 3(3%)426(3%) -9 =0
Solution
3(3%)2426(3%) ~ 9 = 0
Let y = 3% then3y? + 26y -9=10
32—y +27y—-9=0
y@By-1)+93@3y-1)=0
By-Dp+9)=0
Either3y-=1=0 J:% ory+9=0, y=-9

Bither 3% = 2, 3% = 37 ax=—1
Or 3* = —9 and value of x does not exist
g 5. 2Tt 415(2%) =8
Solution

22 x 21 4+ 15(25) =8 =0
2(2)% + 15 (2X) — 8 = 0
Let2* =y, then2y®*+ 15y -8=8
2y2—y+16y—8=10
‘ y(2y -1 +8(2y-1) =0
Ry-Dy+a)=0
[:ilhchT—l =0ory+8=0 =>}’=%0ry=~8

Cither 2% =5 = 27) sx=~10r
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~8 and value of x does not exist
ax =1

2% =

(t+3) — 161
6. a2rt1) 44 165
Solution
42:x41+4fx43 :-(E
L
4(4%4) + 64(4%) = 67
44 + 64(4) = =
Let4t =y =>4y“r64y=5:1
16y + 256y — 65 =0 on multiplying through by 4
16 X —65 = —1040 whose factors are 260 and — 4 that add up to 256
16y% + 260y — 4y — 65 = 0
4y(4y +65) — (4y + 65) = ¢
(4y +65)(4y—1) =0
Either 4y + 65 =0 = 4y = —65 which givesy = —%

65
4t = — and here value of t does not exist

07'4}"'1=0=>4y=1whichgt'vesy=$
4‘:1 = 48 = 4~1
4

“t=-1

7. 240D = (4 x g¥)?
Solution
242‘—4 — [22 X (23)x]3
24x-4 — [22 X 23x]3
24x-4 _ [2(2+3r)]2
24x-4 22(2+3x)

> 4x—4 =4+ 6x

4x =8+ 6x
—2x=8
Lx=—4
1. Simplify
B%xa% 12%)(1651
(i) —— |Ans: 1) O e [Ans: 8 ]
326%1612 276102
-2 1 -7 3
(i) £ [Ans:xﬁ] (Vi) yz=64  [Ans: 8 |
x& )
Rty 2 ns3 N 3
(i - [ans: £(5)] i) (%) [Ans: %]

2
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1

1 1
(W) 92;2731‘ K4 __.__E :
| 64;4[X162 [Ans: = {viii) 324“6:*3: [Ans: 2]
(0 42 214 e 1287 ‘3
2 [Ans: 2 ]
r) . . .
| 2. Solve the [ollowing cquations
i 9*= ;1— [Ans:x = i
— x=-3] (i)8¥=025  [ans:x= =
i) 32% = - 3
(i) 0.25 lansix=2]  (vor=27 [Ansix= :
() 2% —5(2)44=0 5 x=s
R 4 8 o 330% [Ans:x =20r 0]
b g ( ) [Ans:x = —20r3]
( —12(3*)+27=0 |Ans:x = 2 or 1]
viii) x* — 4x? = .
yxt—4x? +3=0 [Ans:x = +1or £ V3 ,hint Let y = x|

. 1%
w (X)) (;) X 2%+1 =% [Ans: x=4 K
(x). 3(4*) —8(2%)+4=0 [Ans:x =10r—0585 ]

gy 2xT+2 — -
(,\I) 32 ) = 272x 1 [Ans: X = 1o0rS ]
(xii) 52¥~5 = 125¥°2  [Ans: x = lor _.;. ]

(xiii) 52* — 2(6*)—8=10 [Ans: x =0861 ]

. . LOGARITHMS:
Logarithm is another word 1o mean index or power i.c. if y = ¥, then we define x as logarithm of
mofly

tobhasca (log,y)
if y=a* thenx =loga ¥

Operaling rules for logarithms
loge b + 1082 € = logg be ie 10823+ log, 5 =1log3X5= log, 15

logg b — logg ¢ = l0Ba (z) ie logs 6 — logs 8 = logs (%) = lopy 2

1.
2.
3. log, b" = nloga b i€ logy 72 = 210837
__lagch __lopa 3 lof1o6d qpca
4. logab = topa e logx3 = Toge2 ,log, 3 = _—Iogloz' T'his is known as the change of base rule
5. logah = ioa
6. log, 1 = D since a=1 7.log, a = 1 since al =a
Examples
1. EExpress the following sta
(i) 16 = 2 (i)27= 33
Salution
(i) Introducing logz on both sides
log, 2* = o8z 16
log, 16 = log 24
10131 16 = 4

lements in logarithm notation

’l
(i) Introducing logs on both sides’
logs 27 = log, 3
loga 27 = 3
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2. Express the following in index notation
(i) log, 32 = 5 () 7= log, 128
@  25=32 (N2 =128

3. Simplify logy 9 + l0gs 21 — log, 7
Solution
log, 9 + logs 21 =104 7 = log, (9 x 21) log, 7

= log, (*2%) = log, 27 = log, 3° = 3 log, 3

. Simplify logs 125 — logs 50 + logg 2
Solution
logs 125 — logs 50 + logy 2 = logs 5% ~ logs (2 x 25) + log, 2
= 3logs 5 — [logs 2 + log;; 25] + logs 2
3 —logs 2 —logs 25 + logs 2
=3 —logs5?=3-2logs5=3-2=1

il

. If log, 2 = 0.356 and log; 3 = 0.566. Find the value of 2log, ( ) + log; ( 5) 2log, (3)
Solution

3
=1lo (1)2 +lo (25) lo (7) =1 (49 | 25 I 19
BRCIANTS E7\12) 708 %87 225) T iog; (12) 087 (?)
49 49
= log, (225 12) ]og-,( )
49 25 49 - 49 25 g
= log, (225 XE??) = 1087 (EXEXE)
= log, (E) =log,1—log,12 = —log, 12
= —log,(4 x 3) = —(log; 4 + log; 3)
—(log; 2% + log, 3) = —(21log, 2 + log, 3)
—(2 x 0.356 + 0.566)
=-1.278

2

I

. Find the value of log, 12
Solution
Letx =log, 12 ,then7* = 12
Introducing log,, on both sides gives
log,0 7% = log,p 12

x1ogyo7 = logye 12

0792
= o807 _ 20792 _ 4 977
loglo 12 0.8451

. Solve for x in logs (4 — x) — logs{x +2) = logs x
Solution
logg ( ) logs x. Since the logarithms arc (o the same bases on both sides, then;
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- A-x _
; ke

E 4—x=x(x+2)
E 4-x = x? + 2x

x243x—-4=0
x*—x+4x-4=0
-1} +4(x—-1)=0 _
(xx£x1)(x)+ 4)(= 0 ~Cither x-1=0=x=1lorx+ 4=0=>x=-4
8. Solve the equation  (0.2)* = (0.5)%*7
Solution
Introducing logy on both sides gives;
Log 0.2% = log0.5%*7
xlog 0.2 = (x +7)10g0.5
X log 0.5 _ 04307
x+7 log02 ,_,
x = 04307(x +7)
= 0.4307x + 3.0147
0.5693x = 3.0147
v & x =52955

P P USSP

o

A el

9.1f 3+logox =2logoy.Expressxintermsofy
o Solution
g Using  3logyg 10 + logypx = 2log,,y since lagya 10 =1
i log1p 107 + logyo x = logyo ¥*
log,q 1000x = log,q y?
Since the logarithms are to the same bases on both sides, then;

1000x = y?
2
X = = 2
X 1000 orx = 0.001y
10. Solve (0.1)* = (0.2)5
- L.og 0.1¥ = log 0.2°
xlog 0.1 =5log0.2
_ Slog0.2 _ 5x-0.69897
X = egor - =3.495

& x = 3.495

I1. Express loge xy intermsof logzx and log, y
Solution

Using the change of basc rule, logg xy = |;‘)B: xy

0g3 9

= oBsxy _logsxy _ 1 |
logy32  2logy3 2 (logs xy)
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1
= 5 (log; x +logy y)

12, Solve for X in the cquation ; logg x + log, 5 =25

Solution
We sce that the logarithms are not to the same bases so we make them the same. thus
1 N $
logs X + orx 2.5 (Since log, 5 = — )

1035:(

Letlogs x = y,theny +$ =25
yi+1=25y

10y%+10 = 25y (multiplying through by 10)
10y - 25y +10 = 0

a=10,b==-25andc = 10 Alternatively, by factorization
_ —btvbi-sac
y= 2a
~(-25)4/(=25)¥—ax10%10
== s 10y(y —2)=5(y—2)=0

_ 253V225 __ 25415

= 2 25t (y—2)(10y = 5) = 0

15 -
cithery=22=2=2 ory=% 15:%% Eithery—2=0=y=2
1

10y? =20y -5y +10=0

20 20
25-15 _ 10
20 20

ory = 0r10y—5=0'=>y=%

13. Simplify logg 4

Solution
loge b
logea

Using the change of base rule i.e. log, b =

We can change the base 8 to the lowest possible basc i.e. 2
_logat _ logz2* _ 2logp2 _ 2
“ logz8 logz2® 3logzz 3

logg 2

14. Show that logg x = §10g4 x. Hence without sing tables or calculator evaluate logg 6 correct to 3

decimal places given that logs 3 = 0.7925

Solution
By using the change of base rule and changing the base from 8 to 4
logs x
loggx =

log, 8

We can now simplify log, 8 by changing the base to 2
_ logz8 _ logs 2* _ 3loge2 _3

- 10524 - log» Zzl ‘ Zlogzz 2

log, 8

2 2
Thus loggx = I-D(%‘)—x = (logs x) X e ;log4 X
2

Now logy 6 = %log,., 6 sincex =6

§l034 6= %log,i(Z X 3) = %[1084 2+ logs 3]
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= 2{l0gs # +0.7925]
= ;Elo& 4+ 0.7925]
2
=2+ 0.7925] = 2[0.5 +0.7925] =3 X 1.2925
= 0.862 (3.p)

15. Solve the equation 3logy P — 6logp 2+ 7 = 0

Solution
1
Using the laws of logarithms, logp 2 = Toni?
1 —
= 310g2f’—6(m)+7—0
Let log, P =y =¢3y—§+7=0
3y2—6+7y =0 on multiplying through byy
3y*+7y—6=20
3y2+9y—-2y—6=20
3y(y +3)-2(y+3)=0
(y+3)By—-2)=0
eithery+3=0=>y=-3 or3y—2=0=>y=§
wheny = =3, log, P = =3 =>P=2‘3=;1;=%

2
wheny =2 log,P == P=21=1587

16. Solve for x without using tables or a calculator logz x — 10log, 3 =3
Solution

log 3=——= logzx— 19
x logs x logax

Let logsx =y thus y~17°= 3

y2—10=3y onmultipiying through by y
y? — 3y — 10=0
y?—5y+2y—10=0
yy-5+2(y-5=0
y-5)y+2)=0
Eithery—5=0=2y=50ry+2=0=>=y=~2
When y =5, log3x =5=x = 3% =243

When y = -2, log3x=_2=>x=3-z=_1?=}.
3 9

Trial questions
~1

1. Simplify 1+ logyo ()7 — 2logyox [Ans: logy,5)
2. Solve the simultancous equations;
Iog1nx“]0g1oy=10glo 2.5 and 10g10x+|0gmy= 1 [Ans:x: Sm‘y“—‘ 2]
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3. Find log 5 30 correct to 2 decimal places [Ans: 4,23]

Y g = 2ty a9y .
4.1 p = logs (35). 9 = 108 (3).r = 108, (£2), given thar l0g;2 = 0356 and log, 3 = 0.566, find
the valuesof @Q)p+q—r (b p + 3q —2r

[Ans: (a) 0 (0) 0.064]

5. Solve the equation (0.2)* = (0.5)%+7 [Ans:x = 5.294]
6. Solve the equation logy x —4log, 3+ 3 = [Ans: x = f-:—l-or 3]
7. Solve the simultancous equations  x+y = 20 and log; x = logg y
[Ans: (4,6); (-5.25)]
8. Solve the equation log, x —log, 8 = 2 [Ans:x =8 or % ]
9. Solve for X in the equation log,(6 — x) = log, x [Ans: x = 2)
10.(\) If log,(2 + @) = 2, Find a [Ans: a= 2 ] (i) loge(6—a) =2 [Ans: a=2 ]
11. Evaluate 1::;:;9 [Ans: % ]

12, Determine log 0.27 given that log3 = 0.4771 [Ans: -0.5687 )
13. Express as a single logarithm and simplify your answer logVaZ—1+ ifog ("—*:-)
o

[Ans:log(x+1) ]
14, Given that logs 2 = 0.63. Find the value of x in the equation 3%* =35 +2 [Ans: x = 0.63]

15. Simplify log; 98 — log, 30 + log, 15 [Ans: 2 ]
16. Determine the values of (i) log, 32 — log, 128 + log, 64 (i) logz 90 [Ans: (i)4 (i) 4.095 ]
17. 1flog, 8* = . show that x = 22
18. Solve the simultancous equations

log,x+log,y=3  and logy,x=2 [Ansix = 4 and y=2 ]
19. Find the value of x if 1.38% = 2.628 [Ansix =3 ]

20 Simplify log1o 160 +21ogyo (£) =1 [Ans:2 |

21. Given that log1 2 = 0.301,log;0 3 = 0.477 and logy, 7 = 0.845, Evaluate log,, ’(5—83)

[Ans: 0.448 ]
22. Evaluatelogg, 50  [Ans: -4.269 ]
23. Solve the equation 2logy x + 3 log,3—-5=0 J[Ansix =1lorx= 52 ]
24. Without using tables or calculator, find the value of x in
Iogg-i- ]ogg- log;sg = log(x? — 3x) (Ans: x =577 or x = —2.77 }
25. Express 2 log; 18 4 log, 371 — logz 6 + 1 as a single logarithm log; Q [Ans: log; 9 |
26. Solve for x in the equation logs4x = 2log, 4 [Ans: x =4 or:—ﬁ ]
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CHAPTER 2: POLYNOMIALS

e e

i i »rs and variables. They contain more 7,
Polvnomials are algebraic expressions that include rcal numbers @ ;

one term. Polynomials are the sums of maonomials.

, ;
. v or -8y onomtals.

A monomial has one term lor cxamplc’S} or -8x* or 3 arc T S 3x2+ 2 0r9y + 2}.3 is a special polyr.
A sum of two monomials that arc not like terms for examplc; ' / AR

7 .
iale i i example: -3x° = 3x =2
called a binomial. Similarly. a sum of threc monomials is a trinomial for ple.

' ial
 Depree - D(r)ll:mnm'able for example; 3x” has a degree g
The degree of the polynomial is the highest exponent of the varl h "an ex onentw- al :
245 has a degree of 5 and 2 has a degree of zero. When the variablc does not have Xp Wi

understand that there is a1’ e.g., 3 is the same as 3x'.
X5 + 3x" + 2x? + x? — 2x + 1 is a polynomial of degree 5
Ax¥ + 2x% — 7 is a polynomial of degree 3
2x2 — 8x + 9 is a polynomial of degree 2 e.t.c .
Note: All quadratic expressions of the form ax? + bx + c are polynomials of degree 2

Operations on Polynomials:

Addition of Polynomials: . -
Below, the steps for addition of polynomials, the first basic operation on polynomials are clearly laid
1. Collect Like terms at one place
2. Add the numerical cocfficients of like terms
3. Writc the sum in both standard and simplest form

Examples:
1. Add the following polynomials:

(a) 2a + 3b and -4b + Su (b) 6x + 2y -3z and 9z + 3y — 5x

Solution:
(2) Wc know what is meant by like terms. They are terms in which literal coefficients are same. So.
like terms means to add the numerical coefficients of two or more polynomials which have same lite:
coefficients.

In 2a -+ 3b and -4b + Sa: .
2a and 5a arc like Lerms and 3b and -4b is another pair of like terms.
So, add them (the like terms):
2a+S5a=7a
3b—-4db=-b
Now, 7a and —b arc unlike terms which cannot be added like like terms. So, the two unlike terms 7a:

b are written and the symbol *+” is written to indicate the addition operation of polynomials in the gn
guestion : £

So, the sum ol 2a + 3band -4h + Sais 7a~b

(b) In Gx + 2y -3z and 9z + 3y — 5x the like terms are 6x and -5x

. ) s 2vand 3y, -3z
So, the sum of like terms is . ¥. -3z and 9z

Ox —5x = x
2y + 3y =Sy
-3z + 9z =6z

Now wrile these sums cannccled by the addition sign 4+
question (i.c. the addition operation on polynomials)

to indicate the sum of the two polynomial-‘i
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= x4+ 5p+ 6z

2, Simplify (2x + 33) + (3x=2y)
Solution
(2x + Sy + (x-2y) = 20+ Syt v 2p
=2x+ Iy + 5y_ 2),
= Sy + 3})

3. Simplify (3x*+ 37— dx '+ 5) + (¥ ~ 2x2 4 x —g)
Solution
(Bx' + 3% —dx + §) + (P = 2x" +x-4)
=3x3+ 3,\’2—4x+5 +x3-2x2+x_4
=304+ 3 -2 Ay x4 54
=4 +x* =33+ |

4. Simplify (7x = x — 4} + (6" = 2¢ = 3) + (<222 + 3x 4 5)
Solution

It is perfectly okay to have to add three or more polynomials at once. I will just go slowly and do cach step
thoroughly, and it should work out right.
(7 —x =)+ (P =2x=3) + (=2x* + 3x + 5)

=T —x =4+ —2x—3+-22+3x+5

=7+ X -2 - Ix—2x+3x—4 -3 +5

=8x - 2x"—3x+3x—7+5

=6x*-2

5. Simplify (x) + 532 = 2x) + (x* + 3x = 6) + (22 + x ~ 2)
Solution
(3 + 56 = 2x) + (x* + 3x - 6) + (22 + x = 2)
=0+ 50 -+ +3x -6+ -2+ x-2 s
=0+ 5 -2 —2x+ Ix+x—6-2
=2x7+ 3x?+ 2x -8

Subtraction of Polynomials:
The steps for subtraction of polynomials, the sccond basic operation on polynomials are as follows:
I. Subtract similar terms. To do this, change the algebraic sign of what is to be subtracted and add it to the

other.
2. To subtract unlike terms, just write the operation sign — before what is to be subtracted

Examples
1. Simplify (x* + 3x? + 5x — 4} - (3%’ = 8x? = 5x + §)
Solution
(x7 + 3x2 + 5x— 4) ~ (3x — 8x?— 5x + 6)
= () + 3x? + 52— 4) - (3x)) = (8%} = (=5x) - (6)
=0+ 32+ Sx—4-30° + 8%+ 5x—6 .
=xt -3+ 32+ 8x% + Sx + 5x—4-6
=%+ JIx? + J0x-10
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CHAPTER 2: POLYNOMIALS

Polynomials :

3 s arg alpebraic oy T - e

one term. Polyvino g expressions that include real numt i ’ in morc than

- Polynomials are the sums of monomial umbers and variabls. They coniit 12
S mials,

A maonomial has one term for ex

A sum ol two monomials that aramplc.sy or -8+’ or 3 are monomials.
called a binomial. Similz;rlv ; ¢ not like terms for example; -3x? + 2, or 9y + 2y’isa special polynomial
¥, a sum of threc monomials is a trinomial for example; -3+ + 3x—2
‘ ’ - s ’

The degree of the nol o ~ Degree of a polvnomial
polynomial is the highest exponent of the variable for example; 3x* has a degree of 2,

IS

2x7 has a degrec of 5

g and 2 has a degree

gree of zero. i

understand that there is a 'l e.g., 3x is the samz a\sv?;P e varsle dos ot e anexporent £

x5 4 Iyh 3 :
;jx ; 22x + {Cz — 2x + 1 is a polynomial of degrec 5
- + 2x —"7 is a polynomial of degree 3
x* — Bx + 9is a polynomtial of degree 2 et.c /
o

Note: All quadratic expressions of the form ax? + bx + ¢ are polynomials of degrec 2 Q

Operations on Polynomials:

Addition of Polynomials:
Below, El}c steps f or addition of palynomials, the first basic operation on polynomials are clearly laid out:

1. Collect Like terms at one place '

2. Add the numerical coclficients of like terms

3. Write the sum in both standard and simplest form '

Examples:
1. Add the following polynomials:
() 2a + 3b and -4b + Sa{b) 6x + 2y -3z and 9z + 3y—3x

Solution: o
(a) We know what is meant by like terms. They are terms in which literal coefficients are same. So, to add ‘
like terms means to add the aumerical cocfficients of two or more polynomials which have same literal %

coefficients.

wasFad

In 2a + 3band -4b -+ 5a: ' o :
22 and 5a are like terms and 3b and -4b is another pair of like terms.

So, add them (the like terms):
2a+5a=7a
3 —-4b=-
Now, 7a and ~b arc unlike terms whic‘
b are writien and the symbol ‘+’ i wrl
question '
So, the sum o

Iy cannot be added like like terms. So, the two unlike terms 7a and —
(ten to indicate the addition operation of polynomials in the given

f2a-+ 3band 4b+SaisTa- b

. - T DR -
(b) In 6x + 2y -dzamd 92+ 3y - Sxthe like terms arc 6x and =3x, 2y and 3y, <3z and 9:

S, the sum of like terms i5

fx —Sx =X
2y 3y
37+ 92=0z

I Y
{c these sums connected by the addition sign *+' to indicate the sum of the two polynomials in the

v wri ’ ‘
N the addition operation on polynommls)

qucstion (i.c.

-
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2. Divide 402°b + 550°b° + 3527b* 4 7041 by y242
Solufion;
Divide each in the polynomial 40a3h* -+ 554315 4 35a%H¢
Let us find the quotients separately as follows:
(402°b") (ab%) = 40a% =2 [ y1-22 4,042
(55°b°Y (2%b%) = 55a1?
(35a°B*) (0?b?) = 35,12
(70ab)/ (a?b%) = 70/ (ab)
Now write the above four quotients next

4 70ab by ab?

0 ¢ach other, separated by (he + sign to indicatc their addii;
40a3b2 + Ssabj + 35ab2+ 70/ (ab) y 8 Ir addition

‘ . . lfactorizaiion of polynomials of depree 2
The polynomials of degrec 2 i.e. in the form ax® + bx + ¢ can be factorised in the steps in the lollowing
example.
Example: Factorize 6x2 + 13x + 6

Solution
. Multiply the @ term (6 in the example) by the ¢ term (also 6 in the example),

6X6=36

2. Find two numbers that when multiplied equal this number (36) and add up to be the b term (13).
4x9=36and4+9=13
3. Substitute the two numbers you get into this fo
ax’ + kx + hx + ¢
X+ dx + 9% + 6
4. Factor the polynomial by grouping. Organize the equation so that
factor of the first two terms and the last two terms, Both factored
GCF's together and enclose them in brackets next 1o the fac
6x?+ 4x + 9x + 6
2x(3x + 2) + 3(3x + 2)
(2x + 3)(3x + 2)

rm as k and £ (order does not matter):

you can take out the greatest common

groups should be the same. Add 1he
tored group,

Difference of Two Squares
If you sec something of the form a2 - 4, you should remember the formula

(a+b)a—b)=a?-p?

Example;
Y—4= (x~2)(x+2)

Solving simple polynomials
Example: Solve 3x342x%x = 0

Solution .
This is cubic ... but wait, you can factor out "x":
3422 x = x(3x242x -1)= 0
Now we have one root (x=0) and what is left is quadratic, which we can solve exactl
eitherx =0 or3x?+2x—1=0
Now solving, 3x2+2x—1=0,we have;
3x24+3x-x-1=0
x(x+1)—-(x+1)=0
x+1)Bx-1)=0
eitherx+1=0=2x=—-10or3x—1=0=2x=

y by lactorizing it.

1
3
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2. Simplity (657 - 2x% -+ 8x) — (7 = 11x - 10)
(657 = 257 + 8x) — (4x3 — 11x + 10)
=(0x? = 237 4 8x) = (4 = TIx + 1)
= (6% = 2x% - 8x) — (4x%) — (=1 1x) — (10)
=6x =2x7 3 Sx =Xt - Hix =10
=0 — A =2 8+ =10
=23 =274 19x—~ 10

o . Multiplication of Polynomtials:
Multiplication ol polynomials is the third important operation on polynomials. Here are the steps to follow
when multiplying polynomials;
> First multiply numerical coefficicnts and literal coefficients separately. Next, multiply these two
products
> “To multiply two polynomials when each one has morc than one term; Multiply cach term of one
polynomial with cach term of the other polynomial and write like terms together.

Examples:
Multiply the following polynomials:
1. 5p and 8q
Solution:
Product of numerical coclTicients 5 and 8 is 40 and product of literal coeflicicnts p and q is pq.
Now, write the product of these two as: 40p¢

2.4x7+ 2 and 2% + 3x
Solution:
dx? 4 2 andd 2x7 + 3x
Let us apply the 2nd rule
(dx +2)( 2x7 - 3x ) =427+ 3x) + 2(2x? + 3x)
= 8x3 + J2x7 + 4x7 + 6x {Apply exponents rule:x™ X x™ = x"1 )

Nivision of Polynomials:
1. To divide a monomial by another monomial, divide the numerical cocfficients and the litera)

cocfficicnts scparately. o ‘
2.'To divide a polynomial by a monomial, divide each term in the polynomial by the monomial., €

I xamples: ‘
Divide the following polynomials
|.50p'y"hy Spq
Solution: .
Divide the numerical cocfficients and wrile their quotient L.e == 10 now divide literal cocllicients

write their guotient as . and
p*g” by g {recal) exponents rule: { i;-"- = x""}

Pt _ et gttt = pigS
Naw, write 1he cnc!'lici}::n:i next 1o cach other to denote their praduct 50!,3{15
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CHAPTER 3: QUADRATIC EQUATIONS

Any cquation ol the form ax? + py + ¢ = 0 is called

: 4 quadratic equation and the valoes of x, which
satisfy the equation, are called roots,

Solution of 5 uadratic cquation that {actorizes

Example
L. Find the roots of the equation  x2 — 5y 4 6= ¢
Solution
x?—-2x=3x+6=0
x(x=2)=-3(x—-2)=0
(x-2)(x-3)=0
Eitherx—2=0,x=2 orx—3 =0,x=3

Solution of a quadratic equation that does not Factorize
By completing the square

This method uses the expansion (x + 5)2 = x2 4 2px 4 p?
is the square of half the coefficient of x, (2b)
Note that the coefficient of the highest term x2 should be |

. It is important 1o note that the last term &2,

Examples
1. Find the roots of the equation 2x%2 — 5x +1 = ¢

Solution
Dividing through by 2 gives;
T s
5 1
2_ 2. __=
¥ o3xET3

Adding the square of half the cocfficient of x to both sides of (he equation;

2
2_5 2)2__l+(§)
x 2x+(4 T2 \a

(52_1§

4 2 16
5\ _ 17
(x_z s
N2 17
(=3 =%
5 _ 17
*TiT Y

y = 5817 sx= 2281 orx= 0219
q

P R et roror Rontt all N
:':fJ.w:-
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Solve2x2 = 6x+4=0
Selution
W —6x+4=0

x2=3x+2=0

xt—3x==2

Adding the square fmi' hallthe coefTicient of x 1o cach side of the equation

2

1]

-2 (Y

x=2o0rx=1

3..80lve x24+3x—1=0
Solution

x*+3x =1
Adding the square of half the coefficicnt of x to cach side of the cquation gives,

e rac+ (@) =14 ()

Vi3
2
—31vi3 g[v[‘ng x = —3+Zm =030orx= ~3-2m =-3.30

Maximum and Mininiin values
od Lo solve any cquation in the formax?+bx + ¢ =

Ihe methad of completing the square, us
alue of the expression ax®-+bx+c

used to find the maximum or minimum v
I‘'or example, consider the expression x* -+ 3x 41
By completing the square;
’ . ne
taaxaa=at ik () =)

a2
. ) =2
lx Faxk(5) |-t
wl® 7
clerdf 42
/ 1
_— 31
y value ol X, 1. Ix -1-:2l =0

al?
Now lx + -:-l cannot be negative for an

0 Can bc
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‘I'hus x2 + 3x + 4 is always positive and will haye o minimum v
k|

X=-—z

2

e ? 3 .
alue of . when x -1-5 = 0i.c. when

Example 2
I'ind the maximum valuc of 5 — 2x — 42

Solution

Letus first rewrite 5 — 2x — 4x2 g5 — 4,2 _ 2x 4 5

—4x? —2x + 5 =-—4(x2+-1-x)+5

=~4{x?+lxy L S HLas
*“‘("*5) +5
2oafery

Now4(x +;})2 >0

Thus § — 2x — 4x? has a maximum value ofzq—1 whenx = =2

Example 3
Find by completing the square, the greatest value of the function f(x) = 1 — 6x — x2
Solution
1—6x—x?=—x2—6x+1

=—[x*+6x]+1

=—[x*+6x+32-32)+1

=—[x*+6x+9-9]+1

=—[x?+6x4+9]4+9+1

=—(x+3)2 4+ 10 = 10— (x + 3)? :
Since (x + 3)? is the square of a real number, it cannot be negative, it is zero when = —3, otherwise it is
positive

10 — (x + 3)? is therefore always less than or equal to 10
Thus, the greatest value is 10

IN GENERAL ‘

For a quadratic cquation  ax? + bx + ¢ = 0, the roots arc obtained from the formula;
_ —btVbZI-tac
- 2a

X

"Example
‘Solve x24+3x-1=0
Solution
Comparing with the gencral equation ax?+bx+c=0; a=1b=3, c= -1
Substituting in the formula

—btvbi-aac
¥ = ———
2a
L] ‘:’E’l‘ ?t’k‘eﬂ@‘}?t
i% 93 x';-‘ -
- : i :,} 2
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’

x =

aal -
RYRCIY -3V13 a3 . . =0300r x=-3.
.\'-.—..—-——-u\“" = ,\":-""'“2\l Oorx=—"7%5_ s x = 030 30

<

ROOTS OF QUADRATIC EQUA'I'IONS - '
yits equivalent cquation will be:

1€ the cquation ax? +bx+¢ = 0 has rools @ and B, ther
(x—a)(x—f)=0 .asit gives ¥=0 orx=,
W —fr—ax+af =xt oty

b
2= (a+pfx+af = ¥4ty
By comparing the coef ficients on bot

> ¢

= =- ap =~

a+ - d af =~

Henee the equation ax? + bx +¢ =

x2 — (Sum of roots)x + (product o

h sides,we obtain

0 can be writlen in the form:

f roots) =0

Examples
1.Write down the sum and product of the

(i) Sx?+ 1lx+ 3=

roots of the following cquations:
() 3x?—2x—7=0 o (i) 2x? +x=7=0

Saolution
3 i 2_2y-1=0: f = 2y =2 gnd prod ctofroots*-?—z
p Q)] X -Ex_5"0 sumofroots =— (=31 =3 and produ 7

" a1, 3 11 3
iy x*+ T +:= 0 ; sum of roots =—= and product of roots =<

ves 1 7 1 7
Gy x? +3x—37 0; sum of roots =7 and product of roots = —7

: 2 Find the equation whose rools arc % and —-;-
1 Solution
Suin of roots = % + (—- %) = % and product of roots =% X (— -:;) =-2
The cquation is in the form x2 — (Sum of roots)x + (product of rozts) =0

o=+ ()=t

SX?' -2x-3=40
3. Find the equation whosc rools arc% and -1
4
Solution
1 -
Sumolroots =2+ —t=1-1=23-1
11 4 3 4 12 12
Producl of roots == X -1
K| 4 12

‘The equation is inthe form  x% — (Sumof roots)x + (product of roots) = 0
oLs) =

=)+ ()=t

. ixt-x-1=0
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. The roats ol the equation 3x2 4. 4y — 5=0 are a and B, find the values of;
(i) _+— (1) a® + g2

.\uhmnn
U | = _5
a+fi= 5 rz{)‘~—5
-3
. L, ) _aifi_ T 4 3 4
1 —hozm———=F=_lnw_3_1
(1) B ap Ts 3>< il

(i}  TFrom (a + B)? “(a+ﬁ)(a+ﬁ)—az+2aﬁ+ﬁ2
a’ +ﬁ“(a+ﬁ)‘—2m@

2
=({3Y _
_( 3 ) 2 (T)
=16, 10 16430 _ el
S + il 5;
3.The roots of the equation 2x2 — 7y 4+ 4 = 0 are a and 8. Find the equation

[¢4
whose roots are 7 and -g

Solution

From the given equation, sum ofrools, & + § = % and product of roots aff =

_*_g_ a?+p? Q4B (@+f)?-2ap = G)z“' _ (?)‘4 _ 33
aft ap : T 2 = g

For the new roots, sum < B

Product of new roots, 1—3 % §= 1

are Eielition

2 ‘

The equation is given by x2 — (Sumof roots)x + (product of roots) = ¢

xz———\*-i-l =0
8x2—33x+8=0

6.Find the values of k if the roots of the equation 3x% + S5x — k = 0 dif fer by 2
Solution
Let one root be @, then the other will be a +2

Sumofrootsa+a+2=—§. 2a=—§-2 = a=—?

Product of roots a(a + 2) = —%, a+2a=—-= ... *xk

Substituting for « in equation »+ gives;

() +o()= -4

121 22 k

3 6 3

121~132 k _u_ ok =2
3 3 ' 36 3 12

7.If one of the raots of the cquation 27x2 + bx + 8 = 0 is the square of the other, find b.

Solution
Let one root be a, then the other will be a?, then;

Sumofroots a + a2 = -—2% (i) and product of roots a x o2 =

(i)
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3
3 _ (2} 2 . ) ) . '
a” = (-3-) hence a = 3 Which we substitule in equation (i) to find b;

3+(3)"=_3

3 3 27
2,4
'_"+—=—i
30 27
i h
9 — 27 " b= —30

fa+f

8. Given that a and f arc the roots of the cquation 2x2 = Sx + 4 = 0, write down the values O

and af3. Determine the equation whose roots are zi and —
@

2f
Salution
.
x2=>x+2=0
at+f=5 . af=2
. . 1 1 p £ 5
Sum ol new roots = — -+ -—=’(—H—r=-—‘-=-+4=-s-
20 28 2aft 22) 2 8

M 1 1 1
Produdt of new roots =-— X = —_—

1
2 2 duf A2)
‘I'he cquation is given by x2 — (Sum of roots)x + (product of roots) =0
x2=2x4-=0
i) Y

Qxt—-5x+1=0

R

I'he discriminant
— 4ac) will determine the nature of the roots of the quadratic equation
iscriminant i.c. it discriminates between the roots of the equation

ITie value of the expression (h*
ax” + hx + ¢ = 0 and it is called d
for,
(i) T'wo real rools, %2 —4ac>0
(ii) Repeated or cyual roots p? —4ac =0
(iii)No real roots, hrt—tac <0

fxample ’ .
Given that the eeuation (Sa -+ 1)x* — Bax + 3a = 0 has equal roots ,find

the possible values of a
Solution
We identify a b and ¢ from the
a-(Ga+1) bhe—fa and ¢ = 3a

ahove equation and then apply the candition for equal rogyg

[for cqual rools, ht = Aac-0
(=Bu)* = A(5ut 1 (3a)-0
oAa? — 12050 + 1) = 0
ot — ohat =120 = 0
4’ = 12a =1
Aula =3y =10

sa=00ra= 3
pither 4a = 0 a

or u—3=10
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Trial questions

1. State (i) the sum (i) the product of the rools of each of the following equations

@x*+9x+4=0 B)x2~7r 422 (©) 2% ~7x+1=0(d) 3x> + 10x — 2 = g
[Ans: (1) -9, 4 ) 2,7 (¢) 7/2 , 1/2 (@ %2:33 :

2. In cach part of this equation, you are

) e given the sum and product of the roots of a quadratic. Find the
quadratic cquation in the form ax? 4 py 4 ¢ = g '
‘h—

- z; 2 ¢ d ¢ f g
um - 7 <213 -5/2 -3/4 -1/4
Product | -] -4 -5 713 2 -5 173

[Ans: (a)x2+3x-1=0 (b)xz —-6x -4 = 0 (c)x2—7x—-5=0(d)3x2+2x—7=0f€)
x2+5x—4=0 (f)2x2+3x—_10=o (@ 12x2 +3x—4 =0
3. Il a, B arc the roots of the cquation3x2 ~y — 1 = 0,form the ¢
() 24,28 (i) a2 p? (i) - % (i)e+1,8+1
[Ans: () 3x2 —2x—4=0 (i))9x2 —9x 4 1=0 (ii)x?+x-3=9 (iv)3x2 - 7x+3=0]
4. One of the roots of the equation ax? + bx 4 ¢ = 0 is three times the other. Show that 3b2 ~ 164~ = 0
5. If the roots of the equation 2x% — 7x + 1 = 0 are a and f.find the quadratic equation whose roots

areaiz and ﬂ_12 [Ans: x? 4+ 45x+4 =0 ]

quations whose roots are;

6. Given that @ and f§ are the roots of the quadratic equation 3x? — x — 5.= 0.Form the equation
whose roots are 2¢ —-% and 23 —% [Ans:15x% — 13x — 169 = ¢ ]

7. One root of the equation 2x2 — x + ¢ = 0 is twice the other .Find the valuc of ¢ [ Ans:c = % |

. 8. Find the value of k for which the equation 4(x — 1)(x — 2) = k has roots which differ by 2
[Ans:k=3] -
9. Ifthe roots of the cquation x2 + px + 7 = 0 are equal. Find the possible values of p
[Ans:p=+46]
10.  TFind the quadratic equation, which has the differcnce of its roots equal 1o 2 and the difference of
the squares of its roots equalte 5. [Ans: 16x2 —40x + 9 = 0)
11, Each of the following expressions has a maximum or minimum value for all real values Find (i)
which it is, maximum or minimum (ii) its vatue (iii) the value of x

(a) x° +4x — 3 [Ans: (i)ymin (il)-7 (iii) -2 ]

(b) 2x% + 3x + 1 [Ans: (Dmin ()= (iii) ‘73]
(c) x2 - 6x+1 [Ans: (i) min (i) -8 (ifi) 3 ]
(d) 3 —2x —x? [Ans: (Ymax ()4 (iii) -1 ]

(€) 5+ 2x — x? [Ans: (i) max (ii)6 (iii) 1]

12.(i) Express the function 13 + 6x + 3x? in the form a(x + b)? + q where a, b and q arc constants.
(i) Find the value of x when the function is minimum
(i) State the minimum value of the function
[Ans: (i) 13 + 6x + 322 = 3(x + D2+ 10 (i) x = -1 (iti) 10 ]
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__ CHAPTER 4: SERIES
Consider the following sets of numbers —

2,4,6.8, 10,
1.2,4,8,16, ......
4,9,16,25, 36
Each set of numbers in the order given has a pattern and there is an obvious rule for obtaining th next

numbcer and as many subsequenl numbers we wish to find. Such sets are called sequences and cach
number in the set is a tenm of a sequence.

...........

Scries
When the terms of a sequence are added, a series is formed i.e
J+2+4+8+16+....... is a series
As eaclh term is a power of 2, we can write this series in the form;
20421422 423420 4
All the terms of this series are in the form 27,50 2" is the general term
We can thus define the series as the sum of terms of the form 27 where 7 takes on integer values i.c if we
decide to take the first five terms, r takes on integer values from 0 to 4
Using ¥ as the symbol for * the sum of terms such as”, we can redefine our series concisely as;

4
27
r=0
10

z 3 means "the sum of all terms of the form r3

r=2 ) i
where r takes all values from 2 to 10 inclusive
10

Zr3=23+33 s FP 6+ 19 +10°
r=2

We shatl consider Lwo important serics or progressions i.e. arithmetic and geometrical progressions

ARITHMETIC PROGRESSIONS (A.Ps)

The difference between any term (except the first) and its predecessor {the term immediately in frop
e s is called the common differcnce, d, of the A.P. Consider

t) is

constant in this series, Thi

(a)5, 8, 11, 14 ooeeneere d=3 (©)-5,-1.3. 70 ceinnnens d=
(by 14345+ TH e +99 d=2 o a e
in general, if we denote the ﬁ;st y a, : : — .
L Ty Ta

a+d+d a+2d+d
a+2d a +3d a +{n—1)d

(n—1d whe T, is the nth term

. forany AP T =4 +

sxamples
: {. Find the 35t erm of 5, 9, 13, eeree

4 Y 3 i 7D
XTI L S h’/ Hf{’ R

\ Vi
off 2 Hd

FiT
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Solution
=5 d=9-5=4 andn =35
Th=a4 (= 1d

Tas = 54+ (31M4) = 14

(284

Howmuny terms are inthe AP 2 4441 6 4.+ + 46 ?
Solution
a=2, d=2 nthterm = 46
Ty=a+(-1)d
46=2+(n-1)2
2n =46 =23 terms

3. The 7™ term of an AP is 27 and the 12" term is 47.Find the first term and common difference of

the progression,
Solution
Ty=a+6d=27.....()
Typ=a+11d =47 ., ... RN ()
equation (ii) — (i) gives
q5d=20, d=4 : /t\“
Using (iYa + 6 X 4 = 27 ' i
a+24=27=3q=3

4. The arithmetic progression AP is given below

logz(x + 2),logs(x + 3), log3(x + 5) ... cve cee vee ... Find the value of x.
Sclution

Inan AP, there is a constant difference between the respective terms i.e. the common difference
and this is what we are going to use 10 solve this gucstion

loga(x + 5) —logz(x + 3) = log,(x + 3}~ logs(x + 2)
x+5 x+3
logs (£33) = ogs (35)

x4+2

Since the logarithm are to the same bascs, then;
x+5 _ x43 .
X+3 - xX+2

(x+5)(x+2) = (x+3)(x + 3)
x*4+2x+5x+10 =x2 +3x 4+ 3x+9
x2+7x+10=x24+6x+9
7x+10=6x+9
. 7x—=6x=9-10
x=-1

Sum of an arithmetic progression
The sum of an AP is obtained using the formula S, = 'Z—I(Za +(n—1)d)
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Examples

L.Find the sum of the first 12 terms of the AP LU,
Solution

a=3, d_- 4 n=12
12
.S‘l3 = ?(2(3) +(12-1)4) = 6(6+ 44) = 6(50) = 300

2.Find the sum of the series 11 + 13 + 15 + et 89
Solution

a=11,d =2 nth term = 89
B9=11+(n—1)x2
78=2(n-1)

39=n—1 ~n=40
Syn=3Q2a+(n-1)d)

Syy = “—2”-(2 X 11 + (40 — 1)2) = 2000

3.The f‘ourth term of an AP is 13 and the tenth term is 31 .Find the sum of the {irst ten terms of the AP

Solution
T, =a+3d=13 .. .....(i)
Tyo =a-+9d=31.. .. (i)
Solving (i) and (ii) stmulldncously Pe (ii)=()
6d=18 ~d=3
a+3x3=13
a=1%.

For n=10," Swo
-~ The sum of the tentermso f th

=190 x4+ (10— 1)3) =5(35) =175
z e AP is 175

GEOMETRIC PROGRESSIONS (G.Ps)
I term (cxcept the first) to its predecessor is a constant in this series. It is calleq the
ac

The rativ ol'c
comman ratio denoted by rie

_72 1
2.4,8,16 r=§=2 (© 144,72,36, B, =Tkt
(1) 2,4,8,16.c0nee 5
.—:,..—:_2
(by -3. 6,-12, 24,.. T=3 b
' » first term by @
,eperal, i we denote the : i
In general, X« ;r -
ar!xr | ar'xXr
ar ar? ar

-1 where Ty, is the nth term
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Examples
I Findthe 20" erm of the GP 9,6, 15,
Solution
lHere .—=§=3 and n =2
?-“ = ﬂ?.ll—l
Too =2 %3271 = 2% 3'% = 2324522934
2. Find the third and tenth term ol the Gp

34 6+"'.......+10
Solution

a=3, commonratio(r) = g =7

3% 1erm =ar?=3 x 22 = 172

10" term=ar?=3x2% = 1536

3. The second term of a GP i

and common ratio

Solution

8 :
Ty=ar=2...()

B . . 1.
3 and the sixth term is 4-2'.F|nd the first term and the first term

To=ar®=2.. .. (i)

equation (if) + (i) gives;

1 2 2
;o3
T2
. . 8 3 8
Prom(l)ar—9 ,a(z)—9
_ 16 N
27

4. The second and fourth terms of a G.P are 10 and 40 respectively . Find the possible progressions
and the seventh term in each case.

Solution
2" term; ar=10 ..(i)
" term;  ar? =40 . (if)

equation (ii) ar? 40

——————" gives; —' = —

equation (i) ar 10
2r2=4

T=V4=4+2
Either r = -2 0rr=2
When r=2, a(2)=10 =a=5
Hlenee the G.P is 5. 10, 20, 40,

-------------

1.

b
e
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7tHterm = ar® = 5x 27 =320
whenr = <=2,a(-2) =10 =>a=-5
Hence the G.I is -5, 10,-20,40, .............

Tierm = ar® = -5 x 2% = =320

The sum of a GP
The sum of n terms of a GP is given by the formula;

_ a{r*-1) . _ a(1-r") .
n= if r>1 or  Sp=— T ifr<1
Examples
1.Find the sum of the first ten terms of the serics B+4+2+ -
Solution
flerca = 8, r=12 n=10
1 10
_o(-() ) _ #(1h)
Sje =3 7 1
2 2

-~ The sum of the first tenterms of the series is 15.98

, 9 ]
2.What is the jeasl number of terms of the serics 243+ 3 Foine which must be taken for the sum
10 exceed 307
Solution

a

a=2 and r =3
_a(r"-1)
Sn =5

3!1
2] =1
Sn =-2—(-(£_-—1—-)' > 30
z .
4(1.5"—1) > 30 :
15" —~1>175 |

96" > 85 and hy introducing log,g onboth sides gives

log1.5" > log 8.5
loghs _ 09294 _
nlog1.5 > log85 .+ M2t = o T 5.278

n > 5.278
since nmust he an integer,we must take 6 terms for the sum tq
n=~0 €xceced 30

3, lind the cighth term and the sum of the first cight terms of the scrics% 1,2.4

. H 1
salutiot

pth term = ar’”

-
- -~

R R T L ]

~, »"n';g-/_,_, -'fﬂ;;'d‘?
% "F’,';:F/
L

E%{}/ 20 T
i

vTY TTihf - F T ——y——
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B"term = %(2)"" = %x 128 = 64
_a{r’-1)
nT o
"),

So =5 =50256-1) = 1275

4. The angles of a triangle form a geometrical
" largest angle 1o the nearest degrec.
Solution

Here a = 20 and the Gp is 20,207, 2012

And 20+ 20r + 20r2 = 1gp (since angles of a triangle add up to 180°)
20r + 20r2 = 160

r2 +r—-8=90 (Ol‘l dividin
a=1>b=1, ¢=-§
_bi\/oz-umc
2a '

r = ZOH 0 -10)(=s) o S18V33 _
2(1) z
=TT,
The largest angle = ar? = 20 x (2.37)%=20 x 5.6169 = 112,30
= The largest angle is 112°

progression. If the smallest angle is 20°, determine the

g through by 20 and re arranging)
Using x =

-115.74
2

The sum to infinity of a G.P
Constider the general G.P, a + ar + ar? + ...

Sy =20 g if Ir] <1,then lim r" =
r—1 n—aoo
= lim §, = -=-
n—co 1-r
Therefore, for a G.P the sum to infinity , S, = i—r .
Example 1
Find the sum to infinity of the following GP 8,4,2,1,%, .......
Solution
41
a—8,r—a—;
=2 _ 8 _g.1_
S‘”‘Tr_l_i_a 2 16
Example 2
. R . 1 1 1
Find the sum to infinity of the following G.P; 1 P riabriui
Solufion
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) Trial questions
I.Find the number of terms in cach of the following A.Ps

(a) 5+8+ 11+ 14+ ... +57

(b) 1+ 6+ 114 ...+ 501 + 506 [Ans: (2)20 (b) 102 ]
2.Find the sum to infinity of the scrics;

() 16+ 1249 + -

16 +8+44+2+14 .

(c) 84— 42421 — 102+ [Ans: (a) 64 (b)) 32 (¢) 56 ]
3.Find the sum of each of the following A.Ps

(a)2+4+6+8+ 10 + . 4146

(b) 100.+95+90+85+--.........—20

() 4+ 10+ 16+22+28+ ... +334

[Ans: (a) 5402 (b) 1000 (c) 9464 ]

4.The 5 werm of an arithmelic progression is 12 and the sum of the first 5 terms is 80. Determine the 1%

term and common difference. |Ans: a = 20, d =-2]
5 What is the number of terms of a geometric progression 5, 10, 20....... that can pive a sum greater

than 500,0007  [Ans: 17)
6. The 10% term of an arithmetic progression is 20 and the 15" term is 44.Find the value of the first

term and the common difference ,hence find the sum of the first 60 terms [Ans:5430])
7. The-8" term of an AP is twice the hird term and the sum of the first eight terms is 39. Find the sum of
the of the Nirst 21 terms of the AP [Ans: 204.75]
8.Five numbers arc in 2 geometric progression , the {irst being 8 and the last 648.Find the common ratio
[Ans; 3]
9. How many

. ;
: P33+ 4 ... must be taken for the sum to exceed 1002
terms of the GI 345+ 83 + - mu
[Ans;n=7]
P the 18" term is twice the 9t term. Find the ratio of the sum of |8 terms to the sum of 9.
)

10. InanA

terms of this Al. [Ans: 19:5 ] . | -‘
11. AnAP has 37 terms of which 9 is the fourth and 58-2- is the last. Find the sum ofthe” AP.

i
[(Ans: | 165;]

“-35 at crms of a GP respectively and that there arc scven terms gl
12. - &
9

d 40-1~ are the first and lastt
2

16
” §i—
altogether, find the second term fAR 3] | |
3. Thesum of the first (wenty lerms ol an AP is 800. Given that the sum of the [irst twenty six terms
13. 1C §

352, d rermine (1) the [irst term and common difference  (ii) the 23" term
is 1352, d¢

Ca=2d=4 00 90 | .
| Ans.'[.(l:i‘:-"sl and last lerms of an AP are -3 and 58 respectively. The sum of all the terms of the
i4.

-- of terms and the common difference. ‘n= _1
russion is 5060 [Find the number [Ans: n=184,d = 3 |

oy The first 100 of an AP i 15 and the fourth term is 6. Find the 10™ term and the sum of the {irst 10
15. 1 firs |
terims jAns: 12, 15|

al'aza"d a4 sum up to 12, The sixth term ag is 16. Determine the sum of the
[Ans: Slﬂ = 145 J

. ,

16. The serics ol an Al .0
- ' w00,

first 10 terms ol the progressio
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17, The st two terms of yn Al

rstierm of cach progression s 20. The
sum of the first five termg ofthe AP is 80.Find the common difference of the AP
of the GP, henee find the difTerence between the five terms
=2
fAnsid = =2, r = o » 1122

and a GP gre alike, The

and the common ratio

18. The sum of the first 12 terms ofan AP

18 72 .The eighth term js four times the sum of the fourth and
fifth tens .Determine (i) the first term and the common diff;

crence of the AP (ii) the sum of the
(irst 20 terms [Ans: (

Da=~72d=24 (i) 312 ]
19. The sum of the second and third termsg of a GP is 48. The sum of the fifth and sixth lerms is
1296.Find (i)the common ratio and the f;
of the Gp

(st term of the GP (i) the sum of the fi
[Ans :

r=3 qg=14 (i1)1062880 ]
20. The first, third and cleventh torms ol'an AP are also the first second

rst twelve terms

and third terms of a GP, Given
ommon difference, d (i1) the

(iii) number of terms of a GP that give a total ol 699050

[Ans: ()d=3,r=4 (id) 155 ({idn = 10 ]
2l. The first two terms of an AP are.4 and -8 .Find the number of terms w
[Ans: n= 78 ]
22. Given that 4 and -8 are the first two lerms of a GP | find the fifth term and the sum of the first five
terms [Ans: 48,44 3

hose sum is -156.
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Lol the curve. The gr
fficient of y with respee

adic
raecss of obtaining the gr t1ox.

Diffcrentiation is the pr
ial coc

fferent
5% (pronounced as " dee y dee X " or the di

The form ax”

-1 is a constanl
If y=ax" trhen—z = nax™~! whercaisa

(Multiply by the power and then decrease the power by onc)

Example
Dilferentiate the following with respect to X

(i) x®’ (i) 3x5 (i) % (iv) Vx
: Soluiion

(iy lety=x" =>-;—8><x -1 =8x’

(i) lety=3x>= T =5 x 3x57! = 15x*

3 d _2-1 _ -3 _ -__6_
(iii) Iery:x—,=3x 22 &= g x 3y = 6T = 5
\ . dy 1, 1 1 1 1
: = = —‘=-‘ 2 TEmeY 2=
(I\") let Yy \/x xz = = 2 X X zx 2x;_ =

Differeniiating a constant (k)

If y =k and k is a constant, d—x 0
= The derivative of a cons aQt is zero
Ify=6, then—=0

1 . -

} _ N Differentiating a sum or difference
§; When differentiating a sum or difference, we differentiate separately i.e,
: 1fy= )+ 96 = G2

; M SN+ (90 - L (hix)

‘g*f(x)tg(x)—h(x)

Example 1
Ify =ax*+ bx +¢.Fi Dy
y ¢.Find . ifa,band ¢care constants

. e amree— g

Solution

dy. _
[ E;——Zax-i—b
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Example 2
dy

2. 2 ay
Ify=3x"—6x+5 . find==

Solution
y=3x2—GX+;2?=31'2-61‘+2x‘2

EZ-: —_ — -2
dx 6x =6+ (=2 x x~2°1)

=6X-—6-—4x"3=6x._6_.x_‘%.
Examplec 3
Find £ if y = x* + 7x% = 2x + 12
Solution
Y = 3x2 + 14x — 2
dx

Gradient of a function / curve
The gradient of a curve is not a constant therefore the gradient of a curve is determined at a
particular point. The gradient of the curve at any point is defined as the gradient of the tangent o the
curve at that point and measures the rate of increase of y with respect to x
The gradient of the curve at a point is equal to the gradient of the tangent at that same point

S’

. - Sy d_y
Gradient of tangent = —= ~ =

Therefore the gradient of the tangent to the curve y = f(x}is given by 2—1 or f'(x)

Example 1
Find the gradient of the curve y = x3 + x% — 2x

Sclution
%J_f =3x% +2x -2
X

~. the gradient of the curve is 3x% +2x — 2

Example 2

Find the gradient of the curve y = 2x2 — 5 at a point at the point (1, -2)

Solution ‘
dy _
= 4x

Atapoint(1,-2),x =1
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4y _
dx_4><1_4

“ The gradient of the curve is 4 at the point (1. -2)

Example 3

- = _ _
Phe curve y = ax® — 2x? — x + 7 has a gradient of 3 at the point where x = 2. Determine the value of a.
Salution

Gradient of the curvc=%2 =3 atx=2
X
Ify = ax3—2x2—x+7,%= 3ax? —4x—1

atx =22 =322 -4(2)-1=122-9
=12a—9=3
12a=12, ~a=1

. Equation of the tangent to (he curve at a point
When given a point on a certain curve, (he equation of the tangent at that point can be obtained. The tangent to
curve at a point is the linc touches the curve at that point.

Example 1
Find the equation of the tangent to the curve y = x> — 3x + 2 at the point where x = 2
Solution

: d
Gradient of the tangent = -(;J-’; =3x2-3

When x = 2,2 = 3(2)2 ~3=9
IL is important that you get the y coordinate by substituting the x-value in the cquation of the curve
ic. y=2"-3(2)+2=14
The point is (2, 4)
The equation of the tangent can be obtained from;

y—4
x—2
y—4=9x—18

y =9x — 14 is the cquation of the tangent o the curve

Example2 °

— v af apoi
Find the cyuation of the tangent 1o the curve 4y = x% atapoint (2, 1)

Solution
x2
y=: ot
&y _X AL (2,1) XF 2 hence ==37
edx z
Gradicnt of langent =| |
¥=l o1
x-2
y—1=x—2

angent to the curve

y=x-—1is the equation of the t
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Equntion of mormnl at a piven point
A line perpendicular to a tangent at the give

poinl,

n point of contact on the curve is called the normal at that

—\

Il the gradient of the tangent is m, the product of the n

In other words, the product of the
Gradient of tangent x gradie

Nonal

ormal is fnl (from gradicnt of 1 lines)

gradients of perpendicular lines is -1,
ntof normal = .|

: dy .
Gradient of tangent==2,  Cradiens of normal =—1/, = ~1
8 £x f ormal dy gradient of tangent
dx
Example 1 .
Find the gradient of the normal to the cyrve ¥ = 4x — x? at the point where x = 1
Solution
ay _ _
s 4 - 2x

Atx=1,%=4—-2(1)=2
whenx=1, y=4(1)-12=3
Gradient of tangent = 2, Gradient of normal = -—2—1

The equation of the normal is thus given by;

ata paint (1, 3)

y3_21

x-1_ 2
2y ~-3) = —1{x-1)
2y—6=~x+1

2y +x =7 isthe equation of normal to the curve

Example 2
Find the equation of the tangent and normal to the curve y =x2
Solution
2 ay _
Yy=x°—4x+ 1,&-;_21-4.
At(-2,13), %: 2(-2)~4=-8
Thus gradient of the tangent is -8
Equation of tangent is given by; 2= = —8 = Yy —13=-8(x+2)

x+42

y—13= -8x-—16
y=-8x+3

Gradient of the normal =§:; =

—~4x + 1 at the point (-2,13)

N ]
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Example
Find the maximum and minimum v

Solution

dy
;f-;=6x2-6x—12=6(x2—x—2)

alues of the function y = 2x3 ~ 13x2 — 12x

For maximum and minimum valucs, ‘;—y =0
4
=26(x?~x-2)=0
xP—x~-2=0
(x=2){x+1)=0 = x=-1orx=2
Therefore, the turning points are where x = —1 and x = 2.

o . dy . . .
I'he sign ofz 1s now lested on each side of the turning values of x

X L 2 R L -1 R
sign of
dy - 0 + + 0 -
dx
Minimum Maximum
Ilence al x = —1, the function has a maximum value of 7 and when x = 2,

the function has a minimum value of -20

Fxample 2
FFind the turning points of y = x3 — 6x* — 15x + 3 and distinguish between them

Solution
y=x3—6x2—15x+3

4Y _ 3x2 ~12x — 15
tx

For turning poinls;z—z=0: 3x2—-12x—15=0
3x2—-12x—15=0
x?=4x—-5=0
x2=5x+x—5=0
x(x-5)+x-5)=0
(x—5)(x+1)=0
x=50rx=-1
Whenx =5 ¥y = (5)* — 6(5)* - 15(5)+3 = 125-150-754 3 = —-97
whenx =-1y = (-1)3—6(-1)2 -15(-D43==-1-64+15+3 =11

, dy .. el «ach side of the turning values ol x to identily (o
- 2 is now lested on cach sl ¥ e nay
Ihe sign of 72 i treolhe lurning

points ‘
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Appientiony of difierentingion

Stationary points
H ‘ N ty .
A point on o curve at which ﬁ =0 iscalle
parallel (o the x-nxis

d e sttionury point Al such point, the tangent to (he curve i

1

Example
FFind the stationary points of the cyrye Y =4x3 4 15x2 — 10y -+ 7
Solution

D = 12x% + 30x — 18
dx

. dy _
For stationary values =0 =12x2430x~18 =0

2x2+5x~3=0 (on dividing through by 6)
. 22+ 2x 4+ 3x~3 =9
Cx~1(x+3)=0
Either x = —3 or _—.%
Whenx = =3, = 4(=3)® + 15(~3)2 — 18(=3) + 7 = gg
=1y =4y 2 _qg(t =2
Whenx =2,y = 4G)° + 15(3) 18(5) +7=2
Therefore the stationary points are (3,88) and (%,3)

Maximum and minimum turning points
Consider a curve passing through a stationary point and reaching a maximum value at that point

dy

4 &y _

Y ax = 0

dy dy

= (37e) -, (-ve)

/

A 4

x
If it reaches a minimum value at a stationery point
4
y
dy dy
dx —ye dx (+ve)

T
T
oY

3
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Example
Find the maximum and minimum values of the function y = 2x3 = 13x2 — 12x
Solution

dy
—==06x"—6x—-12=6(x* —x-2)

l‘or maximum and minimum values, A 0
dx
= 6(x2—x—2)=0
x2—x—-2=0
(x=-2Yx+1)=0 = x=—-1lorx=2
I'herefore, the turning points arc where x = —1 and x = 2.

o . iy . . :
e sign (){'-d—r is now tested on cach side of the turning values of X

X L 2 R L -1 R
sign of

dy - 0 + + 0 -

dx.

Minimum Maxiinum

ilence at x = —1, the function has a maximum value of 7 and when x = 2,

the function has a minimum value of -20

Ixample 2
IFind the turning points o
y=x¥—6x*—15x+3

4Y _ 342 - 12x — 15
dx

fy=x*—6x?—15x+3 and distinguish between them

Ior turning points; % —0=3x2—12x-15=0

3x2-12x—-15=0

x?—4x—=5=0
¥2—6x+x—5=0
x(x-—5)+(X"5)=0

(x-—S)(x+1)=0

x=50rx= -1
5)* —6(5)2 — 15(5) +3= 125-150—-75+3=-97

Whenx =5 ¥ =
e 12— 15(-1)+3=—1—-6+15+3 =11

(1Y — G-
whcn:c=—'1-}'-( 1)* - 6(
. dy . eted ach s
Pl 4y ¢ now tested on €
ihe sign of i

pninls

2 Edition

ide of the rning values of x to identify the nature of the turning

\‘.‘J
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[ X l. 5 R I, -1 R
[~ signof
i}_} — 0 o+ J- 0 —
ax
Minimum Maximum

Therefore (5. -97) is a minimum turning point and (-1, 11) is a maximum turping point

The Sccond derivative test
The nature of the turning points can be found by using the sccond derivative test in such a way that if the

. : . d? . . . ] .
curve has a maximum wrning point, then Ex—"; < 0 (ncgative) and the curve has a minimum turning point

- .
lf'd—:z' > 0 (positive)

Example
Determine the nature of the turning points of the following curves
@y=15-2x*  (b) y=x2=3x+2
Solution
(a) y=15— 2x?
% = —4x
% = —4 (which is less than 0 / negative )
The curve therefore has a maximum turning point
by y=x2-3x+2 .
Lo ox—3
2y
dx?
The curve therefore has a minimum turning point i

= 2 (which is greater than zero/ positive)

Curve sketching

For the function y = f(x), we can plot values of x against the corresponding values of y and obtain an
accurate graph of the function. A less accurate representation, which we call a sketch is adequate for many
purposes provided that the sketch still shows the salient and noteworthy features of the function. We shall
now learn 1o sketch curves and we shall mainly concentrale on quadratic curves (inthe formy = ax? +
bx + ¢ ). The other curves are beyond the scope of the syllabus.
The main guidelines are:-

# Determining the intercepts ( where the curve cuts the axes) of the curve i.c. where x = 0

and y= 0
# The position and nature of the turning point i.e, maximum or minimum

Examples
I Sketch the curve y = 2x% — 6x + 4 ‘
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Solution
Intercepts
wheny =0,2x*-6x+4=0

2x2=2x—4Ax+4=0
2x(x—-1)—-4(x—-1)=0
x—12x-4)=0
x=1o0orx=2

(1, 0) and (2, 0) are the intercepts on the X-3Xis

wherix =0,y = 4, hence (0,4) is the intercept onthe y-axis
Turning point

Y _py -
dr—ll-x 6

For turning points, ‘;—i =0 =24x—-6=0

y=
T2

We need 1o find the corresponding y-value of the turning point
3

when x =% sy = 2(-;-)2 - 6(—2-) +4= _%

(% ,-—%) is the turning point
We now investigate for the nature of the luming point of the curve by using the values on the immediate
left and right of the wrning point.

value of x L R
1.5

- 0 +
~ v

-0.5) is a minimum turning point
2 N
d, g?yz- = 4 which is greater than 0

Sign of%

We now come to realize that {1.5,
Alternatively; using the second derivative metho
Implying that the curve has a maximum turning

Y

point.

y=2x*-6x+4
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2, Sketch the curve y = 4x — 42
Salution
Intereeps
wheny = 0,4x - x2 = g
x(4=x)=0
Eitherx = 0,0rx =4, (9,9
y = 4x — x?
dy

E=4“2X

4—2x=0=3x=27
whenx =2,y = 4(2) — 22 =4

) and (4,0) are the X — intercepts

(2, 4) is a trning point _ .
We now investigate for the nature of the tyrning point of the curve
Value ofx |1, 2 R
s d
| Sign of <X + 0 —

We observe that (2, 4) is a maximum turning point

Alternatively; if we would wish 1o investigate the nature of the turning point using the second

2 2
derivative, we find out that ;—x% = ~2 which is less than 0 (:—x}z'- < 0)

Hence, the curve has a maximum turning point
We can now sketch the curve

yll e,

FAPEE-L Y

07 107 >
\e' =4x — x?

3. Sketch the graph of the function y=5+4x—x?
Solution
Intercepts
Wheny = 0,5+ 4x—x2 =0
S545x—x—x2=90
S(I+x)=x(1+x)=0
(A+x)(E-x)=0
. eitherx =5orx = -1
The curve cuts the x-axis at (5, 0) and (-1, 0 )
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, -
| whcnx:O,y:S+4(0)-—0 =5
The curve cuts the y-axis at (0, 5)
| y=5+4x— x?
@ - 4 —2x
o 2y = 0 which givesx = 2

: ) e = 24—

For turming poits: ponding to the «-valuc obtained above
. . espo

y - value corf

Now we need to lind the —c+8-4=9

2
whenx =2,y =5+1@2) - (2)
Thus { 2, 9) is the turning pont

Nature of the turning point

L [2 R
+ 0 -
Thus (2, 9) is 2 maximum turning point

Altcrnatively, we can find the nature of the turning point using the sec

. d
From < = 4 — 2x
dx

ot
Signof —>

ond derivative

R IRy o PudPelrs B wigies so~ = - L4 TIFE S LTSN T )

dy _

dx?

. d?y i , . R
Since pr < 0, it is @ maximum turning point

Y 2.9)

A

(0,5

.
bl

it

-

7.0 %, 0) .

y=5+4x—-x2

A 4

ey ——,

4. Sketchthecurvey = x2 4+ 25 ~ 3
Solution

- g

Intercepts
wheny = 0,x2+2x -3 =
x°4+3x=x—-3=9
x(x+3)—(x+3)=0
(x+3Dx-1)=0
either x = =3 orx =
The curve cuts the x-axis at (1, 0) ang 3,0)
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whenx =0,y = (0)*+2(0)—3 = -3
The curve cuts the y-axis a (0, -3)
Turning point
y=x'+2x-3
Y = 2x 42
dx .
. o ody
For turning points, el =2x42
Now we need to find the y - vaue corresponding (o the x-y
whenx =2,y = (-1 + 2(~1)-3= -4
Thus (-1, -4) is the lurning poing
Nature of the turning point

= 0 which gives x = -1

alue obtained above

Thus (2, 9) is a minimum turning point
Alternatively, we can find the nature of the turning

point using the second derivative
d
From =X = 7, +2

dx

2

axz — 2 which is positive (> 0)hence mininmum turning point

Ya

\ /=x2+2x--3
z : /(1,0) e

(‘3: 0)

Note;

From all the graphs of the functions, it follows that the curve y = gx?

+bx +chasa maximum turning point
whena < 0 and g minimum turning point when a > @

Velocity and acceleration
Ify= f(x),% is the rate of change of y with respect to x

Similarly if y = f(v), then -;ﬂ:- is the rate of change of chan

of a body is defined as the

. . d
~Vith respect 1o lmeie. v = E%

. . M - - » d
The acceleration g of g body is defined as the ratc of the velocity of a body with fespecttotimeje. g = &
So displace

dt
cration are linked up with the process of differentiation with respect to
ime,

ge of uwith respect to v

Now the velogity v rate of displacement s of 5 body from some fixed origin,
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Examples -
l. The displacement s metres of a body {rom an origin O ata timet scconds is given by 5 = 2% =
’ 3t+6. Find (2) the displacement  {b) the velocity (c) the acccleration of the body when t =1
Solution
Givens =2t* =3t + 6

(a) Whent = 1,5 = 212 -3(1)+6=5m

ince v = %
(b) Sincev=—
=95 _ 4p
V== 4t -3
whent=1v=4(1)—3=1m/s
() Troma =%

d
v=4t—-3 a= E'f=4ms"z

2. fv=tr—4t+3, find (a) the values of t when the body is at rest (b) the acceleration whent=35
Solution
(a) Atrest,v=0
t2-4t+3=0

(2 -t—3t+3=0
t(t-1)—3(t-1)=0
(t—l)(c—3)=0

t=1lort=3
. dv
) Usinga = ;

u=t2*4t+3=9%=2t"4
(1:2‘:-4
whent=5a%=

2(5) — 4 = 6m/s*

¢ =52 — ¢, find he expressions of v and a in lerms of t

Solution

_45 =157~ 1
V=

3. If

Differentiation of triponometric functions

. don inx and OSX
ivagives 0L 51 . : . _ ,
Der 7 reptiate Sin x with respect to x,we get cos x and il we differentinte cos x with respect to

e difte . (o
Wwhen W +. The learne? should be in position to recall the above statement.

ot —Sin
x = cas X

X, W€ B

Ezsin
dx )
-q!—COSx = —5inX
dx
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Derivatives of'sm kx_and cos kx
Ifwelety =sinkx andwe letu = kx whe

. re k is a constant

-] Y du

theny =sinit = —==cosu and < =
b4 du dx k

. : dy dy _ du
chainrule; =< = &¥  du _ .
USlng lhc 'c) dx du X ™ - k x COSU = k coSs kx o
d .
co—sinkx = .
S kx = kcos kx
Similarly:
Ifwelely =cos kx and we fet y =

e kx where k is a constant
theny = cosu = e —sinu angd ¥ = ke
dx

; : .4y __dy  du .
Using the chain rule; —= = o X o = kX ~sinu = —k sinkx

d
L—r0skx = —k ci
. ksinkx

Examples
Find 5;—1 if (a)y =sin4x b) y = €05 7x

Solution
(a) lety =sindx and we let u = 4x
- d
theny =sinu =2 = cosu and ﬂ=4

: . dy _ dy _ du
Using the chain rule; == = £X 5 &% _ —
& Y ax g Ny = 4 Xcosu=4cosdx

28 = 4 cosax
dx
(b) lety =cos 7x andweletu = 7x
- L A I
theny = cosu = 7 = —sinu and il
Using the chain rule; Ly du gy sinu=-—7sin7x
dx  du dx
22 = _75in 7x
dx
With practice, the reader will soon be able to differentiate such functions directly e.g
e ay _ LT
ify= cos4x,—— = (—sin4x) x dx(4x) = —4sin4x

. — - dy _ a — :
ify —sm7x,;;— (cos 7x) X (7x) = 7sin7x

Derivatives ol asinkx, acos kx asinkx 4+ ¢ and acos kx + ¢
Where a, k and ¢ are constants

d . d .
—asin kx = a—sinkx = ak cos kx
dx dx

d d .
—acoskx =a—coskx = —aksinkx
dx ax

d. d . d :
—[asin kx +¢) = —asinkx + —c = ak coskx
dx dx dx

d d d .
—lacoskx +c]=—acoskx +—c = —aksinkx
dx dx dx
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E xamnlc

|'Il‘ld-—l[ (a) y = 5sin9x (b) y = 3cosBx (c)y = Gsin3x+4 (d)y=3cos2x+6

.Snlulmn
(@) W _ gL in9x=5%x9c0s9x = 45 cos 9x
dx dx

dy _ o d oy et oAt
(b)ﬁ-ddxr.os{ix—jx 8sin8x = —24sinBx
(c) 5;—=-—65m 3z + 2= (4) = 1B cos 3x

(d) 4y _ 3‘1;3 cos2x -{-é‘;(ﬁ) = —Gsin 2x

ix

asin(kx +¢) anda cos(kx + ¢)

Derivatives of
Il we let y = asin{lex +¢) and we letu =kx+¢

dy
Then y —as;nu=>-r=c:rn<1: and —-—k

. o tf
Using the chain rule; 2= = 4 o 2 ) x @ cosu = ak cos(kx +.c)
dx  du o dx '

f;a sin(lx -+ ¢} = ak cos(kx -+ c)

Similarly;
Hwelety =
_ — dy _
theny = acosit = =

1y ! du
Using the ¢hain ruke; 5; = :!i x == lex—=a slnu = —ak sin(kx + ¢)

'J;“ cos(kx +¢) = —ak sin(kx +¢)

= qcos(kx +c) and weletu = fcx +c
—asinu and —=

Find 2 if (@)y = Ssin(x 3)

Solution
() % = § x 4 cos(Ax -+ 3) = 20 cos(4x - 3)

(b) y = 3cos(5x + 10)

(h) :—- — —13 % §sin(Gx - 10) = —15sin(5x + 10)

I'rinl questions

1. Differentinle the folfowing with respeet (o 8
LY

() 9% 3xck S (i) (v 1 2)* (lu)-—

' [Ans: () |
9. Find the equation of the tangent 1o the curve y = 3x? 4 7a = 2 at the poing, I where

x=~1 |Any |

.-oﬁ"'!“"-'-qq-_
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I'ind the gradient of the curve y = x2 4 6x — 4 a1 the point where the curve cuts the y-axis
[Ans: 6]
Find the equations of the tangent and normal to the following curves at the points indicated

@y=x* at(39) [Ans:y=6x-— 9, 6y 4+ x =57]
(b)y=5=-2x*at (-1,3) [Ans: Yy=4x+7 4y +x =11]j
(¢)y=4+x—-2x? atapoint where x = 1 [Ans:y +3x = 6, 3y = x + 8]

5.

Find the coordinates of any stationary points on the given curves and distinguish between them,
() y = 2x% — 8x [Ans:minat (2, -8)

(b) y = 18x — 20~ 3x% [Ans: Max at (3,7)

©y=x3+3x2~9x—5 [Ans:maxat (-3,22), minat (1, —10)] -
Sketch the following curves, clearly indicating on your sketch the coordinates of any turning
points and any points where the curve cuts (he axes.

@ y=1=x)(x-5)

(b) y=x*—8x-20

(c)y=x2+2x—3

(d)y=x*+10x + 10

(@ y=3x-x°

Differentiate the following trigonometric functions with respect 1o x
(a) 7 sin(8x + 3) [Ans: 56 cos(8x + 3))

(b) 15cos(3x + 4) [Ans: — 455sin(3x + 4)

(c) 24cos2x+ 3 [Ans: —48sin 2x]

(d) 13sind4x + 3 [Ans: 52cos4x]
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CHAPTER 6: MATRICES

A matrix is a rectangular array of numbers called elements or entrics. Information can convenicntly be
presented as an array of rows and columns.

11 Order of 3 matrix
1¢ order of 2 matrix gives the formal of how a matrix should be writien. 1t is always in the form . X 1

where m is the number of rows and n is the number of columns in the matrix. For example
M A2 X2matrix

In thus matrix, the number of rows is 2 and the number of columns arc also 2 i.c.
A B
-3 4/ \¢c d
(n) A3 x 3 matrix
In thus matrix, the number of rows is 3 and the number of columns arc also 3 i.c.

3 10 a b c
(4 0 1) ' (d e f)
1 9 2 g h i

(iiiy A2 x3matrix (iv) A3Xx2matrix
2 4 0y G 3)
1 6 9 7 4

Notc: Other matrices of different order are possible ie. 1% 2,2 X 1,1x33x1l,et.c

Operations on matrices -

Addition and Subtraction
"I'wo or more matrices can be added il they have the same order Le. the pumber of rows and columns in
the first matrix must be equal to the number of rows and columns in the second matrix.

Examples

+e b+f
) (‘; 3)+(; {1):(?+;2 d+1h)0 3 3 3
_ 241 043 _ (-
2 (3 g)+(01 ) 3+01+%+20)4:2(31f2
4

3, (; _?1 §)+(§ 3 _13)=(3+2 -140 2i3)=(5 _21 f1)

0 b e [ s(a—e b"f)
4. (c d)'(g h) 6“93_°‘:1"1__3 .
5 _:_32 (1,)'(_61 ':'23)=(_2,0 0—2)=(_2 _2)

o

CMEaY 0 -1y (6-0 3--1 6 4
T 2)-[s 1 =(1-—8 2-1 )={-7 3)
: 3 0 1-3 0-0 ~2 0

1
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Multiplication of matrices

Scalar multiplication
This is the type of multiplication where we multiply a given matrix with a constant, which is taken as a

scalar.

Examplcs
e
1. Expand a e f .

Solution

(o 1)=(%e axp)=(ee o)

. . 3 0
2. Giventhematris 4= (3 °) and = (_02 g) Find (i) 24 (i) 4B - A (ii() 3(A + B)
Solution )
. .3 0 2x3 2%0\_(6 0
0 24=2(] ) = (5 x 1 oax-20=0 4

(if) 43:4(-02 g)"' 44><x—02 i§§)=(-°s ég)

4B — A ='(_08 ;g) - G _02) - (.__g ;rz})

aiy a+8=( )+(% H=(2 I

3(A+B) = 3(_31 2) = (_93 198)

3. Given the matrix 4 = (4 1) B = (_21 1) and C.= (0 3 ).Find

5 2 3 2 -1
det(24 + 3B — C)
Solution
2A+3B—C=2(g ;)+3("21 g)—(g _31)
3 3y (0 3 5 5y (0 3 5 2
(180 4)+(6 9) (2 —1)=(16 )~ —1)=(14 )

det(ZA+3B-()=5%x14-14x2=70—-28= 42

Genceral Multiplication of matrices
We can multiply two or more matrices if and only if the number of columns in the first matrix is equal to
the number of rows in the second matrix.

Examples
Expand

-GG )

Solution
When we are expanding, we multlply row by column
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(a b)(e f)_(axe+bxg axf-l-bxh):(aeizg c;}f’i-s;:)
ce

o diAg b “\cxet+dxg cxf+dxh
3
Solution
3 1y/0
B @ H=Crored -6l 4= 3
. 2 ’
3.5 8)
Solution

(3x3+4x2 3x4+4x5)
2%x3+5x2 2x4+5%x5
(9+8 12+20)_(17 32)
6+10 8+25/ M6 33

G H=C oG 3

Il

« 2D o)
Solution

(g -? 1) (—:12 g) . (58::22:_‘-3 1X><44 58x><33: -9 lxxoo)

. =(-16+36 24+0)_(20 24)

—10—4 15+0 “\-14 15

5. Given the matrices = (z g) , B= (;) .Find AB

Solution
_(a b X _(ax+by)
AB = (c d) ()’) “\ex+ay
{lowever, the product BA is not defined because it is impossible

b

2 Edition

~
\\“ A

.

bode
W,

. 1 2 _fa .
6. Giventhe matrices A = (3 4) and B = (C d) .Find the matrix products AB and BA.

\What conclusion €an you draw from your solution.
1xa+2xc 1xb+2xd

Ag-:.(l 2)(2 g):(3><a+4><c 3><b+4xd)

3 4 =(a+2c b+2d)

3a+4c 3b+ad

1+b0%x3 2- ‘
sr= b)(; i)=(g:1+d§3 ?iziﬂfi%(‘iiffi .2?(;-::3)

d
We can ohserve that AB # BA

. in penerd
Nole: N B

A as W€ have seen above.

I, when multiplying 1o matrices, the commutative law does not hold ic. AB #
; L. ¢
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The determinant of 5 matrix

et en—f b . .
Consider a matrix 4 = ( d)' the delerminant is denoted by det A or |A] defined as the

difference between the produet of (e cleme
the clements in the minor diagonal i.c.
|Al = detA = ad — pe

Examplcs
it = 1Y tnd dem

» .3‘ . __1 )

Solution * ' ‘
detM = (rx~1)~(1x3) = —4-3= -

Ms in the major/lcading diagonal and the product of

0
Solution

Al=(1x0)~(3x1)=0—3=-3

2 1f4=(1 2)tnday

: (13 g3 2y ) _
3. Gwenthat/l-(l 0),3—(1 1).Fmd(1)det(3A+B) (i) det(ZA - B)

Solufion
O ats=s( D+ N=G 9+¢ )= M)

det(3A+B) = (6 x 1) ~ (4 X 11) = 6 — 44 = —38

N M ROEN NS
det2A~B) = (—Ix-1)—(4Xx 1) =1—4 = —3

Singular matrix

A matrix whose determinant is zero is called a singular matrix.

Examples
l‘. Giventhal A = (;’ f) and B = (_21 ‘14) Show that A + B is a singular matrix.
Solution -
-1 -4
A+B:((1} ?)"'(21 1)=(3 2)

det(A+B)=3x2-2%X3=6—6=0
Since the det (A + B) =0, A + B is a singular matrix

2. Given that matrix A = (: ;) is @ singular matrix, find the value of a.

Solution
detA=4x3-2%xa=12-2a
For a singular matrix, det 4 = 0
=12-2a=0
2a=12 thusa =6
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a-6 © M is singular

a+2
Solution

det M = 3afa + 2) — (—6)(a ~ 6) = (3a? + 6a) — (—6a + 36)
= 3a% + 6a + 6a — 36
=3a*+ 12a— 36
Since matrix M is singular, then det M =0
= 3a’+12a-36=0
al+4a—12=0
a*—2a+6a—-12=0
a(la—2)+6(a—-2)=0
(a—2)(a+6)=0
~sa=20ra=-6

s _ 3a . ’ .
3. Giventhat M = (-6 ). find the values of a for which the matr

Inverse of a matrix
The inverse of a matrix A is given by d—:t—n x the adjoint matrix, The inverse of a matrix A is denoted
by A~L. To get the adjoint, we interchange the entrics of the major diaganal and multiply the entries of the
minor diagonal by -1 i.c.

A= (‘; 2),Adjoint/l= (_f‘c "ab)

detA = ad — bc

-1 1 .. _ 1 ( d —b)
= — o A=

A oy X Adjaint T\ a
Note: The inverse of a singular matrix docs not exisl because we end up with a division by zero, which is

undefined.
Examples ) ’
3 1 _ -1 ) N a— e\ rym
1 ]Mz(o 1), B -—( . 3),fmd(1)/l BT (i) (A+ Byt

Solution

Q) detA=(3x1)-—(1x0)=3-0=3
-1
/\djoinl/\';((l) ,;)

a1l -1
Al"s(o 3)
dc'tB=(—1x3)—(2x1)=_3_2=_5

(i 3 -2
Adjoint B = (—1 —1)
B =‘-l§(—31 :?) s
: -1 ;
(iii) A+ff=(g :)'*(1 3)=(1 4)

det(A+n)=(2><4)—(3><1)=8-3=s

po
Adjoint (A4 ¥ B)= (_.] 2 )

s L ;‘} ' . ey

o " RS U . e,

i S N . .

T At L s —
b B o
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@+8) = %(-41 2)

; iv 4 — (1 1 -
2. Given the matrix 4 = (5 2) B= ( 21 ;) [ind (AB)1

Solution

4 1N —1 1 -~
’”"(s 2)(2 3)2(22—115:3 g:::é:i)
=(—4+2 4+3):(-2 7)
—5+4 546/ 701 14
det(AB) = (-2 X 11) ~ (~1x7) = —23 4.7 ~15

Adjoint AB = (111 ‘7)

-2
“n =51 )

Idenlig mairix

Ari identity matrix is a matrix which has the entries in the major diagonal equal to one and the entries in

100
the minor diagonal all equal to zero e.p, ((1) 2) is @ 2 X 2 idententiy matrix, (0 1 0) isa3x3

0 01
identity matrix. The identity Matrix is denoted by /.

Examples
. Giventhat A = (1 i) find () A1 (i) Aq=2
Solution
() detA=(1x1)—(1x2)=1-2=—1
1 =2
a_af1 =N 1 2
A ‘-:(_1 1)‘!( 1. -1)

GGG -G ey

o =G0 Y

Note: We can observe that the above product gives an identity matrix. Thus for all matrices, the
product A4~ = [ where / is an identity matrix,

2. Given that A is the matrix (_21 g) Determine the scalars x and y such that

A® + XA+ yl = 0 where [ is a 2 X 2 identity matrix.

Solution
Azz(z 4)(2 4)_(2><2+4><—1 2x4+4x3)=(0 20)

~1 3/\~1 3 —1X2+3x-1 —1x4+4+3x3 ~5 5
“=x(5 D=0 )
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=0 D=0 )
Given A+ xA4+yl=0
0
(55 %) H(& A 9= 9

(2x+y 20+4x \ _ 40 0
8 = 5+3X+y)*(0 o)

=5=x=0...0)

x=-5
© 2xty = 0. (D)
= —2x
y=-2(-5) =10

o .~ __2 _ . '
3. Given the matrix P = ( 3 54), determine the matrix Q such that QP = / where /isa 2 x 2

identity matrix
Solution
let Q = (a b)
ac bd 2 4 1 0
:(c d)(3 5)=(o 1)
(—20. +3h —-4da+ Sb) = (l 0)
~2c+3d —4c+5d 0 1
—2a+3b=1 ...{)
—Aa+Sb=0 ... (i)
We can solve the simultancous equalions (i) and (ii) using eliminalion or substitytj

. S onm
Using climination cthed.

2(0); —Aa+6b =2
(i) — —4a+5b=20
b=2
Substitute for b in eqn (ii)
—Aa+5%x2=10

10 _5_,
—4a =-10 =‘>a—4 —2—2.5

Similarly —2¢ + 3d = 0 ... (iii)
whe+5d =1 . (iV)
Solving equation (iii) and (iv) simultancously gives;
2(ii) —4c+6d=0

- —4c+5d =1
o = —1
Substitute for d in {iv)
—4c+5(-1)=1
—pe=6mc=—7=-15

. 25 2
Therefore the matrix @ ={ “7"c _1)

]

4
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Solving simultancous e
One of the most important applications of matrices is 1o i
It is a requirement to first re-arrange the given simuly

matrices
nd the solution of lincar simultancous equalions.
ancous cquations into matrix format.

Consider the simultancous cquations
X+2y=4
3x-5y=1
Provided you understand how matrices are multiplicd together, you will

matrix form as;
X
G H06=®

- 1 2 X
Writing 4 = (3 _5) X = (y) and B = ('1;)
we have AX = B
This is the matrix form of the simultaneous equations. Here the unknown matrix is X, since A and B
are already known. A is called the matrix of cocfficients.
Now given AX = B, we can multiply both sides by the inverse of A, provided it exists to obtain;
ATIAX = A7'B
But AA™! = |, the identity matrix
Further more IX = X since multiplying any matrix by an identity matrix of the appropriate order leaves
the matrix unaltered. Therefore X = A~18
Thusif AX = B,then X = A™'B
This result gives us a method for solving simultancous equations. All we need to do is to write them in
matrix form, calculate the inverse of the matrix of coefficients, and finally perform and finally perform a
matrix multiplication.
Solution

(; _25) G) = (:)

We need to calculate the inversc of A = (; 2 )

realize these can be written in

-5
detA= (1x-5)—(2x3)=-11
-y _ _1(-5 -2
AT = 11(—3 1)

X=A"8= —,—11(:2 _12) (g) = _Tlf (_—53><><44-}.+_12><)~{11 = —ﬁ(:ﬁ = G) ‘

(;):(i) =>x=2 andy=1

Example 2

Using matrices, calculatc the values of x and y for the following simultancous equations

2x—2y—3=0
By=7x+2
Solution

Step I: write the equations in the form ax + by = ¢




o nd e
T cs Dy Kt (mn Je Q‘f?ad 2!;{ .
f‘-lf!-\'.f.{tl(.’.(:{f..[g.k'.\'.c.l..‘}1([!\\]{./.1.(1!1}.'..f).((!f-'!f‘ o ALGT P i,
¢ =2y =3
7¢ — 8y = —2

wions in atrix {farm

Step 2: wrile the i
st equalion

» - constant of s
. coﬂhum&sotluslequhon-0{ -'2 b 3
| .o M- constant of second egqualien

" gecrents of serond equation i\?

Step 3: Find the inverse ola2%x2 matrix
determinant = (2x )~ (—2% 7) =

fnverse =~ (-g g) (3115 :1)

Step 4: Multiply both sides ol the malrix cquation by the inverse
(i THE 6)=Gs (%)
R frsvaen)
()=(i2s)

Thercfore x = 14 andy =

~_16+14="2

Fxample 3
Solve the simultancous cquations bel

x+2y=A1
xfy=3
Solution

¢ H6)=6)
eea=( %) 8= () and c=(3)

NowAB=C =18 =—i¢ which gives B = A71C
B=A"C
deta=(1x1)—-2x1) =1~ =-1

A =_Ll(_11 _12) ( 11 2)
But b = A"Cx=> G =G 2)6)
6)-GUT)=(119-0)

I'rom the equality of matrices, x =2andy =1

ow using the matrix method.

Example 4
Solve the simullancous ¢ i i
quations using the matrix
2 by =3 ix mcthod
4x—2y =10
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TC e
let A = (i _12) 8= (;) and € = (130)

detA=(2x—2)—(4x1)=—4_4=._3

=2

Bu:B=A"‘Ca(;)=_£(-2 -1) 3)

(1’ . _1(—28x§i—%x130 1/-16 2
y B\ —4x3+2x10 2_5( 8 )=(-1)

x=2andy = —1

Solving mathematieal problems using the matrix method
In day-to-day life, we are obligated to solving problems which require the idcas of finding total

expenditures, the would be amount of profit got after transacting a business and others. These
mathematical problems can be solved using the matrix approach

Example 1

A grocery scils two kinds of meat products A and B. Athieno bought 4 kg of A and 6 Kg of B paying a

total of B paying a total of shs 5280/=, Namusisi bought Skg of A and 3 kg of B at a total cost of 4440/=
(1) Wrile down two equations to describe Athieno’s and Namusisi’s purchase

(ii) By combining the two cquations in matrix form, determine the cost of 1 kg of each meat
product

(iii)  How much would Mugisha pay for 6 kg of A and 5 kg of B
Solution

Let x = cost of grade A per kg
Y =costof grade B perkg
Athieno's purchase; 4x + 6y = 5280

Namwsisi's purchase; 5x + 3y = 4440 - ) ;-.
() The equations are; : O
4x + 6y = 5280 5
5x + 3y = 4440 I

e

o (4 6\ X\ _ /5280
i (g 3 (y) = (4440 .
Determinant of the niatrix of coefficients = (4 X 3) = (5 X 6) = —18

. . . 3‘ —6
The inverse mamx=—1—1§(__5 4.) :

=N

e () =-5%(% )
x 1/ 15840 — 26240

(y) z_‘TE(—zerioo + 1'7760)

)= -5Cogad)

= —=x —10800 = 600
1Y
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y = ——x =640 = 480

Hence the cost ol | kg ol A =sh 600
And the costol t kg ol B =sh 480
{11}  Mugisha paid
(6 x 600) + (5 x 480) = sh 6000

Example 2
At Jenga-mwili supermarket, Mercy bought § trays of eggs and 7 kg of irish potatoes at shs 11800. Moses
bought 6 trays ol epps and § kg of irish potatoes at shs. 14000. 1f shs t and shs p are the prices of a tray of
cpps and a kg ol potatocs respectively
(1) Write 1wo cquations o describe the purchase of the two men
(i) By combining the two equations 1o a matrix form, determine the cost ol purchasing each item
(iii)  How much would Hanifa pay for 2 trays of eggs and 2 kilograms of irish potatoes?
Solution '
() S5t+ 7p = 11800 ..o ... (i)
) 6t + 8p = 14000 ... coe ev vev e (i)
. 5 7\(t 11800
(it (6 8) (p) B (14000)
Determinant of the matrix of cocflicients = (5 %X 8) — (7 X §) = —2
8 —7) '
-6 5
' ¢ 18 —7y711800
thus (»)=-3(Z 5 )(iao00)
(t) 1¢ 94400 — 98000 )

p) = ~2\—=70800 + 70000

ty _ _1(-3600
(v) - "z(—soo
t = —2x —3600 = 1800/
'p = - 1% -800 = 100/=

(iii)  For2 trays and 2 kg of irish potatoes, [anila pays
2 x 1800 4+ 2 X 400 = 4400

e - . 1
I'he inverse matrix = — 3 (

Example 3
Four students; Kale, Linda, Musa and Nana went to a stationcry shop.

K ale bought 4pens, 6 counter books and 1 graph book
[inda bought 10 pens and 5 counter haoks
Musa bought 3 pens and 3 graph books
Nana bought 3 pens. 2 counter hooks and 8 graph books
e costs of & pen, & counter l_""’_k and a graph were shs 400, shs 1200 and shhs 1000 respectively.
() (i) Writca 4 X 3 m:untx' (or the items bought h‘y the lour students
(i) Write 2 3 X 1.111zllr|x for the costs ol cach item
(b) Use the matrices in (a) to caleulate the amount of money spent by each student

(c) Il each student was 1o buy 4 pens, 10 counter hooks and 6 graph books, how much moncy would

be spent by all the four students
-
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Solufion
(@) Let P=pen, C=counter books and G = graph books
(i)
P C ¢
Kale s4 6 1
Linde {10 5 ¢
Musal 3 0 3
Nana \5 2 8
Hence the 4 X 3 matrix for the jtems bought is;
4 6 1
10 5 0
3 0 3
S 2 8B
(iN) Cost
; P 7/ 400
,1 C (1200)
G \1000
Hence the 3 X 1 matrix for the cost of cach item is;
400
(mo)
1000
{b) By multiplying the two matrices
[ P C G
Kale 4 6 1 400 Kale 4 %400+ 6x 1200+ 1 % 1000
Linda {10 5 0 1200) _ Linda [ 10 400 + 5 x 1200 + 0 x 1000
Musal 3 0 3 1000 Musa |\ 3 X400+ 0% 1200+ 3 x 1000
Nana \5 2 8 Nana 5% 40042 x 1200+ 8 x 1000

= Linda 4000+ 6000+ 0 | _ Linda { 10000

Musa 1200 + 0 + 3000 Musa \ 4200
Nana ‘2000 + 2400 + 8000 Nana \12400
Hence kale spent shs 9800, Linda shs 10000, Musa shs 4200 and Nana shs 12400

()

Kale /1600 + 7200 + 1000) Kale ( 9800 )

P C C i
Kale 74 10 6 400
Linda [ 4 10 6 }f 1594
Musal 4 10 6 1000/
Nana M 10 6/ -

Cost by Kale =4 x 400 + 10 x 1200 + 6 x 1000 = 1600 4 12000 + 6000 = 19600

Total cost by all the four students =4 x 19600 = 78,400

H A

gt
.
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Example 4

A retail trader ordercd for shirts from a Kampala wholesa

|
Kawuma Fahad. ...

e shop as follows

Size
Colour Small Medium | Large | Extra large
Bluc 0 40 20 0
Green 30 0 25 0
Yecllow 0 20 0 10
Given below js the cost for cach size of shirt
Size
Sinall Medium | Large | Extra large
Cost (U shs) | 3000 3600 4200 4800

(a) Writc down a
(1) 4 % 3 matrix for the order of the shirts made

(i) A4 x1costmatrix N
(b) Given that the trader had to pay

17% tax of the cost of the shirts purchased,

.2 Edition ‘

find his expenditurc on

the order.
Solution
(i)
B G Y
small g 30 0
Medium A0 0 20 .‘
lLarge 20 25 0
Extra—large N0 0 107
(i L
small . 3000
Medium 3600
Large 4200
 Extra — large 4800
(b) ' ,
0 40 20 O 3‘238
Cosl.incurrcd=(30 0 25 O 1900 N
0o 20 0 10 4800

N N S LTl o WIS SRt L i, T

30 X 3000 + 0+ 25 x 4200 + 0
0+ 20 x 3600 + 0+ 10 X 4800

144000 + 84000 228000
= (90000 + 105000) = (195000)
72000 4- 48000 120000
= 228000 + 195000 + 120000 = 543000

_ 17 543000 =92310
- 543000 - 92310 = 635310/=

(0+40 % 3600 + 20 x 4200 + 0)

Tax palt = o0

Total expenditure =

1
= THEI &Y i J
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() Sv+y= 13
(l\) 3.‘. + Zy = —-Z

(d) 7x + 4 = 5y

() 3x+y=>5
(g)3x+2y=5§

() 2y —dx+2=0
and 7x =2y 42

Tris] questions

. Solve the fotlowing sets of simultancous equations using the inverse matrix method

= s

and  3x 4 2y
and x A4y

=

() dx+2y=06 and 3x+5y =5

and 4=2x+y=0
and 3x -2y =5

and 5x + 4y = 11

[Ans: (@) x = 3,y = =2 (b)r:-—zy:z(c));:E y___i (d)x=8y=12 .

() x==3,y=-7 (f) x= .y E (Px=-1y=4 |

ven the matrices 6 1
2. Given the matrices A = (4 5) und B= ( 2 _3) find
(i) Matrix C which is equal to 24 — 3B
(i) AB
' N (6 =1
(i) Show that det(4B) = (detA)(der8) [ Ans: () (10 2) @0 (5, o)
; . 3 0 1 2
3. Giventhat 4 = (1 _2) and B = (5 0) determine (i) A + B (i) (AB)
L (b2 .y (—~45 30
|Ans: (i) ( _2) (if) (_45 _50)]
3—a 3\(-3\_/-3\ ..
P 4. Given that ( _1 _2) ( X ) = ( X ) find the values of a and x
[Ans:ta=1,x=1]
, 12 2 -4 0
5. Giventhat 4 = (_2 1) and (_1 )fmd AB — BA [ Ans: ( 4)]
. 1
6. A and B are two matrices such that 4 = (4 11) and B = ( 1 )“ find
(ymatrix P = AB (i) P~ [Ans: (i) (3 }}i) @ -3 M
. - 2 —4
7. Given (he matrices P = ((?; 12) Q= (i _-1), R= (_51 3 ) determine
(3 ..
(DP.¢+ R .(ii) the determinant of (P.Q + R) [Ans: (i) (3 ?) (i) = 3]
- 3 1
8. Find the inverse of A = (g 31), [Ans: ﬁ(_z 4)]

1 2
2 3

10. Given that matrix A = G 2) find the values of the scalar A for which A— Al is singular

Bl

. 9.Giventhat A = ( )show that A2 — 44 = I where I is a 2 X 2 identity matrix

where @is a 2 X 2 identity matrix. [Ans: A=40r—-1 ]

- 8 " -
11. Given that A4 =(2 _1) and B = (10 ) ; Find (4B)™ |ans: -

0 -12 (10

10

. 1 2 =11 {4 6 I e T etioh gheg T o
12. Given that P = (4 5) ,Q = ( 4 5) and R = (10 15) find the matrix T such thit T =
P24+3Q—R [Ans: (226 393) ]
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(;) to give (;8), find the values of x

13, The matrix (g _41)is pre multiplicd by the column matrix

andy. [Ans: x =-1,y=-2, ]

[4. Given the matrix P = G g) and @ = (__21 ’;‘3), find (i) PQ (ii)a2X 2 matrix R such that

QR =P [Ans: (i) (é 2) (ii)(z 172) ]

15. Given that P = (:23 :é),Q = (,}! _53) and R = (11} _32) find (i) QR =P (i)

. o [T 6y
determinant of QR =P [ Ans: (i) (2 14) (it) 110] .
16. Given the matrix A = (2 3) , find a matrix B suchthat A+ B = (0 1)

5 7
[Ans: (:; :2) ] ,
17, H"(; ‘ __11) (;) = (g) , determine the values of x and y [Ans: X = 20r—6y=—40r28]
18, Given that A = (:13’ i) and B = (_01 _12),Evaluate (A + B)? [Ans: (105 205) ]
19.1f (_23 g) +k ((3) i) = (_83 _61) , find the values of k and n [Ans: k=2,n=-2 ]

0. Find the values of a and b such that (2 ﬁ) (7;) = (;‘g) [Ans:a=1,b=11 ]

21. Given that A = (__34 _:52) , find a matrix B such that AB = ((7) g) _Hence or othenwise find

the inverse of matrix A, [Ans: B = (i 230) A™l = %(i 3}) ]

. 501 2 -
22. Given the matrices A = (405 7) and B = (3 11) , find a matrix M such that 3M — 21 =

24 - B wherelisa2X 2 identity matrix {Ans: M = ( 31 é) ]

- 11
23.10A = (; #i) and B = (4 _1).Show that (A + B)? = A2 + B2

1 2 . N . )
24, Given that D = (0 1) and I is @ 2 x 2 identity matrix, obtain the values of p and q such that

p2 =pD+ql. [Ans: p=2, q=-1 ]

, 2 1.
25, Given the matrices A= (2 3) ;lind A such that |[A~ Al = 0, where lisa 2 X 2 identity

=1or4 |

. .2
¢ values x can take on given A = ("‘1 ?33-) and B = G

matrix. [Ans: 4

26, Find the possibl ?) and AB=

1
‘BA‘ I'Ans: x=3m'x="'z‘ ]
1 0O -2 1
atrices A = _ and B = , find (A + B)® NARY T
cm (2 1) ( 3 g) ( ) [.'\ns.(_10 “)I
, find the values of b such that €2 = 5¢C + bt = 0

27. Given b

-1
28. Given the matrix € = (; ) )
[Ans: by=6 ]
e i . m-u-]d itlll)., 12 pencils and 10 hoaks for shs, 2100, Alternatively she contd
i 20 pmwils e o I"’r h(;b; 1600 at the same price per item. Find the cost ure;ich jtem
[Ans: pcncil = 50/= ook = 150/= |
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30. Two ladies Sarah and Fiong went for shopping. Sarah bought 1 kg of sugar, 500 gmoftea, 2
loaves ol bread while Iiona bought 2 kg of sugar, | loaf of bread and 3 litres of milk, The cost
price of the items Were; sugar shs 2200 per kg, tea shs 500 per kg, shs 3500 per loafanq shs 1200
per litre of milk.

(a) Write down a matrix for the

(i) Purchases

(i) Cost price

(b) Use matrix muitiplication to determine the difference in expenditure of the two ladics,

S 72200
: ST Bom . T/ 500 i) 2050/
[Ans: (a) (i) Sarah 1 5 20 (i) £ | 3500 (ii1) =]
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CHAPTER 7: INTEGRATION

3 : ; — - - - . e it is the
Integration is the process of obtaining an original (unction from a give gradicnt functior hence, itis
reverse of differentiation.
dy Pt
IfF == n [pp— —_
f priak (theny =—+ wheren # —1
n+1

= | ax"dx = — + C where C is an arbitrary constant

t we add onc onto the exponcnt/power and then
oid n = —1 in this

The general rule when inlcgrating a power of X is tha
divide by the new exponent/power. It clear (hopefully) that we will necd to av

formula because we will end up witl division by zero, which is undefined.

Indefinite integrals
pral becausc it does not give a definite answe

r and we add an

We call [ f(x) dx an indefinite inte
arbitrary constant after integrating.

We know that y = x3,y = ¥3+6,y=x>
When we integrate 3x%, wewritey = %3 + € because we arc o

had a constant or not as when we differentiatc a constant we gel zcero.
. . . - . 1
Note: We always integrate with respect (o a certain variable i.e. [ f(x) dx means integrating (he i

function with respect to x and [ f(t) dt means integraling the function with respect to L.

oo d .
— 6 all satisf’ E;i = 3x2, for this reason
t certain whether the original function

Example 1
integrate the lollow
(a) 3

Solution

ing with respect to X

5x0+1
—_— 0 = ——— =
J'sax-fs;c dx 0+1+c 5x + C

Hence [ fodx = kx + C.where I and C are constants

(b) x*
Salution
3+l 4

X X
3y = et =+ C
jx dx 3+1+ n

(c) x?
) Solution
3 x%"l X% 27‘%
J'xzdx=-3—-——-+(,‘=—s—+c-=—;+£'
5 +1 7
(d) 4V%

X
j4ﬁcix=J4x‘/2f!x=4
=+
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7x°
(©) Solution
§+1
7x6
S dy == —
)
0 7
Solution

1 _ 1 1 —1.+1 1
fﬁdX—f—ldx-:jx'idx:_x__zﬁ_*_c_xi 1
X2 1 1 ST =24+ C= 2y +C

Integrating a sy i
) ) ) i m or difference
\When integrating a e ——
BRing & sum or difference, just i differentiating, we integrate the terms separately.

Example 2
Integrate 3x° — 4x? + 5x — 1 with respect to x
Solution

3 _ 442
j(3x 4x +5x—-1)dx=f3x3dx—f4x2dx+f5xdx—f1dx

_3xt 4x® | sx?
STt xAC
Note: with practice, the reader can do the above integral at once without even separating the terms as in

the next example.

Example 3
Integrate 5¢3 — 10t~ + 4 with respect tot_
Solution
1 1
f(St3 — 10t~ + 4) dt = s(z)ﬂ- 10(:§)t‘5 My,

=§t4+2t‘5+4t+c
Techniques of integraling )
Some integrals require simplification before you can do the integrating. The methods of simplifying
can be expanding if given a product or dividing to simplest form as in the following examples.

Example 4
Find [ (x — 1)(x3 + 2) dx
Solution
We need to first expand the product (x — D(x* +2)
(x-l)(x3+2)=x4+2x—x3—2=x"—x3+2x—2
€ can integrate the result of expansion, thus
[(x = D +2pdx = [(x* —x* + 2x = 2) dx
- :-—4 + Z—;i —-2x+C
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xd
=< '“—‘+ x*=2x+C
Example §
i fXE=xT4
FFind Ide

Solution

We need to first 5"“1"”)/ *! by dividing the terms scparately

xS-xt+1
—a  —a- + —=x —1+x"
We can intcgralc the rcsull ofdlvmon thus
S—x2+1 x* x™!
" dx = (x‘—li-x'z)dx=—-—x+—l-+c

X
=T X x+C

Definite infegrals

A definite integral is anc that gives 3 definite answer since it has limits i.c.

fb f(x) dx is a delinile integral where a is the lower fimit and b, the upper limit.
Suppose [ f() dx =F (x)+¢

j  foydx = [F) + ) - [F(@) + )
= F (b)—-lr(a)

=l
we usually write this a5 ), f)dx =1F (x)]
constants of integration cance] out in casc ol a definite integral thus there is no need

Note: ‘I'he
anl to the final answer.

add an arbitrary consl

Examples
e the folfowing inteprals

Fvalud
)
I, L X% dx
Saluflon
_ . ' S 9
A x7 ‘Z'l=f‘4%—‘:lv
Jx‘irlx’—";;‘ =37, 5 (07 ~5 ()
| T 16 %1

‘N”,-ﬂ ”»
any b

(' b\uu c?ﬂ'g’ll

" 'J’ﬂ"’ i 4(]8 F; el [[j
}’i HH'J 1]2’}}5;1’[;'9

’~" syl D
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+2=1 .-‘
3

wisz

30 Sl 6x% = 5x 4 2dx

Selation

1

1

f 6x* = 5x + 2(dx = |2x3 —-g-xz + Zx]
-3

-3
(2(1)3 =302+ 201)) - (2(-3)2 - 2 (=307 +2(-3))

52 2) (- 54-2 )
2

4. ff(ar2 —4x + 1) dx

Solution

3 3 .
G —ax+ 1) dx = [’;—3_2"2""‘]1

= (2 2@y 3) - (- 201y + 1)
=(9—18+3)—(§—2+1)

=0 - (-3
s, Byt +y2ay
Solution
Lyt 4y rdy =L+ := yg—a—i]:
3 3
=(%—%)-(‘-‘3’—-%)
i SHSRE:

4
6. fy V(e —2)de
Solution
* We need to first multiply the intcgral before integrating.

VE(t=2) = t3(t —2) = 63 — 263

* 2,5 4 23"
Thusj‘ f(t—z)dc—f t2—2t2dt—[——2—3— =[§t2—-3-t2]0
2 1g
=(E(4)z—;(4)z)-(0)
64 32 _ 32
s 3 15

In the evaluation process, recall that;

(457 = ((a37) =
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(4% = ((ai) =23 =8

Arca under the curve
the definite In

The area between the graph of y = £(x) and the x-axis is given by
the curve,

tegral of the function of

y = flx)

X —axis
@ b

b
Area = J f(x)dx

This formula gives a positive result for the area above the x-axis and a ncgative result for the arca

below the x-axis.

Note: I{ asked to find the area under the curve, it is a requirement to first sketeh the curve i.c. by
getting the intercepts and knowing the nature of the turning point.
The nature of the turning point can be known by mere looking at the equation of the curve i.c. the

cocfficients of the x2 [This is very important]
I first asked to sketch the curve, then go smoothly through the processes of curve sketching.

Examples
1. Find the area enclosed by the curve y = 4x — x2

Solution
. P 2 —
The x-intercepts are when y =0, 1.c 4x—x*=0 ,x(4—x)=0;x=0and x = 4
‘fhe curve has a maximum turning point [Recall concept]

We can now sketch the curve as follows;

) 1
A=J ydx.—;f (4x — x?) dx
. 0
= [ -2 = (22 -2 g
— (32 - %) -0= E; 5q.units

y=7= x% and the x-

. a between axis between the ve
5ind the arca be ¢ values x =
" S X = ~1 and

2.
x =2
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Solution
10

=[=-% : = (72 - e - (7¢-1) - e

] -..E N 1 - 8
(14 3) ( 7+§)—14—;+7—%=21—§=185q.tmits
3. Find the area enclosed by the curve y

Solution
First make a sketch of the curve to where your are
, .

= x% — 3x and the x-axjs

a lies

b 3
A=fydx=f(x2—3x)dx
a 0

[ - (@222

o= (9 - %) = —% Sq.units
The arca has a negative value because it lies below the X-axis but we shall always take the positive value.
9 .
Therefore A = S 59 units

Displacement, Velocity and Aceeleration
We earlicr saw that displacement, velocity and acceleration arc Jinked up process ol differentiation.

Similarly; acceleration (a), velocity (v) and displacement (s) in the reverse order are linked up together by
a process of integration.

From a = % ,it follows that v = [adt

Similarly from v = % it follows thats = [vdt

Examples

I. 1My = 3t% — 8t and s = 3whent = Q, find the expression for s in terms of ¢t
Solution
s=fvdt=[(3t*-8t)dt
s=t3-4t2+C ‘
But s=3 whent =20, [This helps you calculate the value of the constant C|
3=¢C
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‘

ns=t3—4t7+3

2 1fy=t2—4t+3ands=4whent =3, find the displacement when t= I

Solution
s=[vdt=[(t? —4t+3)dt
3
s=T-20 434 C
buts =4 whent =3
Substituting; 4 =9~ 18+9+C
C=4
13
s=?—28+3r+4

Displacement whent=1,5 = 93)—3 —2(1)2+3(1) +4

16
§=-—m
3

3. !ifa ~1—t andwhent=2,v=1 and s = ?, find the expressions for v and s in terms of t.

Solution
p=[adt=[(1-t)dt

t? c
v—t-—;-i—

Bulwhcnl=2.v=l .
22 c 5
1=2- '2—+
c=1
2
‘Therefore v = t-—fz- +1
tl
Similarly s = fvdt = f(c -+ 1) dt

_C_ 2o+

* 2 13
But when L= h,s=7
B_i_ly24¢C

3 2 6
B_ly24C

3 3

C=

. 2 e
l’hus5='.;"'+2£+2

a straight Jinc. Attimet seconds, its acccleration is given by

body moves in . |
" A“ = i”t + 1. Wher= 0« the velocity of the body is 2 mis and its displacement is 1m, Find the
fyands in terms of t. Find the

expressions ©
Spludion
dv
= -— 6: -+ 1
a = 4
= Iﬁ[ +1 dt

y=Jadt
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v=3t2 440
Butwhen t=0,v=2 (hys2 =

) =04+C =»C=y
Substituting for C; p =

34t 4y
: — s _
Now usmg,v_a_ V=3t24¢44,
szf”‘“=f(3t2+c+2)dt
2
S=f3+%~+2t+c

But whcnl=0,s= 1, :
=1 =0+CthusC=1

Substituting; s = ¢3 4. % + 2t 41

Trial gquestions

X

(i) x5 (u) w @DV (jv) 3 (v)-—

1. Integrate the I‘ollowmg with respect 10

(vi) x~2 (vu)x (vzu),v_

[Ans: (i) 2 x4+ (u)—-—x “+c (iif) -x4+c (w)—-x"2+c

(v) —-x 2 + ¢ (vz)sz +¢ (vu) xt+¢ (vm) xs +c |
2. Lvalualc cac,h of the followmg dcf'mle integrals

(t)f x3 dx (u)f xSdx (i) f (x‘-{-!})dx (iv) f (x? 4+ 2x = 1) dx
(v)f (x* — 3x) dx (va)f (x3 —3x% 4+ 2x) dx (vu)j 2x = 3dx (vut)f ——dt
[Ans: ()4 (u)— (cu)26 (iv)15 (v) - 2(vz)*—~ (vii) — 6 (viii) 6]

3. Find the area enclosed by the curve y = x% = 1 and the x — axis [Ans: 2 3 54 units]

4. Find the arca cnclosed by the curve y = x2 — 6x and the X — axis [Ans 365q units)
3. Find the arca enclosed by the curve y = 4 + 3x — x2and x — axis [Ans: 20— ]

6. Find the area enclosed by the curve Yy =x%~4x—5 and the x — axis [/lns* 36]

T.1Ma =6t —12,and whent = 0,v=9and s = 6, find the expressions for the velocity and
displacement. [Ans: v =3t — 12t +9, s = £3 ~ 6¢2 + 9¢ + §)
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CHAPTER 8: VECTORS N

————— - .
iti .finite direction in space 1.C.
A vector quamtity is one that has magnitude and it is related to a definite

B
a
AD

Equal veetors ; .
For any two vectors 1o be be cqual, they must have the same magnitude and dircction

Parallel vectors
Two vectors a and b are parallel il one is a scalar multiple of the other i.c.
a=Aib
Position veclors
A posilion vector whose distance and direction from the origin is specific. Consider a vector aé + bJ
B HEEN
i

L‘ 1

The position vector OF isgivenby OP = al + b/

Addition and subfraction nf vectors

Fxample
Wa=3i+4f and b =24 8f Find (a}atb  (b)a-2b

Saluting
(a) a+b=3U+4f+2(+ 8] =5{+12f

(hy @ = 2b =30 + 4f = 2(21 + 8])
=30+ 4f — M = 16/
= —i =12

Mudulus of 3 yeelor
The modulus of 4 vector i is the magnitide of a f.e. the lengih of the line
2 veewwr a is denoted by [a|

lai + bjl = JaT F )t

representing u, *Ilie imodylus of

ctes the veetor al 4 bf  canhe denoted b (a vihic
Note: the v Y\ Heh v colupyy, veelop
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Giventhata =3i+4j and ) = 2i 4 8/.IFind (a) |a| &) 16]
Solution

(a) ]a[=\!32+42=\/ﬁ=5

(€) la+ b

(b) |b|=\/22+82=mﬂm

(c)a+b=3i+4j+2i+8j
lﬂ+b|=\/52+122=\/169=13

Unit vectors
. . o
A unit vector is a veetor whose ma

ofaisgivenby 4= TZ:_I

Example 1

Find the unit vector of 2; -]
Solution :

[2i = j| = J27 & (—1)% = /5 Units

The unit vector will be = (2i - j)

Example2
Find the unit vector of g ifa =3i+2j

lal = V327427 = 13

~_ @Q
A = —

lal
~ 1 . .
a= \,'—1_;(31 + 2})

gnitude or length is one. It is usually written as @. The unit vector

Further examples
I. Tn a parallelogram OABC,04 = q and OC = ¢. The point D lies on AB such that AD: DB = |2,
Express the following vectors in terms of a and c.
@CB  (0)BC ()4 (d) AD (e)0D (f) BT
Solution

Let us draw the parallclogram
c B

Q. »a

(8) CB is the same length as 04 and it is in the same direction = CB = OA
+CB=a

(b) BC is the same length as CB but itis in the same direclion= B = —( 5
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CBC = —g

(€) AB is the samie length as OC and is in the same dircction = AB = OC
L O_C. =7

d)  AD:DB= 1:2

—_ 1.

AD ==
348

—

1

(e)ﬁzm_}_m

1

1
=§(3t1+ c)

() DC = DB + BC
=-§'C+(—a)
=2(2c - 3a)

2.The diagram below shows a parallclogram OABC with DA = a and OC = ¢.D is a point on AB such

that AD: DB=2:1.0D produced mects CB produced at E. DE = hOD and BE = kCB Find
(o B £

(a) BF inlermsof a and k

(b) DE interms ofh,aandc

Solution
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At ie==-Ga+2¢)
=t a1 .
“ Db =hx5Ga+2c) = 2(30 4.5

10 A B C are four points such thay G4

. =10a, 0B = 5b, OC = 4a + 3b. Show that A,B and C are
collmear .

Solution

= d4q - 2b

B and BC are in opposite direction and since B is a common point, A, B and C are collincar

4,0ABC is a parallelogram with OA=a and OC=c, D is a midpoint of BC and 0D meets AC at E
¢ D B

g a A
Given that OE=hOD and AE=KAC
Find in terms of vectors a and ¢ , the vectors OF, AE and CE

Solution
From QCE=hOD
on=QC+CD
Ch=1cB=210n=:a
2 2 2

00=c+-21-a=§(2c+a)
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7 =2
OE =7 (2¢+ @)
AE = AQ + Ol
= —q+X
a+3 (?c +a)
_ 2he+ha=-2a _ 1
— = ;(2he + (h—2)a)

Allernatively;
From AE=KAC

AC=A0+0C
AC=0C-0A=c-3
AE =k(c -a}

CE=CO+ OE
=0l —0C
. =2@cta)—¢
=1’l€i’-;“—'—25=§(2c(h—1)+ha)

in terms of the yectors p and

1. Express ON and PN in
hat N lies on PS and

=pand OQ =0 find
I that ON: NM = 2:
ncthods to show ¢

5. M isthe mid-point of PQ in the (riangle OPQ- IfOP
PQ, PM and OM. N is a pointon OM suc
on that S is a mid-point of 00, use vector !

alioT’W . SN

q, the veclors
terms of p and 4. Giv

hence determine ther
- Solution
P

5 4

(9]

PQ= pO+0Q= .oP+0Q

po =0Q~OF

pQ=49-"p _
PM = -;-PQ, since M i ihe mid-point of PQ
pM =3~ P)

om = 0P+ M
I
= |- -;-q - ;p

=Lt a)
(total aatio=2*F i=3)

2 :EX';'(P'*'Q)
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pN = POt ON  (see dingram)
- e :
«.0P 4 ON=ON=-QP 3(11 ) -p= :_:,q _ :;'p
APN =300 = 2p)
Now NS=NO+0OS= 0§ - ON
But 08 = %00 since S is the mid-point ol 0Q
=205= %‘?
Also ON = %(p ) from above
1 ! 1 ,
= NS = -z-q —E(p + q) = .2_(’ — %P - _;_q - In-2p-24 = qQ-2p

=1 6 6
NS=-(q-2p)

=1 PN l{q—-Zp)
BuUPN==(qg—2p) so —=1 i 6
3 ) NS Zi(‘?‘zl’)- 3 XT=2
PN
=2 2PN =2N§S
Since PN is o scalar multiple of NS, then PN is parallel to NS.
But since both veetors contain a common point N, N and S are collinear (lic on a straight linc) and so N

lies on PS as required.

PN _2 NS .
NOWE_1EPN‘NS 2:1
HMence PN:SN=2:1

The scalar produci
The scalar dot product of two veetors is defined as the product of the magnitude of the two veetors and the

cosine of the angle between the two vectors

@

a.b = |a||b|cosB .

Properties of the scalar product
1. From definition a. b = |a||b| cos 8, it follows that two perpendicular vectors have a scalar product of

7Lro

1 —

a.b = |allb] cos 90
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=2a.b=0
2.a.b=bh.a
J.a{b+tcy=ab+ac
4. AM(a.b) = a.(Ab) = (Aa).b = Alal|bl cos @
Consider the vectors a = x,i + yyj and b = X1 + Yaf

Now a.b = (i + y) (i +¥2f)
= X X0 0 + X1yl j + y1xafit Y Y2ff
Buti.i=j.j=1 andi.j=j.i=0 -
rab=xx+ 9y = la]|b} cos @ where g is the aculc angle between 2 and b.

Example 1
Find the angle between the veetors aand b given that @ = 30 + 4j and b =5i— 12§

Solution
Lct § be the required angle
a.b = laj|bjcosé
lal = V32 + 42 =+25=5
b} = /5% + (—12)? = V169 = 13
ab= (i)(—slz) _ (3x5)+ (4% -12) =15-48=—33

~33=65x%x13cosf

-
_3 = cosb
[

5

cos § = —0.50769

g = cos~}(—~0.50769) = 120.51°
‘The angle between the vectors is 120.51°

Example 2
The points A, B, C and D have position vectors —2i + 3f, 3i + 8j,7i + 6j and 7{ — 4j respectively.

Show that AC is perpendicular 10 BD.
Solution
‘o show that Lwo veCtors arc perpendicular, we must get their dot product and it should be equal to zefo-

77 = ('32), 08 = (g)m :@ 0D = (—74)
Csse-0i-()-(D-0)
35 = 70 - 0B = (_74)"(?3)= (-ﬁz)

9)_(_12)_—.(9x4)+(3x—12)=36—36=0
AC

i

Example3 5
_ _{4 -
‘Fhe position yeclors 0F = (3) and 0Q = (_1) are joined 1o form triangle OPQ. Determine (1) the

Jengths of triangle orPQ

by



Advanced devel Subs (i Mathemajcs by

Kewwma fidhad........... 20 idition
(i) the angle between Op

and QQ
(iif) the area of the triangle OpQ
Solution
p
g .
Q > Q

(i) OP = 10P| = V27§32 = iTyniss
00 =10Q| = J&& ¢ (=1)% = VTTunirs
PG =08 _F5_(4\ 12
_PQ 0Q-0F = (—1) - (3) = (_24)
PQ=1PQl = 22+ (Zg)7 = V20 units
) 2\ 4
() 0P.0Q = (3).(_1) =(@X4)-@Bx-1)=g-3=¢
Using 0P.0Q = [0P]|0Q| cos
5=v13 x V17 cos g

0 = > —
cos 8 —ﬁﬁ_o,336

6 =70.37°

(i) A4 =3|0P|l0Q]sing

=% x V13 x V17 5in 70.37°
= 7 5q units

Example 4 : .

A triangle PQR has vertices P(1, -1), Q(6, 4) and R(3, 7). Using vectors, show that triangle PQR has a

right angle at Q. Hence, find the arca of the triangle PQR. '
Solution

Let us first assume the right-angled triangle
P

- <

. Q R
IfPQR is right angled, then it must satisfy the Pythagoras theorem i.e. a2 + b2 = 2
Inthis case PQ? + OR? = PR?

Pe=00-0r=(3)-(")=()
|PQ| = V5757 = 50
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QR =0R—0Q = @) - (i) - (—33)
|QR| = J(=3)* +32 = V1B
PR = OR - 0P = G) - (_11) = (g)
|PR] = V2% + 82 = V68
Now _ PQ*= (v506)" = 50
oR? = (V18)' =18
PR? = (V6B) =68

—

From above: PQ? +QR2=50+18=68= PR2
Therefore, the triangle PQR is right-angled at Q

Vv50

Q (1] R

A.—-}z-xbxh:-;-x\/—lﬁxxfs—(}:155q.units

i. 1fthe point P has position vector 7i - 3j and point Q has position vector 5i + 5j . Find (a)

PO () QP [Ans (a)-2i+8 (0)2i—8}
The point I has position vector 3i — 2jand Qisapo

veclor of Q. [Ans: i+ 1
3 Giventhata=3i—jandb= 2i 4, find@lal () b} (a+b (Dia+bl

[Ans: (a) yie (@) V5 ()50 (d) 5]
+ Giventhata = @ and b= () Mind @a+2b (Bla+ 2bl(c)2a+3b  (d)

|24 + 3b] [Ans: (@) (_43) () 5 (© (_73) (d) V581

5, ‘The three points A, B, and C have position vectors a, b and ¢ respectively. If ¢=3b-2a Show
that A, B and C ar¢ collincar .
6. Thethree poil
that A. B and C arc collincar.
7. Find the angle between cach of the follawing pairs of vectors

3j +4j and p=5i+12j [Ans 149]

2

@a= R
by €= g — j and d = 2i + 3f [ARS: 6801
o ool ¢ and 1) have position veetors 5i + j, =3i
g. ‘The points A B ‘ _ i+, =3i+2j -3 =13 o
cespectively: Show that AC 15 perpendicular to BD J=31=3jand i — 6]
- o or: and G have position veetors 2§ P g .
g. ‘Fhe ponts k. Fan +2j,i+6j and - 7i jans¥
i + 4. Show that the friahs

ELG s right angled at L.

int such that QP = 2i — 3/. Find the position

1s A, I3 and C have position vectors {—j,5{—3j and 11i - 6 r- tivel Shot
- espectively.
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3 > *
10.1Ma = (_4) find a unit vectoy parallel to a {Ans:

mlémlw

] 1_20 pomE_./\. 3 ariC have pasition vectors M= ji+3jand — 5+ 2j respectively. Find (n)
AB (b}BC (c)CA (d)the angles of a trtangle ABC

3 lAns: (0) =3i 4+ 4; (b)) — g ~J ()90 ~ 3} ()35°,117°,28°)

[ is the centre of the reclangle ABCD and AB = q,BC = b .

veetors (AC (i)CD (i) BD (iv)TB (VT4

[Ansi(Da+b (i) — q (iii)h—a ()3(a=b)(v)-1(a+b) ]

I3. The position vectors of threc points A, B and C rela

respectively. Show th

Given that OBCD is a p

12.

Lixpress in terms of a and b the

tive to the origin O arc p, 3q —p and 9q - Sp
at the points A, B and C lic on the same straight line, state the ratio AB : BC
arallclogram and that  is the point such that DI3 = %I)L". lind the position
veetors of D and E relative O [Ans: | : 2, 6q—dp,35p-3q |

14. The position vectors of the points A and B with respect to the origin O are 2i + 3/,

—i+ 5§ respectively. Find the posilion veetor C such that AC = 24K, Caleulate the angle
between the vectors A8 and 05 [Ans: — 4i + 7} ,459]

I5. The position vectors of points A, B and C relative to the origin O are (;) . (é) and (g)

respectively. Write down the vectors 4B , AC and BC. Use the vector methods 1o caleulate (i)
angle BAC (ii) angle ABC. State the special property of teiangle ABC and deduce its arca.
[Ans: (;) (g) , (__31) +458°,90°, right angled isosceles , 5 sq units]
16. Given the vectors a = 2i — 4j and b = 3i + 5], Find the
(a) Modulus of the vector Sa + 2b
(b) Angle between the vectorsaand b [Ans: (a) 18.87 (b) 122.47 ]
17.fa=2i+j and b = i — 2j. Express in terms of { and |
(i) 2a+b (i) —3a + 4b, hence find the angle between the vectors 2a + b and  ~3a + 4b
[Ans: (i) 50 (ii) -2i—=11j ;100.30° ) ’
18. The position vectors of the points ', Q and R are —2i + 44, 2i + 4/ and 2i + 8] respectively.
Show that QP and QR are perpendicular
19. Given that p = 7i + 4j,q = 3i — 5/, determinc (i) the angle between p and q (ii) [3p — 4q|
[Ans: (i) 88.87° (ii) 33.24 ] ./)
20. Given that a = 3{ — 4j and b = =5i + 12/, find (i) (32 + b). b (ii) the anglc between a und b
[Ans: (i)-20 (ii) 165.75% ]
21, The points A, B and C have position vectors 5i + 2/, 4i + 6 and — 2{ + 6/ respectively
Determine (i) 18C] (iDIAC|  (iii)the angle between BC and AC
[Ans: ()6 (ii)8.06 (iii)29.72° ]

22. The points P, Q, R and S have position vectors p = (f) ,q = (_23),r = (:g) and s =

( 16) respectively. Show that PR is'perpendicular to QS.
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CHAPTER 9: TRIGONOMETRY

the threc sides and the three

Trigono i - : :
gonometry is a branch of mathematics that studies the relationship between  Sides ana |
onometric ratios; sine,

angles-ol'a ri i i '
. gles of'a right angled triangle in terms of ratios and representing them as (g
cosing and tangent,

Trigonometric ratios for the general angle

.l h; trigonometric ratios include the main three mentioned above and the others i
and cotangent abbreviated as scc, cosec and cot respectively.
If we consider a right angled triangle ABC

nclude secant, cosccant

then sin @ =

Alsotan @ = >

i

it can also be obscved that the remaining angle, B =90-8
And that sin(90 — 8) = % =cos@ andcos{(930—8) = % =sin8 &N‘:
Therefore sin 8 = cos(90 — g) andcos® = sin(90 - ) 3
Now using the Pythagoras theorem i.c. a? +b% =¢?
Dividing hrough by ¢* gives
aZ DZ _
e T

2 2
@+ =1
c ¢
- sin?8 + cos*8 =1
Though we have derived ihese relationships using an acute angle, they are identitics i.c. true for any gl
and should be meimorized.

The three remaining trigonometric T
L =L . :
They arc; secant = o2 cosecant = pr ; cotangent = o

TR

atios are reciprocals of sine, cosine and tangent

tangent ~  sine

Further lrigonomclric identitics
Using sin’0 + cosit =1

2
Dividing through by cos ]
sin?0 cos?@ _ 1
cos’8 . __
vos20  casil cos*l
sinB __ 1 —
fiu -c-;'s—a =tand and—-—cos 5 secll
2
tan*0 +1 = s¢e¢ 0

Therelore o ) . i
e oripinal identity by sin?f, we obtain;
L divide the orig

Now il W€
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sin?0 : cus?( _ 1
sin?0  sin?0 sin?0
cos 0 1 .
Wil —cotd and — = cosec
Bul Y smp = cosec )

Therefore 1 + cot?@ = cosec?0
hese three identities will be found uscful later when solving equations

Triponometric ratios for gencral angles
The relationship between the ratios of the general angles and the corresponding acute
which quadrant the basic angle lics in, The angles can lic in [our quadrants following in the
direction, In the Ist quadrant, all are positive, in the 2nd quadrant only sing is positive, in the 3rd quadrant
only tan is positive and in the 4th quadrant only cosine is positive, Note that the positive angle arc
measured in the anticlockwise direction and the negative angles are measured in the clockwise direction,
The relationships can be summarized as shown below.

angles depends on
anti-clockwise

Mmt 90" Inm
Sis + a:ln(l80‘—-s) ' $end '
positive |~ ©08(180° - 6) romg | Al
— tzn (180° — @) +1an positive
180" N o 360°
N 3
Ten [0 -1807) — 3in (360" —
positive {—oos(ﬁ'—lsf) + m((mn_o)] Coz
. + un @ — 180%) — tan (260° — p) | Positive
374 quadrant 4th qoedrant
270°

It can also be remembered by a student saying “All Scientist Take Chemistry™ in the anticlockwise
direction.

Trigonometric ratios for special angles
The trigonometric ratios of the angles 0°, 30°, 459, 60° and 90° arc used ofien in mechanics and other
branches of mathematics and so it is useful to have their values in surd form.

30°and 60°
Suppose APQR is equilateral, with sides 2 units and that PM is the perpendicular bisector of QR

Using the Pythagoras thcorem, MP? + MQ? = PQ?
Mp=V2T—12 =43
Since APQR is cquilateral, PQM = 60° and QPM = 30°
ceiman0 =1 . 0 _¥3 01 V3
From APQM;sin 30" = 5 icos 30 — stan 30 7075

And sin 60° = g :
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45°
(,onSIdx::r a right-angled triangle which is isosceles
cqual sides will cach be 45°

nd in which the cqual sides arc | unit in length. The

C

+2% orBC=2

Hence sin45% = LY or«-@- .cos45° = 2 stan 450 = 1=1
yz 2 2 1

Using the Pythagoras theorem; pc? =1?

0° and 90°
sin0® =0,cos0°=1 andtan0? =0
i 0 = ¢ —= 0 — 5[_!1_9_03_ = i = [
sin 90 1, cos90% =0 and tan90° = =05 = o (undefmed)

I'he resulls can be summarized in the table below

Angle sim cos .
o o 1 3
1
30° 5 /3 1
2 ) 75
- 1 1
4
> 72 73 1
80 ' 3 J3
90° 1 o -
Examples '
| Show that cos230° + cos60°sm30° =1
Solution
$230° + cos60°sin30°

he left hand gidc is €0
" L. (cos 30%)(cos 30%) + cos60%sin30°

H.S=
3 1 l__3 1_ —_ H
=__\/23x~f2 +;x.£_.-;+:r— 1=R.H.S asrequired

Obtusc angles
angles cannot be defined by means of a right angled triangle.

- tuse
Trigono s of b btuse angle is the sine cosi S
S ine, ¢ wofan o g , cosine or tangent of a supplement angle with®
I'he sty ’
appropriate 18"

if gisan?

g = +sin(18

ptuse angle:

00— 0); cosf = —cos(180°=8) tanf = — tan(180° — 6)

sin
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2. Writc cach of the following as Irigonometric ratios of an acute angle
(2) sin 155° (b} cos 140° (¢} 1an 1300
Solution
(a) sin 155% = +5in(180° — 0) = sin 25¢
(b) cos 140° = = cos(180° — 1409) = — 05400
(c) tan 1300 = —tan(180° - 130°) = — 1, 500

3. If sin35° = 0.5736, find the valyes of (a)sin145°  (b) cos125°
Solution

(a) sin145° = +5in(180° - 145%) = gin 350 = 0.5736
(b) 05 125° = ~ c0s(180° — 1259) = — s 550 = — cos(90° — 359)
= —sin35% = -0,5736

4. Giventhatsin g = 2—75 and that 6 is an acute angle, find (a) cos§ (b)tan 0
Solution
First skeich a right angled triangle containing an angle & and with two sides of the length 7 and 25
. 7
such that sin§ = 7= [

25
8 T

Using the Pythagoras theorem, the third side of the triangle =v252 — 72 =
Since 8 is acute, the trigonometric ratios of 8 will be positive, hence

24 _ 7
(a) cos@ - (b) tang = 7

5. Giventhatsinf = ;—: and that 8 is an obtuse angle, find (a) cos 6 (b)tan@
Solution

As 8 is obtuse, sketch a right-angled triangle containing an angle (180° — #) and with two sides
of length 24 and 25 units.

25 24

1657—%
Assin@ andsin(180°~6) are numerically equal, sin(180° — §) = :_;

Using the Pythagoras theorem, the third side of the triangle = V252 — 72 = 24
(a) cos 8 = — cos(180% — @) = —Z_’g

(b)tan@ = —tan(180° - 6) = —274-
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Maximum and minimum values of sine and cosine
tios of acute angles only is

The trigonometric ratios of all angles differ from the 1rigonomclric ra

sign.
From the definition of sine and cosine
The maximum valuc of sin @ is + 1 (when 6 = 900, 450 ..i e e )
= 270°,630% 0o it )

And the minimum value of sin8 is — 1 (when 8
The maximum value of cos @ is + 1(when 8 = 0%, 3600, .ov cueenee
And the minimum value of cos 8 is — 1{when 8 = 180°,540°, ... )

Example
Write down the maximu

value of 8, from 0° to 3607, for which these occur
(a) 1—2cos8 (b) 3sinf -1
Solution

cos @ varies -1 to +!, hence 2 cos 8 varies —2to+2
2cos@is 1 - (—2) = 3 and aceurs when cos8 =

n and minimum values of each of the following and statc the smallest

Thus the maximum valuc of 1 —
—1i.ewhen8 = 180°
The minimum value of 1 — 2 cos gisl—-

sin§ varies -1 to+1, hence 3sin 8 varies—3to+3
Thus the maximum valuc of 3 sin g —1is3—1=2and occurs when sinf = 1 i.e when g =90°

The minimum value of 3 sind — 1 is-3—1=-4 and occurs whensin§ = —1ie. when 8 = 270°
Graphs of trigonometric functions

2 =.] and occurs when cos 8 = 1 i.e. when g=0°

y = sinx
The graph 1s continuous
sfrom-1to1(—1<sinx = 1

It range
itself every 360°

It is periodic i.c. it repeats

y.—_sinx

y= coSs X

I'he graph is continuous
(-1<cosx<1)

ats itself every 360°

y =: CO8 X

It ranges from 1ol
[t is periodic i.¢- it repe

e
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y= tanxy

The graph is not continuons being undetined wie
Ranges [fom ~00 0 00 (-0 < 13 X S o)
tan 0% = tan 180® = (an 3600

ng =90 270% 4500 ¢.(.p
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Selving triponometric equations
Example 1
Soly

e the cquation cos x = ¥3 fm values of x such that 0° < x < 360°
Solution

The acute angle with a cosine of-v: is 30°

The fact that the cosine is pOSllIVC indicates that there are solutions in the 1% and 4" quadrants,

—€ 4

For the range 0° < x < 360%, x = 30° o 330°

Example 2
Solve the equation tanx =
Solution

We first ignore the minus sign and we find tan=1 V3 = 60°

of 60° with the x-axis. Using the fact the tangent is ncgative;
quadrants.

—V3 for values of x such that — 180° < x < 180°

and so the solutions will make an argle
there are solulions in the 2™ and 4™

&0 s
60"

A
c

For the range ~180° < x < 180°% x = —60° or 120°

Example 3
Salve the following equations for 0° < x < 3607
(@)cosx =02 (b) sinx=-0.2

Sclution
(a) We require the acute anglc with cosine of 0.2. This is found by cither using the inverse cosine
function (written as cos™  or arcos) on a calculator or by using cosine tables

cos™1 0.2 = 78.46° i.e. solutions will make an angle of 78.46° with the x-axis

»50 solutions will make an angle of 30° with the x-axis.
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Because R . . )
causce the cosine is posilive, solutions arc found in the 1% and 4™ quadrants. Thus the solutions

can be sketehed as shown below.

78-46°
78-46"

For the range 0° < x < 360°, x = 78.46° or 281.54°
(b) We first ignore the minus sign in sinx = —0.2
From a calculator or tables, sin™? 0.2 = 1 1.54°
But sinc is negative, solutions are found in the 3% and 4"
sketched as below,

|
IWM

For the range 0° < x < 360%,x = 191.54° or 348.46°

quadrants thus solutions can be

Example 4
Solve cos x = —0.3 for — 180° < x < 180°

Solution
First ignore the minus sigu

cos—' 0.3 = 72.54°
Because (he cosine is negative, the solutions are in the 2™ and 3" quadrants. Thus, solutions can be
. +

sketched as shown,

72:54"
72-54'

[For a range —1800x = 180% x = 107.46° or —107.46°

Solve sin(x + 10°) = ~0,5 for 0° € x < 360°

Solution
i. ¢ solutions will make an angle 30° with the x.axi
X-axis

sin! 0.5 = 30°
i is pepative, solutions will be in rd h
Because sine 1s negative, Sok the 3'* and 4' Quadrants

300 30'

Thus X + 100 = 210% orx+ 10° = 330°
1 = 200° or 320°

i o
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Example

Solve 3(tanx + 1) = 2 for — 1gg0
Solution

Expanding; 3tanx +3 =2

tanx = =2
3

= x <1800

v m =

-11_ 0; .
tan™" 3 = 18.43% i.c. solutiong will make

‘ . an angle of 18.43° with the x-axis
Since tan 1s negativ

¢, solutions are d
1ons are in the 2 yng g quadrants

'&(3 -

. ?

For —180° < x < 180°% x = —1g 430

or 161.57¢
Example 7
Solve sin’x + sinx cosx = 0 for o < x <3600
Solution

Factorizing sin x (sin x + cos x)=0
Thus Either sinx = 0 orsinx + cosx = (

sin~!0 =0 and solutions acn be sketched

x = 0°,180°, 360° ‘

. sinx -
SINX = —cosx = —~=—1thustany = ~1
Cosx

tan™! 1 = 45° and because the tangent is negative, solutions will occur in the 2™ and 4' quadrants

ase
45

x =135% or315°
Thus 0 for 0° < x < 360%,x = 09, 135°,1809, 315°, 3607

Note: It is important that we factorize sin®x + sin x cos x in the above ¢xample and do not attempt to

cancel by sin x . Cancelling will lead to sinx = — cos x and so solutions arising from sinx = 0 would
be lost,
Example 8 b o
Solve the equation 4sin§ = tan8 for 0° < x < 360
Solution
4sing = 222
cosf

4sin@cosf =sin8
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Cosine is positive so the angles will li

Example 9
Solve 6eosZx —cosx — 1=

We need to first [actorize the expression

SR
Addvanced Level Subsidian. Mathematics p.K é!.\.v.l.-(mg..lr‘.ah.qd..............2.".‘.’. Edition
4sinfcosf —sin@ =0
sin@ (4cosf=1)=0
Lithersin0 = 0, 0 = 0°,180°, 360°
Or 4cos8—-1=0

cosf = :
4

cos™ > = 75.52°

¢ in the 1% and 4™ quadrants

0 =75.52° or24848°
for 0° < x <360°6 = 09, 75.52°, 180°, 284.48°, 360°

0 for0°<x< 360°

Solution

Geosx —3cosx +2cosx—1=0
3cosx (2cosx — 1)+(2cosx-—1)= 0

(2cosx — 13 cosx+1)=0
or Jcosx+1=0

pither2cosx —1=10
. X 1
COSX =3 CoSX = =3
1 .
Now cos"ll = 60° and becausce coS cos™? 3= 70.53% and becausce cos 1S
2
is positive, solutions lic in the negative, solutions lic in the 1* and
4% quadrants

and ynd 3™ quadrants

x = 60°,300°

s x = 609, 109.47°,250.53%,300°

Note: In some Cases, faclorizing can give d bracket that docs not lead to any solutions. For example if ¥¢
Note:

had to solve
(2cosx — 1){cosx —2) = 0 for 0° € x < 360°

or cosx—2=0

Jiither 2cosX ™~ 1=0
- cosXx = 2

cosXx =7
-—l _ .
cos™ 3 = 60° cos™" 2 = no solutions
‘Fherelore (or oY < x S 360% ¥ = 600, 300°




./.tr.:{uqez.c.c:s?f.L.e.v.c.l.’.eizalzsid{aeus.M

Solve the cquation 4 cos x — 3secx =3 tanx  for - 1g80° < x < 180°
Solution
4cosx -~ 3secy = 2tanx

3
4cosx — = - 28inx
cos x Cosx

ing through by cos x gives;
4cos’x —3 =9 sinx

But cos?x =1~ sinx

41 -sin’x) — 3= sinx
4~ 4sin?x — 3 = 2sinx
4sin®x + 2 sinx — 1=90

sinx = ___*_—Zim = “_-Ziﬁﬁ

8 8
Hence sinx = 0.3090 or’ —0.8090
Now sin~10,3090 = 180 and sin~!0.8090 = 540

Multiply

L4 4"

Thus for the range —180° Sx <1800 x = —126%,-549,18° 1620

The compound angle formulae
The compound angle formula gives t

between two angles. Their proofs are not required at this level, They are as [ollows;
sin(A + B) = sin 4 coS8 +sinBcosA

sin(A —B) = sinAcos g ~ s5in B cos A

cos{A + B} = cos Acos B — sin A sin B

coS(A—B) = cosAcos B +sin A sinB

Example 1
Evaluate the folowing without using tables or a calculator (a) cos 759
{(c)cos15°  (d)sin15° (e)sin330° (f) cos 2400
Solution
(2) cos75°% = cos(45° + 30%) = cos 45° cos 30° — sin 45% sip 30°
B A LA

Xo=m= -2

273 23T TS
Vi3
cos 750 = Y2

(b) sin 759

4
(b) sin75% = sin(45° + 30%) = sin 45° cos 300 + 5in 309 cos 450
=2 B R
TRty xXgET S
sin750=@

he relationship between compound angles i.c. the sum

\ q.f.!tgm.q(i.r;s..bx.:_‘.(my.:.t.n.zﬂ...l:“.q!mc!..............fo‘.’.!;‘.f.f.f!i.o.n

and difference
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0
(c) cos 159 = cas(45° - 309) = cos545° cos 300 + sin 457 sin 30°

:.‘i_E V3 Vi1 _ V&, V2
£x2+?X;=T+T
cos150 = Y62

. 4
(d) sin 15° = sin(45° — 30%) = sin 45° cos 30° — sin 30° cos 459

2 2 2 2 4 4
sin 150 = Y6-2

4

(¢) sin330° = sin(360° — 30°) = sin 360° cos 30° — cos 360° sin 30°
= 0 % c0s 30° — (1) x sin 30° = —sin 30° = —%

(1) cos 240° = cos(180° + 60°) = cos 180° cos 60° — sin 180° sin 60°

&

i = (—1) % cos 60° — 0 x sin 60°
= —c0s60° = ~~
2
Example 2

Given that a and p are acule angles with sina = = and cosf = ISE , find without using tables or

calculator the values of (a) sin(a + 8) (b} cos(a + i3]
Solution ) L

AP a BRd s arnymr v

A

.«

A~

ays 4 g e

DO Lr L F

T T i Tt K it A LA

oo 4 @) = sinacos f +sinffcosa
(@) sin(a + 5 7§ 1224 _ 323

== XB T s s

: +f8 =cosacosﬁ—sinasinﬂ
(by-cos(a + ) oS 08 w0, o4 _ 201

—_ = X —=
_.25)(” 26 13 325 325 325

Example 3 . .
Solve the equation cos 8 cos 20° +sin0sin20° = 075 for 0° < x < 3600

N ion
Solution

COSG cos2
cos(0 — 20%)
cOS"](O'?s) = 41.

quadrmlts.

g0 + sin 0 sin 200 = 0.75

= 0.75
410 and because the cosine is positive; solutions

are in the 1% and 4*

We first sketch the two triangles to represent the given situations and get the remaining sides where 2
necessary ‘ 5

15

7 O
ol 12 {
4 ' ) s
) 24 5 3
7 _ 2 . _5 a1z
since sina@ = o7 1C0S& = 5 sincecosf =3 ,sinf ==
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w2 =20 = g 4 or 318,590
A= 6N o 3ag sy
Eaumple 4
Prove the totlowing idemities (n) sin(9o°
Sulutioy
(@) SIn(90° = 8) = §in 90" cos ¢ — in g cos 90°
X = (1) cos O — (sin M(0) = cos o
(b) cos(180% = @) = cos 180° cos 0 + sin 180° sin 6
=(Dcos0 + (0)sin @ = cos 0

~0)=rcos0 (b)cos(180° —0) = —cos0

‘Li

Example §
Prove that cos(A + B) cos(A ~ B) = cos 24 — sin?B
Solution
LHLS = cos(A + B) cos(A — B)
= (cos A cos B - sinA sin B)(cosA cos B —sin A sin B)
= €05*Acos *B + cos A cos B sin A sin B — sin A sin B cos A cos B — sin?AsinB
= cos°Acos 2B ~ sin?Asin?B
= cos®A(1 = sin *B) — (1 - cos?A)sin?B
= c052A = cos®Asin 2B — 5in 2B + cos?Asin 2R
=cos *A—sin*B=R.H.S
The solution of triangles '

A triangle possesses six clements i.c. the three sides and the three angles. 1f any threc clements (other than
three angles.) are given, the remaining three elements can be found . This is called solving the triangic,,

In solving the triangle, two geometrical [acts are useful i.c.

i. In any triangle the sun of the angles is 180°

2. Inany triangle, the largest side opposite the greater angle and the shaortest side is opposite the angle

The sine rule
Consider a trinngle ABC with sides a, band ¢

B

a b _ ¢
Then sina__ slnB  sinC

LN
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Example 1
Find the length of the side BC in the given triangle

B
Solution
Using the sine rule; ——— = —=
. B.SBiI;iisss sin72
BC = “nn7z 7.15cm

Example 2
Find the angle x in the given triangle

\ A
‘\-.!_3
Salution
. . 8 _ 6
Using the sine rule; m =Tz
sinx = 25 = 0.7048
x = sin"1(0.7018) = 44.81°
Example 3
— 599 3 =39° anda=673cm.Findthe length of the smallest side and the

In the triangle ABC, A
length of the remaining side.
Figst sketeh the triangle

6.73 cm

¢ = 1800 — (39° +597) = 82°
allest side corrcsponds to the smallest angle, which is 39°
Matleat < b 673

= —

Using the sine ruic, sind9  sinse
3sind9
_ 6733139 — 4 94 em
sl 59

e 81 phu€C= g2¢

sind ~ sins9

The s
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~ 6.73sin02

Snse — /78¢cm

The cosine rule
Cansider the triangle ABC shown below with the sides a, band ¢

Theny, @2 =Db%+c% —2bccos A
b2 =a?+ ¢ -2accosB
c* =b*+a?—-2abcosC

Example 1
Find the length of side BC in the following triangle

Solution

B A

12cm
Solution
By using the cosine rule; BCZ = 122 + 82 — 2(12)(8) cos 140°
= 144 + 64 — 192(—0.776)
=208+ 147.1 = 355.1

BC = +v355.1 =188cm

Example 2
Find the angle 8 in the triangle below

7 cm
Using the cosine rule; 72 = 52 4 42 = 2(4)(5) cos B
cosfl = iﬂ—g—-@ = -0.2

8 = cos™1(~0.2) = 101.54°
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Fxa mple 3
In the tidngle XYZ, Y7 =67 e,

XY =2.3 e and angle XYZ = 46.53°, Calculate angle XYZ.
Solution

2 .
From the cosine rule; X72% = Y22 4 xy2 — 2(YZ)(XY) cos(XYZ)
= 6.7% + 2.32 — 2(6.7)(2.3) cos 16.53°
= 44.89% + 5.29° — 21.20° = 28.98
X7 =+/28.98 = 5383 cm
Now by using the sine rule;
XY _ xz
sinxzy ~ sinxyz
SinX7Y = XYsin Xvz — 2.3sIn46.53

/ 5303
XZY = sin"1(0.3101) = 18.06°

= 03101

The area of a triangle

Zonsider the triangles shown below;

+

L]
Altl\:udu:'
1
i

Alxltuds

u]

__.__Buo—;——’

timo

The arca of the triangle is oblained from the formuly;
P 1
Area = %x hase X Altitude =X b x h
A triangle ABC has a perpendicular drawn [rom A to the side BC

B

I is the length of the perpendicular, then h=bsinC orcsinB from the triangles ACN and
ABN 1
New arca of triangle = ,—zah
) ,
=~ahsinC
2
L]
. 2
1
¢ shawn that the area equals (@ ;In. sln A,

acsinf?

Similarly it can b
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Eiﬂm le ] ,
ind the area ol the triangle shown below
‘1

=5

<y
s0"

S cm

1
Area =X 5X 6 X sin50° = 11,5 ¢

fxample 2

tn the triaﬂg[; ABC, AB=S5cm,BC=6cm and angle ABC = 60°. Find the arca of the triangle ABC.
olution

_1 o1 .
Area =3acsinB =X 6 X 5sin60 = 15 x 0.866 = 12.99 cm?

Example 3 .
Given triangle ABC in which AB =4 ¢m, a= 7 cm and AC = 5 cm. Find the
(i) Angle ABC (i) Arca of triangle ABC

Solution

c=4cm b=Sam

B, c
a=7cm

(i} using the cosine rule; b = a? + ¢ — 2accos B

aZ+c?-p2  72442-52 40
cos B = = =—=07 2
2ac 2ZXTX4 56 143

B = cos~1(0.71432) = 44.4°
(ii) Area of ABC = 2acsinB = ZX 7% 4 X sin44.4° i
Note: since we are given all the three sides of the triangle, the area of this triangle can be calculated using

Hero's formula.

Hero’s formula
Using Hero’s formula, the area of a triangle can be found from the three sides in a triangle ABC as

follows;

Area = \[s(s—a)(s — b)(s —¢)
Where the sides are a, b and c and s is the semi-perimeter gotten froms = % (a+b+¢)

Example 1
The sides of 2 trianglc are a = 12.7 cm, b= 13.9 cm and ¢ = 8.6 cm. Calculate the arca af the triangle.
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Solution

—————

Semi-perimeter =
perimeter = - (127 + 139+ 8.6) = 17.6
S—a=176—-127=49
§=b=176—-139=13.7
$~c=176-8.6=19.0
Arca = — -
rea = \Js(s —a)(s — b)(s —¢) = V17.6 X 49 X 3.7 X 9 = 53.59 cm?

Example 2
IFind the area of the following triangle

&5
Ay 7 cm
.:|‘_

! 4 cm
Solution
A+7+9 _ 20

= ===10

2 2

Area = J10(10 — H(10-7)(10~9) = V180 = 13.4 cm?

Trial questions

[. Solve the following equations for the values of x between 0° and 360°

(a) 5 cosx = cOLX [Ans: 11.53°,909, 168.47°,270°

(b) 3tanx = secx [Ans: 41.829, 138.18%]
[Ans: 30°, 150°,210°,330° ]

(d) tan®x =3 [Ans: 30% 150°,210°,330°)
(e) 2cosx + 3cosx + 1 =0 [Ans: 120°,1809,240° ]

H cos?x +sinx + 1=0 [Ans: 270°]
(g) 2 cot? x +tanx = 3=0 [Ans:30°41.82°138.18% 150%]
" ¢+ 1= 0[Ans: 4563, 43°,225°,243.43°)

ti) 2 cotx +tanx = 3 =0 [Ans: 45‘:), 63.430, 2250, 243.439)
') 2§in2x+3sinx = [Ans:30 ,1;50_ ]

9. Show that cos{(x + 120”)'-'I- cos(x +240%) =0

3. [rove (he following identitics

8
sin _, J¥ees? = 2cosec ]
(a) 1+cost + sin8

(c) sin?x =

e

(h) sec? x —31tan

(h) C(Jfﬂ‘:ﬂ 7 = COSO

g+tan 2
(c) ;::[c'*o —sect0 = tan* § + tan”
c s
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S such that sin 4 = 12
find the values of (a) sin(4 — By
Cand D are

A and B are acute angle

) cos{A ~ 2} [Ans: () 3 (b)ﬁ]
both abtuse g vle ° "
: Ngies sueh that gine = 2 and sin )
a caleulator, fingd the vitlues of (a) sin(C 4- D) (b; cos(C — D)
Ans; (3) =28 53
s [Ans: (a) s (O]

¢m, BC=6em and angle ABC = 60°, find
B angles (iii) arca of the triangle,

|Ans: (i) AC = 5,57 om (ii) 51,19, 68.9° (i 2
Prove the following identitios cm (ii) 51,1%, 68.9Y (iii)12.99 cm?j

(@) c0s(90% + @) = —5in g

(b) sin(A + B) + sin(a - B) = 2sin4sing
(c) sin(90% + ) = cos g

(d) cos(A + B) — cos(A ~ B)=-2sinAsinB
(¢) sinftan® + cos = sec g

() cosec 8 —sin@ = cot 8 cos o

(8) (sin@ + cos 8)% + (sin@ — cos6)? = 2

I A and B are acutc angles such that sin A = 0.28 and cos B = 0.8. Without using tables or a
calcuiator, find the values of:

(@) sin(A+8)  (b)cos(A — B) [Ans: (a)0.8 (5)0.936]
Solve the following equations for 0° < 8 < 360°

(a) cos40% cos # —sin40%sin 8 = 0.4 [Ans: 26.49, 253.6%]

(b) sin(@ + 45%) = V2cos8  [Ans:45°, 2259]

= ﬁ . Without the use of tables or

In the triangle ABC, A3
(1) AC (it} the remainin

10. Solve the triangle ABC given that 4 = 66°,C = 44° and a = 7em

[Ans: B =70%¢c=532cm, b =72cm]

11. Solve the triangle ABC giventhat A = 45%c=5cmand b=6cm

[Ans: a =4.31c¢m,C =55.1°, B =79.9%

12. Solve the triangle ABC given that C=50% ¢ = 8cm, and @ = 10 cm

[Ans: A = 73.2%,8 = 56.8%,b =873 cm or A =1068% 8 = 23.2° b = 4.12 cm])

4 . .
;3 andcosh = 5+ Without using tables or calculator,

Y S . e ———— e n . 4

a - m A mAn m e ——- - A . e
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CHAPTER 10: DIFFERENTIAL EQUATIONS

A differential equation is an equation that contains differential cocfficient ¢.8.

dy _
dx—-3x

d?y dy
dx1+4x-&-;_.6

] Order of a differential equation
The order of a differcntial equation is the highest derivative, which appears in it for instance;

T cratian 82 . . . . . . . :
Ihe equation = —4x =3 isa (irst order differential equation because it CORIAINS only a first dlffcrcn%

. .. d
cocliicient i.¢. 2
dx

= 9 is a second order differential equation because it contains a second

. . d?y dy
The equation —5 + 37
q dx? + dx

. . . 2
differential coefficient, %’;’

Note: Any differcntial cquation represents a relalionship between Iwo variable
rclationship can often be expressed in a form that does not contain & differentia

s say x and y and (he same
lcoefficienteg. y = x> +

d
¢ and = 2x
dx

Solution to a differential eguation
lating the variables involved but containing no

a differential equation is an equation re

The solution of
T A .
differential coeflicient like a-y; There are two types of solutions i.€.

(i) The gencral solution
This contains an arbitrary constant

(it) Particular solution

[t may be obtained if the
ions arc used to calculate the value of the constant.

.thisisa first order dif ferential equation

« y.yalue” and the corresponding “y-value” are given. These are called

initial condit
Consider% = 3x?
By separating the variables
dy = 3x%dx
Integrating on both sides

dy = J 3xtdx
= 3+ C; Thisisa general solution

ifx= 1,wheny = 2 (these are initial conditions)
2=1+C
=>C0=1

ay= B+ 1 (Thisisa particular solution)
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mttphiad by the derivative apg

e o Sepavable, sl e v's in the dilferentinl cqnntion must be
[T\ \ 3 g Ty wht ' .
NS e difVerentiyg equaton wust be un the other side of the equal

L

e,
Wolving separable Gileremss A 2 s

Salving ¥ u Al equations i Faivly sy, We st rowrdte the Wiferential equntian as;
NIy = M(a)dy

Then you integrute on gither Sides

FNe)dy = T da

Eaamples

1. Find the general solutions o the
w. . Oy "
4) 3y == = 5y
() 3y = 5y

following difverential cquations "

Solution
By separating variables i.e. by sep
involving v together with dy,
3ydy = Sxdy
We now integrate both sides of the cquation
[3vdy = [5x%dy

arating dy from dy and collecting on one side all ferms ,;
while all the X terms with dx, it gives:

3y sa?
T =4¢
2 K3

du _
Myu—==v+2
Solution
udu = v+ 2)dv
Integrating on both sides gives;
fudu= [(r+2)dv
W +2v+C
2 2
dy _ ,2
(c) ;=13
Solution
1 —
y—zd}’ = dx
[ytdy=[dx
—y“ =x+cC

_l=x+C
¥y

x dx y2-2
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By scparating the variables,
(y?—-2)dy =xdx
Integrating on both sides;

J@z—Z)dy=dex

Y9y =X
” y=5+C

(0) 2= x? - 2
Solution
dy = (x* — 2x)dx
[dy=J(&x*~ 2x)dx
3
y= 53-— 2+ C
r solutions ofthe followiné differential equations

1. [Find the particula
2

(a) yz%z 4241 ify=1whenx=
Solution

ytdy = (x? +1 )dx
J. yzdy = J(xz +1 )dx

3 3
. X

\‘. Z‘_ - — 4+ x 4 C

3 . - .. -, . .

This is & gcncral solution but snce (e initial condition 1S give

133 33

ar = @ 424C
3 3

13

C=—"7%
3 ¥ 13, A .
cherefore ZS.. = 53- +x - isthe particular solution
dy 2y i = L x=1 —'//
(b) _‘;; = 6}’ X [f y 75 When -
Sojution
~Idy = 6x dx
J‘y*zdy = [6xdx
2’.:-’— = E}j +C
-1 7
_1ogxtalC
y .
al solution. Let us apply the initial condition and find the val of C
value

¢ the gener

¢ which gives C = -28

alue in the gencral solution to get the particular solution
!

= 3x2— 28

2

..................

n, we can find the value of C
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dy _ 3xT+4x-4
Solution
This differential equation is clear]

both sidcs ¥ separable, so let us put it in the proper form and then integrate

zf 2y = Ddy = [(3x? + ax — 4)ax
Y —dy=x+ 22 4y
When x=1,y=3 .

(3)(:2 —43) =1 +2012 - 4 +C
=2

Therefore y2 — 4y = x3 £ 2x2 — 4y — 2

. » o I\_latural occurrences of differential equations
Differential equations often arisc when a physical situation is interpreted mathematically (i.c. when

mathematical model is rpadc of the physical situation). Differential equations are used to solve applied
prf)blems such as those involving carbon dating and radioactive decay; the amount of drug in an organ:
mixtures; supply and demand; logistic growth and marginal productivity.

Example 1
A body moves with a velocity v, which is inversely proportional to its displacement s from a fixed pcr_int.

Form a differential equation to represent the information
Solution
Velocity is the rate of change of displacement with respect to time

v -

k= where k is a constant

Example 2

A particle moves in a straight line with an acceleration that is inversely proportional to its velocity
{acceleration is the rate of change of velocity)

(a) Form the differential equation to represent this data

(b) Given that the acceleration is 2 m/s* when the velocity is 5 m/s, solve the differential cquation

Solution
. d . _
(a) Usmgd—: for acceleration, we have;
dv 1 dv _k
ar v at v

®) Ifv=55=2
Then2=§=ok=1o

dv _ 10

de v

L oem
-~



RS AYENIEY

~

. C e e e e » d R Aition.
-‘;:I.dy.qzzg.ed..Lg.ue.i.;S'.z.t.lz.sidiqry.Ma.r.hﬁmglim..by.l.(m.t’.l!.mﬂ.-1?-4-’7-‘-’-4{----"---""'22"‘5’4"”9”

vdv =10dt
fvdv=[10dt

2

1 H
7—‘10t+c

Exampte 3 ‘

The rate of change of the price with respect to time is inversely proportional to the current price, P.

FForm a differential equation to represent the above information and solve iL.
Solution

dpP 1

e P
dapP E
P

PdP=kdt
[rPdpP=[kdt

2
fz—=kt+C

Trial questions

o . d . _ _
Solve the differcntial equation E)E' = 3x2y? given thaty =1 whenx =0

[Ans: x3y =y —1]

fferential equation 6t% +1 = 0, and he particular solution given

5. Find the general solution 1o the di
0 whent=-2 [Ansis=12— 3t?)

by the conditions 8 = L. . .
3. Find the general solutions ol the following differential cquations

d dy _ x=4 ”
@Z=3 MwE=3 DT i
dax -‘(E‘”

d hud
@ L=t @
,_._.2 4—£_ _}ﬁ_—_Xi
[Ans: @)y =5+ C (b)y? = 3x+C @yt =5 —4x+C (D ==-+C

b
(c)5y§=x+C] . Cw
4. Find the particular sofution oflhe_d|ffcrcnllal equation = = t ,wherex = 3whent = 1.
=t 48
- [Ans: x = —+> 1
5 “The rate of change of y with respect (0 X IS proportional to the square of x. Write a differential

ay 2
1 H1H [ —_—
cquaii(m that modcls this statement,  [An i kx“)

2 4 fex where k is a constant. If'y has a turning point at the point (3, -2), calculate

Y — x

X

whenx =4 [Ans: (Dk=-3 (ii)y:-l]
6

”  dy
6. Given thal 7
the value of (0) kK (i) ¥
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CHAPTER 11: DESCRIPTIVE STATISTICS

This is the hranch of mathematics dealing with coll
« here datd refers 1o the facts in the dny-lo-day lile

sratistica! m'v“.h(’ds are used in rescarch to collegt, analyze and formulate rescarch findings in every ficld at
aher institutions of learning.

cction, interpretation, presentation and analysis of data

hi
gratistical data can be categorized into two A.¢. Qualitative and Quantitative.

Qualilativc data measures attributes such as sex, colour, and so on while Quantitative data can be
represented by numerical quantity

Quantitative data is ol two forms. i.e. Continuous or discrete

Discrete data is the information collected by counting and usually takes on intcgral values c.g. numbzr of
students in a class, school etc. "

Continuous data can take on any value i ¢. weight, height, mass, etc.
The quantity, which is counted or measured, is called the variable.

CRUDE/RAW/UNGROUPED DATA

. These are individual values of a variablc that have been arranged in order and grouped in small number of

classes.

GROUPED / CLASSIFIED DATA
These are individual values of a variable that have been arranged in order and grouped in small number of
classes.

POPULATION AND SAMPLES
A population is a total set of Items under consideration and it’s defined by some characteristics of these”
items.

- Asample is a finite subset of a population.

The ways of presenting data include:
» Bar graphs
> Histogram
» Frequency Polygon
» The Ogive
» Pie chart

BAR GRAPH
A bar graph or bar chart is a graph wherc the class frequencics are plotied against class limits.

HISTOGRAM
A histogram is a graph where the class frequencics are plotled versus class boundaries.
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Example 1

The times taken by rats to pass through a maze are recor
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.2 Edition

a bar graph and histogram.
Time(scconds) | 10-14 | 15-19 | 20-24 2529 | 30-34_| 35-39
Frequency 3 11 19 22 6 2
Soluticn
Class limils Class boundaries Frequency
10-14 9.5 - 14.5 3
15-19 14.5-9.5 1
20-24 19.5-24.5 19
25-29 24.5-29.5 22
6

SUENCY .

£

)
A

i

—_—— -—r
.

e

30 - 34
35-39

29.5-34.5
34.5-39.3

aQ
1
T

CLASY

20 - it

Linat Ty

ded in the table below. Use the data given to plot
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Note: The mode can be obtained from histogram as shown above.

Estimated mode from histogram = 24.5+ 1 =25.5

The reader should also note that these are spaces between the bars for a bar graph while there are no
spaces for a histogram.
Shading of the histogram is not important and if it is used, let it be uniform
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/ Fxample 2 a0 for different |
: 'Ij;;?nlilcEcIO\\'shnws the population ()me‘n;.mla :n millions for ITICTENt a8C groyn
3 Age group MM@!’S’
i' Below 10 2

10 and under 20 8

20 and under 30 10

30 and under 40 14

40 and under 50 5

50 and under 60 |

[raw a histogram to represent the above data
Solution I
Class Frequency
. 0-<10 2
10-<20 8
20-< 30 10
' 30- <40 14
: 4? -<50 5
' 50-<60 1
A—

Lt

In this case,

The class boundaries are given ie0-<10
Histogram

A e WS

3
:
?
)
:
4
2
-
:
3
-
-
h
:
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: FRE U
The frequency polygon is Obtaing) by Plotting cl‘-:ny POLYGON
pints arc joined using a straigh [ipe. ass fre
f

quencies vergy class marks. Then the consecutive
s mark/ mid interva) value (xy= 1

Class m () 2 (lLower g
ass Mmark(x) =

The class mark is also knowp,

438 limig +
1

10+ 14)= 1o

48 the g mark

upper class
: o for the class 10-14, ¢| )
1.L.

xample 3
Marks 19-19_120-29°
Frequency | | 3
Construct a frequency polygon for the data above
Class Limits WW
10-19 145 euengy
20-29 24 5¢ 3
30-39 345 5
40-49 445 8
50-59 54.5 ) 12
60-69 64.5 10
70-79 74.5 6

- ]
Freguencx polygon
l— g LR R -] L= D4t emean

R
i

fre
t

oD
|

¥

EREACY

]

L
/]

R
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. MEASURES OF CENTRAL TENDENCY

The measures of central tendency include mean, mode and median. They are called so because they are
centered about the same valuc.

MEAN
This is the sum of the data values divided by the number of values in the data. It is denoted by X

- XX )
Mean, ¥ ==~ where ¥ means summation
The mean for groupcd data can afso be caleufated from;

0] X= %}{ where x is the class mark and f is the frequency

Gy X= A+LL f d ohere A is the Assumed mean |/ Working mean and d is the

deviation whered =x— A

Examples
1. The measurcd weight {or a child over eight-year period gave the following results (in kgs) 32, 33,

35, 38, 43, 53, 63, 65. Calculate the mean weight of the child.

Solution
32433+ 35+ 3B+ 43+ 53+ 63+ 65

Mean = Lx -
n B
=45.25kg

2. The information below gives the age in years of 49 students. Determine the mean age.

Age 14 15 16 17 18 21
Frequency | 2 6 14 10 9 8
Solution
_ALS_CQ‘)—' Frequency(f) fx
14 2 28
15 6 90
16 14 224
17 10 170
18 9 162
21 8 168
F—1® ZF
Mean, X = —21-?- = §ﬂ— 17.184 years

’

3. Thedaa below shows the weights in kg of an S.5 class in a certain school

%ﬁ ‘135_19 ?2_24 25-29 13034 35_39.40-44 45-49,
£ 18 25
: ioht of the class 15 10 6

Calculate the mean weig

e
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Class h
1519 |17 - 5 E
20-24 22 9 ]53
2529127 12 %
3034 |3 _ ; g 264
: 3539 |37 : 50
40-44 42 13 o
45:49 | 47 . 3§°
- I 2

4. The table below shows (he marks oby
Marks 10-14
-___‘———.‘

ained by students in a sub-maths test marked out of 40

- 15-19 - .
Cumulative frequency | 2 s = %ﬂ 30-34 [40-49
! Caleulale the mean mark of the students 2 30
’ Selution

In this case, the cumulative frequencies are given inste
frequencies. The first value of the Cumulative fre
values of frequency by subtracting the consecutj

ad of the frequencics; thercfore we have Lo find the

quency is the first vajue of frequency, We obtain the next
ve cumulative frequencies,

; Marks Cumulative frequency(F) Frequency(f) [ Class mark (x) {fx

| 10-14 2 2 12 24

! 15-19 8 6 17 102

g 20-24 |17 _ 9 22 198
25-29 38 21 27 567

| 30-34__ |45 7 32 224

| 35-39 |50 5 37 185

| 3 50 1300

' Mean,}?=%—?—%—26

Mean from assumed/Working mean

We can calculate the mean when give the assumed mean which is also known as the w
the formula;

orking mean using

X=A+ % where A is the Assumed mean [/ Working mean and d is the

deviation where d = x — A

3. The height to the nearest class of 30 pupils is shown in the table below. Using 152¢m as the
assumed mean, calculate the mean height.

Height(x cm) | 148 149 150 | I5] 152 | 153 ;54 155 l56

No.of Pupil |1 2 2 3 6 7 3 2
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Solution

Assumed mean, A =152

Heighi(x) | Frequency(D) | Deviation, d =X~ A | fd |
(48 | A 1

149 2 3 -6

150 2 2 4

{41 3 -1 -3

152 & 0 0

153 T 1 7

154 4 2 8

155 3 3 9

156 2 4 I
Y 30 15

Mean, £ = A + 25 =152 $E=152+05= 152.5 cm

6. The num

Using 9 as the working mean,

Ihe median of a gr

ber of accidents that took place at black spot o

.If{é.r.tv.uzzzizlﬁahgé(....

L2 Jidition

n a certain road in 2008 werc recorded as

follows:

-
No. of accidenls 0-4 5-7 810 1V- 13 14—18
No. of days 2 5 10 8 5 l

calculate the mean

qumber of accidents per day.

Solution
A=9
—__-—-—.__ﬁ . - » '
Class Mid value(x) Freq(f) | Deviation(d = x — A) {d
U - 4 2 2 -7 - . l“
5-7 6 5 -3 -15
8.—10. 9 10 0 0
113 i2 8 3 24
1418 16 5 7 35
“Z“"“’_‘—__——'__ﬁd. 3300 30
Mean'X=A+—Z-T=9+55=9+1 =10

magnitude.

Determine {he median

MEDIAN

(or the following observations

oup of numbers is the number in the middie when the numbers are in order of

Y W ig sy

/]

e IO T TCr T

VLSS ACSTLCT T

' 4 l,6,2,6,7,8
(l) ) ) .
. Solution
1.2.4,6,6.7.8

The median is 6

(ii) 3,3,3,7,6,4,7,6,4.8

Solution

3‘3,3,4.4,(!,6,7,7,8
A 446 =

The median = 7
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—— data, we can use the following
l‘l‘r I3 N

.-'-f'.j
Median = 1y + (J-}—i) X (

formula 1o ealeulute the median i.c

M.
wheres
;= lower ¢lass boundary o the median class
N = Tot! number ol observations or the (otal I:rccl uency '
[, = Cumulntive [requency before meding cluss.
fm= Frequency of the median class )
C = Class width - ’ : .

Class width
This is the difference between the lower and upper class boundarics i.c. for the class 40 - 44, the class
widlh is 44.5 =395 =5,
Note that it depends on the degree of aceuracy i.c. for the class 7.0 - 7.4, the class width will be
7.45 - (?95 = 0‘5

Advantages of the median
It is casy to understand and calculate
It is not affeeted by extremce values

Disadvantage of the median
It is only onc or two values to decide the median

| TIE MODE :
This is the number in a set of numbers that occurs the most i.c. the modal value of 5, 6,3, 4, 5,2, 5,4 and
3 is § becausc there are more s than any other number.
For grouped data, the mode is caleulated from;

Mode = L, + (Ai‘%) x C

Where; .
L, = lower class boundary of the modal class
A, = difference between the modal frequency and the value before it
A, = difference between the modal frequency and the valuc after it

C =class width
Note: The modal class is identified as the class with the highest frequency and the modc can as well be

estimated from the histogram as we have already scen,

Example | . '
The following were the heights of people in a certain town of Uganda.

Neighiomy 10T =120 ] 121 = 130 | 131 =140 | 141~ 150 | 151 =160 161~ 170 | 171 =190
No. of p'ple | 1 3 5 7 4 2 l

Calculate the mean, mode, and median for the data
A Kt NI AR AeA

.

it L —— A— o ——
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Median class is 141 —150

+ N—F
Median = L, + (3_"-) %
Im

Ly = 1405,F, =9, fu="7

Median = 140.5 + (’ L

Solution

Class f Class mark(x) |  fx £ | Class boundaries
101 - 120 ] 110.5 110.5 ] 100.5 - 120.5
121 - 130 3 125.5 3765 |4 120.5 - 130.5
131 ~ 140 5 135.5 677.5 9 130.5-140.5
141 =150 7 145.5 1018.5 16 140.5 - 150.5
151 - 160 4 155.5 622 20 150.5 - 160.5
161 =170 2 165.5 331 22 160.5—170.5
1?1 - 190 | 180.5 180.5 23 170.5 - 190.5

7 233 - 3316.5
v _ X 16
Mean, X = 3 e =144 cm

c
P=Z=1n150=10

-9 _ 25
529) x 10 = 140.5 + 75X 10

= 1405 + 3.57 = 144.1 cm

The modal class is 141 — 150
Mode = L, + (a_sz) x C

L, = 1405, b;=

Mode = 1405 + (75) x 10 = 1405+4"1445cm
osely the same values? Hence they are the

Note: Doy
measures of central tendency.

ou realize that the mean, mode and median have cl

The data below shows the weights ink

7-5=2 ﬂz=7'-4=3

g of an S.5 class in a certain school.

———q

l.
14

weight(kg) | 10~

Frequenc

|2
Calculate the median an

Solution '
Class freq(l) F Class boundaries
9.5-14.5

j0 - 14 5 5

15-—-19 9 14 14.5-19.5

20 ~24 12 26 190.5-24.5
2529 18 44 24.5-29.5

30— 34 25 69 29.5-34.5

15 -39 15 84 34.5-39.5

40) — 44 10 94 39.5-44.5
45-49 | 6 100 44,5 -49.5
|42 =27 —

Median = Ly

The median class is 30 -

15-19 (2024 25-29 {30-34 |35-39

40-44 |45

—49 |

12 18 25 15

10 6

ER——
4 modal weight of the class




frec hand.

,wdtan—295+(“° “)xo~295+12 30.7 kg

Mode = I+ (A +4; ) xC

” InOdqlLInQ\ ‘930—31 A"—ZJ'—]B__'? AZ= 25_15:10

Advanseed desxel Subwsicliany. Mathemetios hy Kawiona Fabad

mode =
ode = er5+(+ )x5-29J|-206-3156k1»,

TIIE OGIVE

24 Ldition

The Ogive '|5 nls}o known us the cumulative frequency curve where by cumulative frequency curve is
ploucd against the upper class boundaries and the consceutive points arc joined into a smooth curve using

“«n

Children

Examples

. The [requency distributed table shows the weights of 100 children measured to the nearest kg.
Weight [ 10— 15-19 20—24 25-29 [30-34 [35-39 [40-44 |45-39
No. ol 5 9 12 i8 25 15 10 6

Solution

Draw a cumulative frequency curve for the data.

Class freq(f) | Cumulative frequency (F) | Class boundarics
10-14 5 5 9.5-14.5
15-19 9 14 14,5 -19.5
20-24 12 26 19.5-24.5
25-29 18 44 24.5-29.5
30-34 25 69 29.5-34.5
35-39 15 84 34.5-39.5
40 - 44 10 924 39.5-44.5

—-49 6 100 44.5-49.5

We need 1o draw a distribution table with the cumulative frequencies and class boundaries

Do
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Fhe quertiles divide a distribution into four cqual parts.
5% way through the

The lower quartife( @y )is the value 25% way through the distribution and the value 7

distribution is called the upper quartile{(Q3).

th
Lower quartile(Q,) = GN) measure = %x 40 = 10 measure

i'rom the graph, lower quartile = 45.5

th
3
) measure = X 40 = 30'"measure

Upper quartile(Q3) = GN
From the graph, upper quartile = 60
The dilference between the upper quartile and 1
The Interquartile rangc = Q33— Qs
For the given graph, intcrquartife range =

ower quartilc is called the Interquartile range-
60 —45.5=14.5

o A “ . . . 1
[he semi-interquartile range or quartile deviation =3 (02— Q1)

For the given graph, interquartile range = -;- x 14.5 = 7.25

Percentiiles

on into one hundred equal parts.

percentile P25, the median is the 50™ percentile P50 and the upper

The percentiles divide a distributi

The lower quartile, Qi is the 25™

quartile Qs is the 75" percentile P75.

Examplc

The data shows the marks obtain
Mark 10 | 11-20 | 21-30
Frequency | 3 5 5
Draw a cumulative frequency and use y
the 20% and 80" percentile mark

cd by 80 form 1V pupilsina certain school.
41-50 [ 51-60 61-70 | 71-80 [ 81-90 | 91-100

1] 15 i4 8 6 4

our graph to cstimate

0
(i)  the number of pupils who scored a distinction given that the mark fora distinction was 85
Solution e
Marks Fre F Upper class boundaries
1—10 3 3 10.5
-2 |3 8 205
21-30 5 13 305
31 —40 9 22 40.5
ar-s0 [ 1 33 50.5
51 -60 15 48 60.5
61 ~70 14 62 70.5
71 —-80 8 70 80.5
g1 - 90 6 76 90.5
_21___-_19_0____ 4 80 100.5
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(i) 20" percentile mark = > X 80 = 16" measure

From the graph, 20" percentile mark = 32.5
80™ percentile mark= % x B0 = 64'"measure
I'rom the graph, 80" percentile mark =71.3 ]
(i)  To obtain the number of pupils who scored a distinction, we draw a dotted vertical line from
85 on the horizontal axis to mect the curve at a certain point. From that point, draw a

horizontal dotted line to meet the cumulative frequency axis
From the graph, we read off 73 but this is not the number of pupils that scored above 85 marks.
To obtained the required number, we subtract this value from the total number of pupils i.e

Number of pupils that scored above 85 = 80 — 73 = 7 puplls
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T'he spread of observations in relation to a measure of central tendency of the given data is kn

2 Edition

Advanced Level Subsidiary. Mathematics. by Kawuna. Fahad......

MEASURES OF DISPERSION

own as

dispersion. 1n order to compare data, the measure of dispersion is taken into account along with the

measure of central tendency.,

’

[he range

This is the dilTerence between Lhe largest and the smallest values of the data.

i.c. for the data about lengths of leaves in garden tree, 5,6,7,7,4,5.3,2,9,8,8,6,5,3
Range=9-2 =7

. ) Standard deviation
This is the positive square root of variance. Standard deviation is denoted by &

Standard deviation (o) = VVariance
The following expressions can be used to calculate the standard deviation,

= {__Efx’_ Zixy?
7= >:f)

When using the assumed/ working mean, A

o -0

Note: the expression under the square root is the variance

Examples .
ndard deviation for the distribution of marks in the 1able below,

{. Calculate the sta
Marks 5 6 7 8 9
Frequency 3 8 9 6 4
Solution
Marks(x) | Frequency(f) fx fx?
5 3 15 75
6 8 48 2388
.7 9 63 441
8 6 48 384
9 4 36 324
¥ 30 210 1512

- . 2

= [ (@0 L 5pa = = VTa = 1183

kIt] 30

2 The table below shows (he weights to the nearest kg of 150 patients who visited a certain health unit

during a certain week
0_19 |20-29 | 30-39 i0-49_150-59 [60-69 T 55
P —

¥ 30 16 24 132 28 12 3

4 deviation of the weights of the patients.

Calculate the slandar
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Solution
@ Ireqg(h) _‘T‘H\fx :
10-19 30 I Y AT [x* |
20-29 16 24.5 109 6307.5
30-39 24 3.5 e ;ggg(

i Y )
40-49 gg 4.5 1424 63368
R 54.5 1526 83167
s 2 64.5 774 49923
|0 : 74.5 596 44402
y 150 —

. Rt 3975 285337.5
= (B (L
=Ny (x;)

U_Jzes:m.s 5975\ 2
TN 10 (m) = V190225~ 1586.69 = v315.56 = 17.76

3. The.ta-hle bc.low gives the points scored by a team in various cvents. Find the mean and standard
deviation using working mean A = 4

Paints 0 I 2 3 4 5 6 7
No. ol ¢vents | | 3 4 7 5 5 2 3
Solution
Points | Frequency d= x—4A fd fd?
0 1 -4 -4 16
1 3 -3 -9 27
2 4 -2 -8 16
3 7 -1 -7 7
4 5 0 0 0
5 5 1 5 5
6 2 2 4 8
7 3 3 9 27
S 30 -10 100
Mean, X = A .].m: 4+ =4-033= 3.67 points
or 30
P
Standard deviation, ¢ = %}:-r%'z' - (Zz_f;!)
106 ('10)2 =+/3.533 - 0.111 = v/3.422 = 1.85 poi
o= 12 (=22} =3, . =+3. = 1.85 points
30 30

4. The 1able below shows the weight in kg of 100 boys in a certain school
Weight(kg) |60-62 | 63-65 [66—-68 [69-71 |72-74

TFrequency |8 |10 [45 _ 130 ___ |7
Using the assumed mean of 67, calculate the mean and standard deviation \

-ga
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Solution T

Weight | Freg() [Midvaluc(x) | d = x — 4 fd d’
60-62 8 61 -6 -48 288

63-65 10 64 -3 -30 90

66-68 45 67 0 0 0

69-71 30 70 3 3 270

72-74 7 73 6 6 252

D 100 54 , 900

Standard deviation, o =

_ |o00 _ (54 N B _
o= \Jmo 100) =3 —0.2916 = V8.7084 = 2.951

1. The table below shows the weekly wages of anu

nf

L (L
DES

Mean, & = 4 + 218 = 67 + 2% = 67 + 0.54 = 67.54 points
TS 100

7

Trial questions

mber of workers at a small factory.

Weekly wages

75-84

85-94

95-104

105-114

115-124

125-134

135-144

145-154

3

7

10

8

4

1

Frequency 2
Calculate the modal, median and the mcan wage

3 Below are heights, measured to the nearest cm of 50 pupils
165 162 160 157 160 152 157 162

157 167

157 165 152 162 155 160 157 160 162 160
157 152 167 157 160 160 162 165 157 160
157 157 157 160 157 162 155 157 160 157
150 162 152 160 157 157 i65 160 162 150

a) Make a frequency distribution table by dividing them into class intervals of § starting with the class

148-152
b) Draw a cumulative frequency curve and use it to estimate
(i) The median (i) Interquartile range
3 ‘The tablc below shows marks obtained by students of mathematics in a certain school.

Marks 30-<40 | 40-<50 | 50-<60 |} 60-<70 70-<80 —|

No. of students 2 15 10 11 27 |
(i) Calculate the mean, median and standard deviation for the above data

(i) . Drawan Ogive for the above data
Below are heights, measured 1o the ncarest cm of 50 pupils.
157 167 165 162 160 157 160 152 157 162
157 165 132 162 155 160 157 160 162 160
157 152 167 157 160 160 162 165 157 140
157 157 157 160 is7 162 135 157 160 |57
j50 162 152 60 157 157 165 160 162 15¢

class 148-152

b) Draw a cumulat
()  Themedian (ii) Interquartile rangg

. 0 T T P
e
o
1

ive frequency curve and use il o estimate
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N The table below shows marks obtained b

¥y stud _ .
STorks ents of mathematics in a certain school

60-<70 70-<80
tl 27

0 Caiculate the mean, median ang stand
(ii) Draw an Ogive for the above data
pils were asked 1o draw a free hand Jine of le

ard deviation for the above data

gixty pU , . . .
g nearest €M, and were recorded as shown in the tabI:Bth 20cm. The lengihs of the lines were measurcd
LenghCem) L1103 L1315~ T5T7 1199 Tioar a1 2325 |
Frequency |3 6 T s ]3- ]0- ,2

) Calculale the mean length

Draw cumulatl‘:'c frequency graph and estimate the median, the upper and the lower quartiles.
;. Below arc the heights to the nearest ¢cm of 40 students
150 170 152 155 169 167 |57 158 157
167 164 165 164 163 162 163 158 158
160 160 159 161 161 161 160 160 160
159162 160 159 160 161 161 156 150
)) Make 2 frequency distribution table starting with class interval 150-152
p) Draw an Ogive and use it to estimate the median, Interquartile range and the 20™ percentilc height.
6. Calculatc the mean and the standard deviation of the following distribution of scores
[ Scores 1-5 6-10  J1i-15 [16-20 [21-25 [26-30 ¢31-35
| Frequency 3 19 38 69 45 20 5
7. The numbers of the eggs collccted from a poultry farm for 40 consecutive days were as follows.
138 145 145 157 150 142 154 140
146 135 128 149 164 147 152 138 - 1
168 142 135 125 158 135 148 176
146 150 165 144 126 153 136 163
161 156 144 132 176 140 147 130
) Construct a frequency distribution table with classes of equal interval width 3, starting from 125-129.
b) Draw a cumulative frequency curve (Ogive) and use it to estimate the (i} Interquartile range
(i) Median number of eggs
8. The following marks werc obtained by 85 students in an English examination;
96 81 23 62 44 18 62 70 72 40 81 70 30 28 23 02
60 20 48 50 19 33 32 58 71 62 19 12 83 53 8173
52 23 71 61 46 64 35 59 82 g2 42 63 43 17 35 72
37 54 47 76 18 44 65 45 70 38 63 89 31 37 93 03

63 25 52 53 38 57 53 71 70 63 8931 37 93 58 58
a) Using class intervals of 10" marks, and starting with a class of 0-9; construct a [requency

distribution table. . -
b) Using your table to find the (1) Median

(i)  Mean mark '
(iiiy  Standard deviation

9. The marks obtained by 50 students in a test werc:
8468248

mark
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6193 44 197060 71 18 40 54
5027 6242 63 52 53 386225
622332 8131 6364 187027

52 813563383744 197032
d (requency distribution table with cqual class intervals of 10 marks,

a) Construct @ groupc
starting with the 10—19 class group.

b) Draw a histogram and use it to cstimate the modal mark.

¢} Calculate the mean and standard deviation of the mark.

10. The times taken by a group of students to solve a mathematical problem a
15-19 | 20-24 |25-29 30-34

\L’imc(min) 5-9 10-14
! No. of students 5 14 30 17 11
{or the data. Use it to cstimate the modal time for solving 2 problem.

(a) Draw a histogram
(b) Calculate the mean time and standard deviation of solving a problem.
i1, The table below shows the weights (in kg) of 150 patients who visited a certai

a certain week.
Weight (kg) 0-19 [20-29 |30-39 20-49 | 50-59 50-69 | 70-79 ‘
No. of patients__| 30 16 24 32 28 12 g
a) Calculate the appropriatc mean and modal weights of the patients.
b) Plotan Ogive for the above data. Use the Ogive to estimate the median and semi inter

for the weights of patients.
[ experiment, the gains in mass (inkg)o

rc given below.

n health unit during

quartile

{ 100 cows during 2 certain period were

12. In agricullura

rcco;;(jig_:}s follows; ) 7
“Gain o mass (k) |39 [70-14 [15-19 | 20-24 7529 | 30-34
Frequency (29 |37 16 14 2
(i) mean mass gained
on (iti)Median

e marks of 36 candidates in oral examination.

Calculate the
(ii)Standard deviati

i3. The table below shows
30 31 55 49 56 47

36 41 39 45 39 30
42 43 44 39 46 56
30 48 53 38 50 63
40 54 61 46 56 44

53 60 56 50 02 52
y distribution table having an interval of 6marks starting with the 30-

*

(i) Construct a frequenc
35 class group-
(i) ~ Drawa cumulative

(iii) Calculate the mean mark.
|4, Construct & frequency distribution of the following data on the length Sof time (in minutes) it took

(e a cerlain application [orm.

(requency curve and usc it to estimate the median mark

50 persous to comple
79 22 38 28 M 3223 19 21 31

16 28 19 181227 15 21 2316
30 17 22 29 182025 2016 11
1712 15 2425 21 22 1T 1815
5 20 23 1817 15 16

P e g
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Jass dntervals oflength Sminuies ;
sing elass BEECE Coo ©s starting with e inge : ,
li;ﬁlnmlurd devintion using Assumed mepy Aui 22 e fntervad 10-14, Culeulate the (1) Mean
15, The nges o] students in an Institugion WLTe ns o]k
- WS,
AS 18-<19” 9.2 |
"No. o studenty 12 Fo—— :123«.21 2122 [23.<24_ [24-<25
() Draw a histogeam of (e d:umimﬁ? : = 8 : 3
(iiy  Usethe datn 1o estimate the medi : 1 modal age.

16, The table Bielow shows the m

AN, spper and lower quartile ages.

(¢) Caleulate the standard deviation
17. The table below gives the frequency d
physics test.

asses o' 40 students 1o 1he
— nearest kg
o [Mssthe) 20229 [30-39 | 40-29 [50=39 [ei=e5 T79=7
Number of students | 2 m 9 2 - —
() Vind the value of m L 8 !
(b} Using 50 as the working mean, calculute the mean mass

istribution of the marks obtained by 130 students in a

Marks 21-30 |31-40 | 41-50 51=60 | 61 =70 171 —80 |81 ~90 | 91—
100
Frequency | 1 3 6 24 30 11 22 13

() Calculate the median mark

{b) (i) draw a histogram 10 represent the data and use the histogram 1o estimate the mode
18. The table below shows the marks obtained by 76 candidates in a biology examination

Marks 50—-54 |55—-59 160-64 |65-69 |70-74 | 75-79 (80 —B4
Number of 3 7 5 22 19 8 2
candidates J

(n) Calculate (i) meanmark  (ii) median mark
{b) Draw a histogram and use it to estimate the mode .
19. The table below shows the number of students of a certain school who took breakfast in a certain
month of 30 days

170 145 168 158 135 124

182 152 171]
165 190 158
177 151 179
215 167 143

159 164 192
173 194 132
154 131 160
122 203 130

(a) Construct a frequency distribution table of equal class interval, starling with 120 — 129
(b) Plot a cumulative [requency curve and use it to estimate the
(i)  Median (ii) intcrquartile range

20. The table below shows the masses( in kg) of 30 girls selected at random from a certain school
59 60 68 68 52 62
55 65 43 SO 58 45
60 70 52 49 54 59

" 62 42 70 60 46 64

54 45 73 58 60 45
Make a frequency distribution tuble with
44 class

classes having an interval of S kg beginning with 40 —

()
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(i) Calculate the mean mass for the sample

(i} Plota cumulative frequency curve and usc
(iv)  Whatisthe probability that a girl in the school chosen at random weighs betw

it 1o estimate the median
ccn 50.5 kg and 63

kg -
21 The table below shows the frequency distribution of marks of 300 candidates who sat 2 national
examination.
- |5i- 61— |7i- 81—

Marks(%) | 1-10 [ 11—~ 21— |31~
20 30 40 50 60 70 80 90

[ Frequency | 30 50 100 150 150 130 (90 160 30

¢ frequency distribution for the data
for the distribution

(a) (i) construct a cumulativ
(ii) draw a cumulative frequency curve
(b) Use your graph to estimate;

Q) median mark

(i)  percentage qumber of candidates that failed if the pass mark was 50%

(i) mter quartile range

(¢) calculate the mean mark
samination marked out of 60

[}
|
i

7%, The table below shows the results of candidates who sat a mathematics €
Marks 0-9 10—19 20 -29 30 =39 30—49 30-59 |
Number of |7 26 40 46 28 13
candidates
Q) Draw a cumulative frequency curve and use it to estimate the range of marks of the middle 50%
of the candidates i
Find'the mean mark for the examination l

(i)

23. The table below shows the weights in kilograms of 200 cows
’ i

Weialt (ko) Frequency
44 —47 I N |
48 ~51 3
52 - 38 3 ‘
56— 59 7
60 —63 16
64 - 07 20
68—~ 61
72175 13
deviation

[y

(a) Find the mean and standard
(b) Calculate {he madal weight
(¢) Draw an Qgive and use it to estimate,

(i) Semi-interquartile range (i) The pereentage ol cows weighing below 63 k
below shows the marks obtained by 100 students in a sub m:\lln lest S ke

1-20_[21=30_[31-% [4-%0 [s1-e0 Ter *o_]ﬁ
- -

5 13 23 40 64 3 .
i

mulative frequency curve and use 1110 estimate 1h
¢

24, The 1able
Marks
Cumulative
frequency
(4) Prawacy
(V) \fedian mark
(i1) Mark atyw hich a distinction was awarded i 20 studenes
o the mean mark using the working mean of 45,5 ts ol

amed a distinetion

(b) Calculat
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CHAPTER 12:

o index number is & statistic

al measure, which rep

INDEX NUMBERS
with respect 1o time, environn

resents the change in

1ent or other characte a variable or group of variables

ristics,
bast yc;ll' car against whi ‘
s is the ¥ inst
gj::z::dt as )Po‘ e teh all the other years are compared, The price in the basc year is normally
Current year _
} i:i t‘;{;l{;};:" (period) for which the index is 10 be calculated, The price in the current year is normally

Basic characteristics of index numbers

» The index for the base period is which js standard practice The statement “2012 = 100 is used to

identify the base

» The change in the value of the inde
x from the base period t i iod is si
oﬁf percentage change from the base period for two geriods oA ghen perlodis simply s messue
» The change in the value of an §

the base period

> lndf:ilnumbers measure relative changes. They measure the relative change in the value ofa
variable or a group of related variables over a period of time or between places.

ndex does not indicate percentage change unless onc time period is

Types of index numbers

Simple index numbers
Aggregate index numbers
Composite index numbers
Value index numbers

YV VVY

SIMPLE INDEX NUMBERS
A simple price index measures the relative change from the base period for a single measurement . This
includes price index, quantity index, wage index ctc.
Simple price index is often known as a price relative and it is given by

s P
price in the current year x 100 = 2 % 100
price in the base year Fo

Simple index number =

Wage index
This measures the changes in wages of workers

i W,
Simple wage index = ﬁrj X 100
Where W, is the wage of workers in the current year
W, is the wage of workers in the base year

Quantity index

This type of index number pertains to measuring changes in volumes of commoditics like goods produced

or goods consumed.
Quantity index = g—;— x 100

e em e e e g
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elative

Examnﬂic 1
An article cost shs 500 in 1990 and shs 800 in 1994. Taking 1990 as the base ycar, find the price r
in 1994.

Solution
Price relative = 2 x 100 = 2= x 100 = 160
P, 500

0

This indicates that the price of the articlc has gonc up by 60%

Example 2
The wage of nurses in Uganda in 1995 was shs 20,000. The wage of the same nurscs in 1997 was

increased by 25000. Using 1995 as the base year, calculate the nurses’ wage index for 1997.

Sohdion
W, = 20,000 + 25,000 = 45,000

Wo = 20,000
. _w _ 35000 _
Wagc index o X 100 = o X 100 = 225

Therefore the nurscs wage increased by 125% in 1995
Note: The percentage sign is always omitted in the final answer.

Construction of index numbers
‘The construction of index numbers can be divided into two types i.e.
(a) Unweighted indices
(b) Weighted indices

UNWEIGHTED INDEX NUMBERS

The following are the methods of constructing umweighted index numbers

(i) Simple aggregative method
(i))  Simplcaverage of price relative method

Simple aggregative method
This is a simple method for constructing index numbers. In this, the total of current year prices for various
commoditics is divided by the corresponding basc year total and multiplying the result by 100

. p
Simple aggregate price index = -}E:—},i x 100
o
Where ¥ P, = the total of cominodity prices in the current year
3. Py = the total of same commodity prices in the base year

Example 1

Calculate the price index number for 2003, taking the year 2000 as,the basc year

Commodity Price in the yéz'l’r 2000 Price in thd year 2003

A 600 800

B 500 600

C 700 1000

D 1200 1600 :

E 1000 1500
Solution . _xa 00 = 800+ 600+1000+1600+1500 , !
Simple aggregate price index =57 % 1 0 = ~50+500+700+1200+1000 G0 !

[ v
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3500 .
s X 100 = 137.5

“his shows here is an inerease ol 37.5% i . -
This shows that there 1s an inerease o' 37.5% in the prices of the commoditics

,\;:):vcmgc family in Kampala spent the following amounts on the items shown in the years 1997 and
1998

ITEM Amountin shs (1997) | Amount in shs (1998)
Housing 80.000 90,000

Clothing 20.000 20,000

Llectricity 20,000 25,000

Water 25,000 25,000

Food 140,000 160,000

Transport 30,000 36,000

Medical 30,000 35,000
Miscellancous | 30,000 40,000

Using 1997 as the base year, calculate the simple aggregate expenditure index for 1998
Solution
Total expenditure in 1997 :
= §0,000+20,000+20,000+25,000+140,000+30,000+30,000+30,000 = 375,000/=
Total expenditure in 1998

=90,000+20,000+25,000+25,000+160,000+36,000+35,000+40,000 = 431,000/=

. . L 431000 _
Simple aggregate expenditure 375000 % 100 = 114.93

Example 3
Data chip manufactures and sells three computer chip models; the basic, financial and scientific. The

respective retail prices are 950, 3500 and 7000 in 1994; 150, 1800 and 2500 in 1998; 80, 600 and 1230 in
2002. Calculate the simple aggregate price index for 1998 and 2002 taking 1994 as the base year.

Salution
Chip Model Relail price
1994 1998 2002
Basic 950 150 80
Financial 3500 1800 600
Scientific 7000 2500 1250
! ¥ 11450 4450 1930
Simple aggregate price index for 1998 = :1155% x 100 = 38.86

1930 100 = 16.86
11450

Simple aggregate price index for 2002 =

Conclusion: . ) . -
Since the index in the base period, 1994 is 100, the difference in the indices for 1994 and 1998 indicates

that the average price of the three models is declined by;
100 — 38.86 = 61.14%
The decline in price from 1994 to 2002 is 100 — 16.86 = 83.14%
Simple average of price relatives method
In this method, the price relatives for all commodities is calculated and then their average is taken to

calculate the index number

\

Tyl x100 i .
0 where n is the number of items
ki3

Simple average of pricc indices =
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Example 1
Construct by simple

from the following data

2™ Edition

—

s the base year

average of price relative method the price index of 2004, taking 1999 a

]

Commodity A B C D L F
Pr‘Ecc {in 1999) 5000 | 5000 | 6000 | 5000 2500 | 2000
Price (in 2004) %000 | 6000 | 7200 | 7500 13750 3000
Salution
Commaodity Pricc in 1999 (Py) Price in 2004(P;) Price relatives
: (2 x 100) ~
\pp
A 6000 8000 133.33
B 5000 6000 120.00
< 6000 7200 120.00
1y 5000 7500 150.00 )
E 2500 3750 150.00
F 2000 3000 150.00
823.33
vE1 x100
Simple price index = £ — = E:—Q = 137.22
Example 2
Find the simple price index for 2001 taking 1996 as the base year from the following data
Commaodity Wheat | Rice Sugar Ghec Meatﬁ
| Price(in 1996) per unit 1200 | 2000 1200 4000 | 8000
Solution .
Commodity. Price in 1996 (Py) | Pricein 2001(P,) Price relatives
i
(2 x 100)
Wheat 1200 1600 13333
Rice, 2000 2500 125.00
Sugar 1200 1600 133.33
Ghee 4000 6000 150.00
Meat £000 9600 120.00
e 5 661.66
):—,L %100 661.66
Simple price index = o — = ———L =132.33
Example 3 L
T'he table below shows the average retail price in shillings of a kilogram of sugar during the years 1983~
19838 I
Year _]28_3___&84 1985 1986 1987 1989
Retail Price __ng____tgL 130 150 165 185
: F . find the price index correspondi
(i) Using 1983 as the base, | _ ponding to ali 5. ould 2
family have rcduccfi 1!1<:|r cnr:sumpll(m of sugar in 1988 if they h;}:ja[:: SBg'nl(}ci;v.niuch' \.‘;L;unl
of money as they did in 19837 P c same &
r i 25 the base, find the retail price index [ e
(iiy ~ Using 1986 ast index for the given ye:
(iii) Using 1983 - 1985 as the base, find the retail price in 19859' iftl{: [l)rrsicc ex was 160

Ve
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Solution
0,
ar Rcl‘ 'I p [
r j_cj a1l Price Price indcx(ﬁ X 100)
1983 110 | 100 L
1984 120 109.09
198 130 118.18
t 1986 150 136.36
1987 165 150 .
1983 185 168.18

Price index in 1988 = 168.18

Implying the pric.c of sugar increased by 168.18 — 100 = 68.18%
Hence the family’s consumption reduced by 68.18%

(i) Base value Po= 150

Year Retail Price Price indcx(;ﬁ X 100)
1]
1983 110 7333
1984 120 80
1985 130 86.78
1986 150 ‘ 100
1987 165 110
1988 185 123.33
(iii) Average retail price from 1983 — 1985 = 1—‘%”““- =120
B9 100 = 160
120 160x120
P1ggg = To— =192
-
WEIGHTED PRICE INDICES

Index numbers at times are needed where there is more than just one item i.¢ an index number that
compares the cost of living depends on food, housing, clothing, entertainment, c.t.c. They can be
I calculated in terms of the weight using the weighted price index. The weighted price index can also be

referred to as the cost of living index.

Construction of the weighted price indices

' Casel: . ; o
" When prices of the items and weights attached are given, here we consider three situations . .
(i) When the units of the items under consideration are uniform, here the aggregate weighted price

index is used Chw
Weighted aggregate price index = 'fF:.'m_z x 100

. ot d to as composiie index
Note: W spregate price index can also be referre . . ‘
(i) elg&;ﬂ;?ﬁc ugnits I;“he items are not uniform, here we usc the simple average of price relatives

Py
zl’o x100

ie
' EfLxw
. _ g

Weighted average price index = =5~

RPN
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price index is

(iii)  When the price relatives and weights of the items are given, bere the weighted

given by;
Weighted price index = EE0 where P is the price relat
W price relative
Examples
I. Find the cost of livinp index based on the following data
ftem Price index Weight
Food 120 172
Clothing 124 160
Housing 125 170
Transport 135 210
Others 104 140
Solution .
Item Price index(P Weight { PW
Food 120 172 20640
Clothing 124 160 19840
Housing 125 170 21250
Transport 135 210 28350
Others 104 140 14560
852 104640
TPwW _ 104640 . 122.82

Cost of living index = weighted price index = T 7
School bought three types of chicken feeds in 1998 and 2000. The weights

5. Nsambya Hillside High
e (in shs) are in the table below.

of the correspondin ric
Weight | Price 1998 | Price 2000 |
120 500 600
60 300 360
50 250 400

Using 1998 as the basc year, calculate the weighted average price index

Salution _ ‘
Commodily Weight Price (Po) Price(P1) ﬂ P, " ‘
" | Py Py
A 120 500 600 1.2 144
B 60 300 360 12 7
C 50 250 400 1.6 80
2 230 296 | 296
Weighted aggregate price index = 555 x 100 = 1287
Conclusion: (he price of chicken (ceds increased by 28.7%

3. The following items arc used in thn.: assc_mbly of a TV sct; 8 transistors, 22 resistors, 9 c'lp'\c:ilorﬁ,2
. . . PN P S api &
diodes and a circuil board. Duc to inflation, the price of each component has iucrcz:scd as showd
i

below — — =
Transistors esistors apacitors ~ —
120 165 150 {‘)6“6““ E ircuit

180 210 170 18 ﬁgg

e index number of the assembled TV set in 1986 using 1980 as the b .
as (he base yed'
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Tution

S5 Miem Weight (W) ] i
[ W) | Price (1 W" .
el S - e LA L .
c |
Capacitor {9 :2’5 3630 210 1620 =
Diode 2 ,‘0 1350 170 1530 !
Circuit 1 60 320 180 300
5 — 1200 200 250) 250
T [ 0400 ¥200
composile index = Weighted agprepate price index = £ W Ex 100 -
_ 8200 LW
GAGD ago <~ 100 =127

4. The prices ol unit values of four commadities A, 13, Cand 13 i the years (994 and 1996 were i

below.
Commodities | Price 1994 | Price 1996 Weights
A 400 500 7
B 900 1100 2 :
C 600 700 3 ‘
D 600 800 6 \
(a) Taking 1994 as the base ycar, Calculate the .
(1) Simpie price index for 1996 "
(i)  Weighted average price index "?
(b) Suppose that the actual quantitics consumed per week by a family in 1994 were Skg, 2kg, 3 f
litres and I— kg of A, B, C and D respectively. Determine the average percentage increase in l
the price of commoditics in 1996.
Solution ‘
(@) : : .
Commodity | Weight(W) | Price(Po) | Price(?) | 2% 100 Pw !
oy
A 7 - | 400 500 125 875
B 2 900 1100 122.22 244.44
C 3 600 700 116.67 350
D 6 600 800 133.33 800
3 18 497.22 2269.44 ,
T X100 _ W2 - 12431 '

(i)  Simple price index =

. _IPwW _ 226944 _ ..
(i)  Weighted average price index =53 X 100 = ——=126.1

(b} We can find the percentage increase in the prices using the weighted aggregate price index since

the weights have been given : : _ ,
i i Price (Po PoW Price (1) | MW

iommodlly ;Vexghl(W) %50 (Po) 2600500 7500 |

B 2 900 1800 | 1100 2200 :

C 1 600 1800 700 2100 E :

S r— e :a

Weighted aggregate price index =

S e
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%

Percentage increasc in the price of commodities = 123.1 — 100°= 231

5. The cost of making a cake is calculated from the cost of baking flour, sugar, milk and eggs. The

' following table gives the cost of these items in 1990 and 1996

ltem Price 1990 | Price 1996 | Weight
' Flour perkg | 600 780 12
| Sugar per kg | 500 400 3
t Milk per litte | 250 300 2
§ Bags perege | 100 150 1

Using 1990 as the base year,
(i)  Calculate the price relative for each item. Hence
making a cake.

find the simple price index for the cost of

f v A
: (i) Find the weighted agpregate price index for the cost of a cake.
Saluiion
, Item 1990(Po) | 1996(P1) | Weight Price relatives | PoW PiW
J Py '
; Flour/kg 600 780 12 130 7200 9360
: Sugar/kg 500 400 5 80 2500 2000
?, Milk/lr 250 300 2 120 500 600
: Egesfegg 100 150 1 150 100 {50
,; 5 480 10300 (12110 | . .
:'i N .
’J. LAY
T i) “The price relatives are indicated by %‘- X 100 in the table
b} : a
) Simple price index = 5"870 =120
f = : —— _LhW 12110 _
;"' (i) Weighted aggregate price index TP x 100 = To300 % 100 = 117
;'_ Case 2: ) )
] When the prices and quantitics of items are given, here two approaches are used

(i) Laspeyres’ method

(i)  Paasche method
['hese two methods differ only in the period used for weighting. The Laspeyres’ method uses base-period
weights, that is the original prices and quantities of the items bought are used to find the percentage

change over a period of time in either price or quantity consumed depending on the problem. The Paasche

T A A Yk F T T TR

method uses current year weights.

: A _¥Pigo
Laspeyres' Price index = S Pedo x 100

e e =

P, is the current year price
P, is the basc year price
7y is the quantity used in the base period

Al

Where

co = &Ma
paasche’s price index T roas X 100
Where @ is the quantity used in the base period.

AR Y, W & — e — v
. . v
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55 table below shows the prices for six jtems
pical family in 1995 and 2005, i

|
and the number of units of cach consumed by 2

- -
PR T

-

ty
llem _ 1995 2005

Tieend (loah) ;;IOCL - g{;‘L""l)’ I’(ricc Quantity
fpps(dozen) 1850 26 5380 3

Milk (litre) 880 102 1;80 2

Apples (500g) 1460 30 172g 120

Juice (300m1) 1580 40 1700 30
| Coffec (400g) 4400 12 4750 1;

peterming the weighted price index and interpret the result
Using {he Laspeyres’ method
Item Py Qo Py ) PuaQu
Bread (loal) 770 -150 1980 (5); 1);(3((;0 38?00
Eg_gs(dgzcn) 1850 26 2980 20 | 77480 48100
Milk (litre) 880 102 [ 1980 130 | 201960 | 89760
Apples (500g) 1460 |30 1750 40 |s52500 [ 43800
Juice (300ml) 1580 {40 [1700 |41 |68000 | 63200
Coffec ( 400g) 4400 12 4750 12 | 57000 52800
5 555940 | 336160
Weighted Price index =279 5 10 ‘
LPogo |
_+'555940

= T2e160 % 100 = 165.4
This result indicates that there has been an increase of 65.4% in the prices of the items between 1995 and
2005

Alternatively by using the Paasche method

[tem Po Qo P O P11 PoQs

Bread (loaf) 770 50 11980 |55 | 108900 | 42350

Eggs(dozen) 1850 126 |2080 |20 |s59600 ]37000

Milk (litrc) 880 102 | 1980 130 | 257400 | 114400

Apples (500g) | 1460 |30 | 1750 |40} 70000 58400
| Juice (300ml) 1580 |40 |1700 |41 |69700 | 64780
1 Coffec (400g) | 4400 |12 |4750 |12 |57000 ) 52800

5 622600 | 369730
i Weighted price index = LAy 100

g P Z Pol1
— 622600 100 = 168.4
369730

| This result indicates that there has been an increase of 68.4% in the prices of the items between 1995 and
- 2005

Note:
i For examinations, the student is fre¢ 1o usc any of the above methods at his own discrction but not both.
i The consumer price index (C.P.J) is an example of the Laspeyres™ index

patm g = A

——
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. VALUE INDEX )
A valuc index measures changes in both the price and quantitics involved. A value index, such as the
index of department store sclls, needs the original basc year prices, the original base year quantities, the
present year prices and the present year quantitics for its construction. It is given by;
. 2Py :
Value index =§}’ L% 100

ofla

Example 1
The prices and quantitics sold at Walesk 2000 and May 2005

are given in the table below.

a Department Store for various items for May

Item Pricc 2000 | Quantity sold in | Price 2005 in | Quantity sold
) (dollars) 2000 dollars in 2005
Tics (cach) 10 1000 12 900
Suits {cach) 300 100 400 120
Shocs (pair) 100 500 120 500
What is the value index for May 2005 using May 2000 as the basc period?
Solution
| Jtem P Qo P O Po Qo Pi Q)
Tics (cach) 1) 1000 2 900 10000 10800
Suits (cach) 300 100 400 120 30000 48000
_Slmcs (pair) 100 500 120 500 50000 60000
Yy 90000 118800
Value index :;':_;;:,%j x 100 = —1;)—-1(:?0—002 x 100 = 132
This implics that the sales increased by 32% from May 2000 to May 2005
‘The table below represents the changes in the domestic consum tion of the indicated food items
[ Commodity Unilt Price in shillings Quantity
2009 2010 2009 2010
Matooke kg 180 150 1500 2500
Bread loal 500 700 80 100
Milk litre 400 700 60 60
Vegetables kg 1000 800 45 60
Froits kg 700 600 120 100

e e
2009 s the base year, cajeulate the
(1) Price index for cach load item lor 2010
(ii) - Simple aggregate price index for 2010
The value index for 2010

Using

(iii)
Solution .
A e fndex for matooke = 2 X 100 =
(i) Price index for matooke = Tp = 83.33

1for bread = -:—:-::—: x 100 = 140

N Hie = ?—(!l]- — EN
For milk =555 % ]”2((}] 175
For vepetables T X 100 = 80

: s = .r.'(_,-(z = =
[or fruils = 5 x 100 = 85,71
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. Simple aggregate price index = &P
il ey
(@ 15047004 700+8004 ggp Ln, %100

_ ~ 295
180+500+400+1000370p X 100 = 5‘;£ X100 = 16,2

e liadiod..........2" Ldition

(iii)
'_._-—_H‘___———-q ,‘"l
Item Py T**-‘*ﬁha—.h__
Matooke 180 "‘?Wi;;ﬁoﬁ_.L Po Qo Py Qi
Bread 500 2500 | 270000 375000
Milk 400 80 700 1100 {40000 70000
60 700 |60
tab 24000 42000
chc ables 1000 |6g 800 60 45000 48000
——*h—zmus —m&—"ﬂh_@g“ 100 | 84000 60000
S 463000 595000
Value index =&01% —. 595000 _
Zrge < 100 === 100 = 128,51 :

. ‘ Trial questions
. The average prices formwﬂmhcal were as follows for 1997 and 1998

Item Prices in shillings
1997 1998 G
Bananas 3000 per bunch 5000 per bunch
Milk 700 per litre 800 per litrc
Meat 2500 per kg 2000 per kg

(a) Calculate the price relative
the simple price index

(b) Given that meat, bananas and milk are
the base, calculate the index number fo
[Ans: (a) 120.32 (b) 112.87 ]

2. The cost of making a cake is calculated from the cost of baking flour, sugar, milk and eggs. The
following table gives the cost of these items in 1985 and 1986

s for these commodities for 1998 taking 1997 as the basc year henge

given weights of 2,1 and 3 respectively, taking 1997 a5
r the total costs of the commodities for a lamily in {998

Item Price 1985 Price 1986 Weight
Flour per kg 60 78 12
Sugar per kg 50 40 S

Milk per litre 25 30 2

Egg perepg 10 15 ]

Using 1985 as the base year, . o ’
(i) ° Calcuiate the price index for each item hence find the simple price index ol making a cake
ii ind the weighted aggregate price index for the cost of a cake . o
E::?) ffut]l?e cgs:vzf%nakinggcike in 1986 was shs 30, find the cost in 1985 using the two indices in (i)
and (ii) [Ans: (i) 120 (i1) 117.57 (.iii)26/= ]'
3. The table below represents the weights and index for five items

Item Food Tobacco Housing Transport Medical |
Weight 304 129 331 120 };g
Index 124 126 127 119

i ig i mber for ail items {Ans: 125.12 ] -
De;cm}llgz } :E:::ﬁgl;i;: (sj;z\:: the prices and quantities of some four commoditics A, B, Cand D for

the years 2006 and 2007 '
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ltem Price per unit
2006 2007 2006
A 100 120 36
B 110 100 96
& 50 65 10
) D 80 85 11
Using 2006 as the base year, Calculate
(1) Price index number for 2007
(i)  Simple agpregate price index number
(i)  Weighted price index number
(iv)  Value index number
: [Ans: () 111.79 (i) 108.82 (iii) 107 (iv) 10521 1
5. the ble below shows the prices of fout commodities and their weights in 2006 and 2007
Commodity L Price (U shs) |
2006 2007 Weight
Banana(l bunch) 3000 8000 4
Mecat{1kg) 2500 3000 3
Milk (1 litre) 300 400 1
Sugar (1k 11500 l_lsj_o______Lz_”_
d for 2006, the; -

Taking 2006 as the base year, fin
(a) (i) price relative for cach commodity

(i) simple aggregate price index
(b) Weighted price index for all the commodities [Ans:(a) (ii}

6. The prices per unit ( in U shs) of four food stuffs A, B,C and

2005 are shown in the following table

Food stuff Price (U shs) in December
2004 {2005
A 887.5
B 815
C 1045
D 362 503

‘The weights of the foed stuffs A, B, Cand D are 6,4,
calculate for 2005 the

(a) price relative d swff hence the simple price

for cach foo
X

180.82 (b) 197.37 ]

D _in December 2004 and Decemb

3 and 7 respectively. Taking 2004 as the basc yeah

index

v weighted price ind '
(b) (i)weis hs 500 in Deceniber 2004 using the weighted aggregate index.

if) pric fcosting 8

ii) price of food stuff co

([A)ns: (a) (i) 133.7 (b) (‘I) 133.53 1
7. ‘The price (in shillings) per litre ©

(i) 667.64/= )

{ fuel in months of January and May of a certain year arc £

the table helow. ’ iy
1420

1220

1140 1160

for Ma

index o, .
he quantities and prices for the

tind the simple price
rmS The following rablc shows !

Ccnlrc’

y taking January as the base [Ans: 98.15 ]

years 1998 and 2005 for gam’s st

er

venin
{

udcn{

k e
—_— e a .
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e 99 2005
Price ————
mcn) 90(;: L‘M]—SL%‘Y Price (U shs) Quantity
pencils(dozen) 650 s ;(I)OO 6
}imscrs(cach) 450 B ssg gg
paper (pkg) 890 50 1090 75
Printcr drun! (cach) 6000 30 5000 o
printer cartridges 16000 s 20000 o

Takiﬂgms,thc lmsc' year, caleulate the
Gy Simple price index for 2005
(i)  Weighted price index '
(i) Value index [Ans: (i) 116.4 (i) 109.05 (i) 151.72
9. The table below shows the cost per kg of snm)c ittms cor(nm)only used %_y a certain family
ltcm Sugar | Posho | Salt | Rice Millet
Costperkg ]2200 [2000 [500 {2600 | 3000

(a) ::JS]"Q POdShO as the basc, calculate the price relatives of each item hence determine the cost of
iving index

(b) Comment on the results in (a) above [Ans: (a) 103 (b) increase by 3% ]
10. The table shows the prices of items in uganda shillings and their weights in 2010 and 2013

[tt.ems 2010 2013 Weights
Rice 2400 2800 3
Meat 5000 7000 1
Posho 1200 1600 2
Beans 2000 2500 4

Calculate the aggregate weighted index for the items taking 2010 as the base ycar [Ans:126.55 ]

11. The price relatives for five commodities A, B, C, D and E arc shown in the table below with their
respective weights.

Commodity A B C D E
Price relative | 145 125 130 X 120
Weight 2 3 4 5 ]

Find the value of x if the weighted price index is 127. [Ans: 9] ]
12. The expenses of a house hold ( in thousands of Uganda shillings) for the first month of threc
consecutive years (2000 — 2002 ) were as follows '

{item Year
2000 2001 2002
Food 240 300 320
Fuel 44 50 56
Transport 80 120 120
Others 120 150 160

(i)  Taking 2000 as the base year, find the pricc rclatives for the years2001 and 2002+
(i)  Using the weights of 4, 1,2 and 3 for food, fuel, transport and others respectively, calculate
the weighted aggregate index for 2001 and 2002.

[Ans: (i) 127.63 (i) 13526 ]
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CHAPTER 13: MOVING AVERAGES _

—_—

Many sets of data display trends, which depend upon time of year 0

of the day ctc.
Por cxample. we would expect the sales of umbrellas ag

summer, spring cte.). We would expect some wildly fluctuating grap

A A
/ \

Umb n}uas sold1k

/ \\ ’

4

ainst the seasons of the year (3

\

20 Edition

S

Tl I

r the particular month or even the time

utumn. winter,

h as follows;

.

—

’ Aut 2000 Wan 2000

This is called a time scries graph
i atlempting lo glean meaning(ul
ons. cach of which excrts ils own s
5 i5 10 usc W

ich can occur in

seas casonal influence.
One way of doing thi
large {Tuctuations wh

Examgple 1

Suppose you
(in kg) 32,33,
We can take the averag
denote moving av

have mcasured the W
35. 38, 43,33, 63, 65
e ofcach 3y
crages i.c Miw

J.et M
100
— 32433435 _ 170 = 33.3
1 3 3
_ 33¢35438 1062353
My =73 '
35438+43 _ 116
35+30¢83 10 =387
My =""3 3
_ 3sea3e83 Bl = 447
M4 - 3 3
43453463 _ }_53 =53 0
M¢=—"3 3 ‘
gi63+65 _ 181 ici
s === 60.3 this is
My = ; ( is the last)
[ we are 1o calculate the 4 year/ 4point moving averages
3u+33435038 = 12 = 34
4

M = 4

| | ] | ] |
$pr 2001 Sum 200! Aut 2001 Win 2001 S

information from such graphs, we re

hat are termed moving averages, W
a set of data that varies over time.

pr 2002 Sum 2002
ally need to isolate the different

hich are designed to level out the

cight of a child over an cight-year period and have the following figures

cars period. 'l'l}1ese are 3 year /3 poinl moving averages
ill denote the first, Mz the sccond and so on
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o

_ 33435438443 149
MZ = 2 — T = 37-3
_ 35438443453 4.9
! ﬂ43 = % -‘;“==‘12.3
_ 38443483463 107
n44 = n = ‘;‘ =493
43453463465 5,
o — = oe— ] ;
M, " + =96 (this is the last)

Example 2

A college records the number of

People who sign up for adult education classes each term. The table
shows the numbers from Decemb

- er 2000 to June 2007
Term 2December March | June | December | March | June
000 2001|2001 | 2001 2002 2002
Number of people | 3520 300 380 | 640 540 599
(a) calculate the three point moving averages fo

r the dafa
(iiy use your graph to the three point moving average that will be plotted at june 2002
Solution ;

(@)  The three point moving averages are;
520+300+380 _ 1200
M1 = =

T = 5 =400
300+380+640 1320

M, = 2 = =440
380+640+540 1560

= = =520

M .3 3 . . , . :
S40+500 1680 * '
M, = 54045404500 _ = 560,

3 3

Alternatively, we can decide to calculate the moving averages in a table as below

H Term | Dec | March June , Dec March June
| 2000 | 2001 2001 2001 2002 2002
Number of people 520 [ 300 380 640  ° | 540 599

Moving tolals (M.T) 1200 1320 1560 1680
— g 560 1680
Maving averages(M.A) @ =‘400 i:D =440 IT= 520 —— =560

(b) We always plot the moving averages in the middle of the respective grouping
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(c) (1) The nature of the line 0
people who sign up fo

(i) From the fin

r adult education gencrally increases over the given period
e of best fit, we can estimate the moving average plotted at June to be 610

2™ Edition

f best fit gives us the trend and we can ldem]fy that the number of

Example 3
The table below shows the amounts of Jenny's gas bills from September 2001 to December 2002 in
dollars.

September December | March | June Septembe

2001 2001 sz 200|200 |

28.70 3240 | 29.10 | 7.80 | 3030 35.60

lculate the four point moving averages for the data

aw data and the moving averages
1e trend ol the bills over the given period
Solution
28,70+3240429.1047.00 __ 98
== 24.5

(a) Ca
(b) Graph ther
(c) Comment on 1!

l_..

(@)
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Mz _ 32.40+29.10+7.HO+30 30 99
=030 gy,

29.1o+7.no+‘130 30 - 46 =9
M3 - - -40+38.9p 1061

- + - -0 e wejenen = . - v . ..
Ser | -CPLE [ T AP e
RS PR ARG, oo Ao A=

(¢} Thereisa ge_nzaral increase in Jenny’s gas bills

Example 4 . :

The amount of water used every after 6 months over a period of 4 years is shown in the following table. -
Year 2008 2009 2010 2011
Month Mar | Oct [Mar [Oct Mar jOct | Mar | Oct

Water used (m°) | 36 45 29 |43 38 |45 |52 |46
{a) Calculate the three point moving averages for the data
(b) On the same axis, plot the original data and the moving averages
(¢) (i) comment on the amount of water used in the period

(i1} Using your graph, estimate the amount of water that was used in March 2012 .

Solution o .
10 o T _ 43438445 _ 126 _
(a) M1=35+45+29=3?-=36.7~ C ) "M“""_?TF__T““
3 I .
o 38+45452 135
117 o e _ -
M, = AEACAME <5 = 39 o Mg==—7F—="7"=45
3
' 45+52+46 _ 143
My = 29493438 10 _g67 . 1. Mg=————=—S=477

'w'f'-":.’

4
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(b)
A praph showing}thc amount of water used (in m?) and_the
e o L

£

W/\'I-gll ULE AL m3)

A QK't
. apey R4t Y

reases over the period

aced

(c)(i) the anount of water used generally inc

@iy '
n March 2012 be x

Let the amount i
Moving average plotted at October 2011 =51

52+ 46+X
52+4077 =51

Hence 3
98 + x = 153
x = 55m3
The table below shows the annual production of copper in mill . i
sovs ons of kilograms in a certain country for

the pcriod 1960

(62 |63 |64 65 [*66 [67 |
146 | 172 | 178 {155 | 152 | 130 1574 1%86 1?5?1 :970
35

ct the 5 year moving averages
[1c original data and the moving averages

. 7
duction over the 11 year period

(a) Consltru

(b) On the same axis, plott
t on the trend of pro

) Commen
Solution
yoeriasta72AINE = _ 155t
@) M= . 169.4 Mg = 152+130+154+166 _
5 = 1514




, ) wl 17,4014
Af-{-‘-'-4’-*-f-c-'-“’d..(r.ﬁ’.!{(’.(.&_((gs_{'{!_:j(u;;:,/);((m[;(:{u,r,l,(ig‘,}',,’}.l!.A!Lll’.({!fl!.f..(.'.(fﬂﬂ.(( .............. il

_ 1464172430784 15641159 1IGZV 10 EISALI66II04 oy
My = ——=—ISNE M, = - =153.2
_ 172+]7[j4]554_152+130 l:"“ls"-l’ﬁ(;ll(a’lll:";_ ¢
M,y = - = 1574 M, = : = 1494

= J784155415241304154
Ma = > = 153.8
Aliematively, i you used the table to caleulate the five year moving averages, you would have the
following,

Year 1960 |*61 ['62 ['63 ['64 [65 ['66 ['67 ['6G8 [*69 | 1970
Annual 196 | 146 | |72 178 155 152 130 154 160 164 | 135
production

Moving X | X [847 [803 |787 [769 |[757 [766 |[749 X |X
totals

Moving X X 1694 [160.6 | 157.4 [ 153.8 [ 151.4 [ 1532 | 1498 | X [X
averages
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(b) A graph showi
showing the an :
. - : nual production and the S year moving averages
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(c) The production generally decreascs over the period

Example 6

The table below s

yearly guarters

for the 1986 — 1989 period.

Year

QUARTER

]Sl

ond nd

4I.h

(a

e

1986
1987
1988
1989

19.5
30.5
36.5
45.5

30.0 32.5
370 38.5
44.5 46.6
50.5 52.5

25.0
26.5
35.0
42.5

‘ m In

) Calculate the four point moving averages for the data
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(b) On the same axes, plot the four point moving averages and the original data
(c) (i) comment on the trend of milk production over the period of 4 years- .
(i) Use your graph to estimate the amount of milk that will be plotted in the 1* quarter of 1990.

Solution
@ M= 19.5+3o.o:32.5+zs.o 26,75 M, = 26~5+36-5:’”~5+46'5 = 38.5
M, = 30.0+32.5:25.0+30.5 205 M, = 36.5+44.S:46.5+35.0 = 40.63
M, = 32.s+25.0:30.s+37.o = 3125 My, = 44.S+46.5:35.0+45.5 = 4288
M, = 2s.o+30.5:37.u+3a.5 = 3275 My, = 4s.s+35.0:45.5+50.0 ~ 4425
M, = 305+370+3854265 _ 33.13 My, = 35~°+“5-5:5°'°+52'5 = 45,75
M, = F0¥305+2654365 _ o, o M,y = EEH0US2IHES _ 47,63 .
M, = 3B5+265¢365+445 =365, . S Ce _ . ’

q .
(b} A graph showing the amount of milk and the four point moving averages
- . "T' v - !" ?.:A

ik

SN e L

iz

i
e

"

th it il

CIN

ML K

i CFi

SUNT

A

(c) (i) The production generally increases over the given period

(ii) Let the amount of milk produced in the 1* quarter of 1990 be x
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From the praph, the 14™ moving average, Mi1 = 49.5
_, S004525H4254X _ 40 ¢ ' :

145+ x =198 = x =153

Example 7 .
The table below indicates the quarterly variation in a certa

1950 - 1952. ‘
: Year QUARTER
, ]st 2nd 3rd 4lh
1950 11.0 10.0 10.0 9.4
1951 10.5 9.7 94 9.3
1952 9.9 9.3 9.0 8.0 |

(a) Calculate the quarterly moving averages for the data

(b) On the same axes, plot the four point moving averages and the original data

(c) (i) comment on the trend of the school carnings over the period
(ii) Cstimate the earning that will be recorded in the first quarter ol 1953

Solatian 9.7+94+9.3+9.9 _ 383
(a) M, = LOHIOEHo0sit - 2 = 101 Mg == =~ =958
a 1= = - ‘ 4
4 4
yf, = 100HI00I9AH10S 99 _ 997 = 9.4+9.3:9,9+9.3 - 3:.9 —948
2= 4 4 ’ i
1010494105497 _ 396 _gg My =2 *9'9:“'3*9'0 =373 - 938

— e
Ms = p

4
¢
9'4+10.5+9.7+¢).4 _ -3-? = 9 75 Mo = 92,94 ).3+9.0+ﬂ.l5 = 36.0 - 9'2
M4 = - 4 ‘ 4 4
2r=9

Mg = 4

5

FA 14 o by a9 B3 p‘;bln'ﬂ ru.?i
; it 5}
}. ) in_ I3
ST R EERUS L "1
BB R AT A

2 Edition

in school carnings in millions of shillings from




ddvanced Level Subsidiar
‘ 5m[dm‘}"’M"’-{‘ﬁfﬁafl‘.m. by Kot Fahad .0 20 dition:

A graph show
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: 1950 {q 51 195
(¢) (i) the school’s earnings generally decrease over the period
(i) let the school’s earnings in the first quarter of 1953 be x

The 10" moving average from the graph Mio = 9.1

9.3+9,0+8.6+x -
=91

269 +x=4x91

x =364—-269=95
Therefore, it is estimated that the school’s earnings in the 1% quarter of 1953 would be 9.5 million Ug .shs.

1
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. e Trial questions- = .
The sales (in thousands of shillings) of a computer accessories co

mpanyb for the period 2002 to 2004
are given in the table below. .
Year QUARTER
. I 20 3rd 2

2002° 1235 1242, 1410, 1400 |.
2003 1275 1270 1450 1480
2004 1302 11280 | 1510 1500

(a) Calculate the four point moving averages

(b) On the same axes, plot graphs of the sales and the moving averages against time. Comment on the
general trend of the sales for the three years period

(c) Use your graph to estimate the sales of computer accessories in the first quarter of 2005.

The table below shows the quarterly cost { in 1000's Uganda shillings) of electricity for a house hold

over a period of 3years 1992 —1994

Year QUARTER
» 18 2nd 3rd 4“‘1
1992 68 60 59 65
1993 82 30 80 © (92
1994 94 78. 90 105 .

(a) Calculate the four point moving averages

(b) On the same axes, plot both the raw data and the moving averages

(c) Comment on the trend of electricity over the period of 3 years

The table below shows the electricity supplied (in million kilowatt hours) to a company on a quarterly

basis between 1988 and 1991

Year QUARTER
- - lst znd 3rd 4lh
1988 3.9 7.1 6.7 - 9.3
1989 10.1 7.5 7.1 10.5
1990 11.7 7.5 8.3 16.9
1991 12.5 8.3 9.5 17.7

(a) Calculate the quarterly moving averages
(b) On the same axes, represent the data above and the quarterly moving averages

(c) Comment on the trend of power supply to the company over the four years period
The average prices of a bunch of matooke in cach third of a vear over a period of 32 VCArs are given
3 Ml ¢ =

in Uganda shillings in the table below.

[ Year 1* third 2" third [ 3" third
1998 4500 5000 5200
1999 5500 5700 6000
2000 6200 6500 6800
200! 7000 X

1¢ Lhree point moving averages

¢ graph, plot the raw data and the moving averages
t on the trend of prices of matooke for this period
ate the value of X in the table

(a) Calculate tl
(b) On the sam

(c) (i) commen ‘
(iii) Use your graph o estim

-

|
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5. The table below shows the numbe

rof first grades scored by n candidate class of a cerlain school on

ermly basis for the years 2008 19 20| ]
var [T FIRST GRADES
lerm 2" term [ 3Yterm
2008 7 20 7
2009 76 02 80
2010 96 100 98
2011 102 108 .
(1) Calculate a three point moving averages for the data
(") lzlot the first grades and the 3-point moving averages on the same graph
(i) From the graph , predict the number of first grades x obtained in 3" term of 2011
(iv)  Comment on the trend of performance .
6. The table below shows the number of bags sold by a certain shop, over the period of 12 weeks.. s
Week |1 T2 3 14 [5 [6 [7 -[8 ]9 [10 [J1 [92 ]w. -.
No. of 422|318 [ 349 | 252 | 386 [ 230 | 256 | 141 | 264 | 168 | 272 | 260
bags sold '
(n) Calculate the 3 wecekly moving averages
(b) On the same axcs, show the weekly sales and the 3- weekly moving averages
(¢} Comment on the trend of sales of the bags over the 12 weeks period
7. The table below shows the students’ enrollment in school over a period of 12 years™ '
Year 1992 11993 [ 1994 [ 1995 | 1996 [ 1997 | 1998 | 1999 | 2000 [ 2001 ] 2002 | 2003
students | 700 [ 765 | 810 [ 840 [900 [925 [975 [1034 1059 | 1110 [ 1150 | 1188

(a) Calcuiate the four point moving averages
(b) (i) plot the four point moving averages on the graph -

{ii) Use the graph to predict the students’ enrollment for the year 2004.

8. The table below shows the average school fees per student of a certain school in thousands of Uganda

shillings from 2001 to 2004 -

Yecar School term fees in thousands of Ug shs -
. 1* term _ 2term  3“term

2001 180 200 - 210

2002 190 230 200

2003 240 250, 245

2004 255 270. .
(i Calculate the 3-point moving averages for the data o
(ii)  Plot the term fees and the 3-point moving averages on the same graph
(iii)  From the graph, predict the fees per student for the third term of 2004.

9. The expenditure on school fees (in thousands of pg shs) by a family for three ye

following table.

M
(i)

QUARTER

Year

E 2nd 31 4m
2001 84 64 61 82 ‘
2002 92 70 70 85
2003 100 8l - 81 196

Caleulate the four point moving averages

ars is shown 'in the

Plot the expenditure on fees and the four point moving averagés on the same graph' '
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CHAPTER 14: SCA TTER GRAPHS AND CORRELATION

. rolation betnween two v
[ e refation ariables can more apprt,t.mbly be shown on diagrams or graphs known as

A scatt
scatter graphs. er graph is obtained by representing the scores of onc variable on the vertical axis

and the other corresponding values on the horizontal axis

| Example
Draw a scatter diagram for the following data '.
X P 12 [3 |4]5 T6 7 8 [9 |10

‘;.’ 5 1417 Te 218 [11[to 113112
Solution
A IR

9 - ...._--;_._.. e T e B

[P -

e —

.....

e o Sup I -,'_____I*r:,_.,%_i;.::_:x;.::;.z.:,-___'-~ )

I *x

REGRESSION LINE
When a scatter graph is plotted, a line of best fit can be drawn through the points. This line is called the
regression line. . ©

The regression line passes through | the POlnt (X Y) where ¥=%and¥ = EY

The regression line passes through the above point such that there are equatl number of points both betow

and above the line.
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Example 1

In two different athletics compelltlon Ci and Cs, ten schools

A, B,C,D,EF,G,H, 1, § participated and

2. Edition

their performances in points arc given below. :
Competition | A B C D E F G |H ! ]
Ci sso 1473 50z [S14  |435_ [499 |s07 |S10 560 | 340
Cs 500 1496 1578|608 |524 |s04 | 600 560 1597 |372

(i) Plot the points on a scatter diagram C2 against Ci

(i)  Draw a line of best it through the plotted points on your sca

(iii)  Estimate how many points a schoo
points in the competition Ci

Solution

(i)

| would have scored in compe

tter diagram

tition Cz if it had scored 525
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s _EG_ 58w
‘:‘.:d} ::—-!-o—'-— o = 3625

¢ line eTbest fit passes through the point (5096, 562.5)

{11

T v R——

C.

. Fxample 2

From the graph. the school would have scored 372 points in C= if it had scored 525 points in

The table below shows the marks scored in mathematics and fine art of 10 students in a certain school.

sl - ' i
Mathematics 140 148 179 736 T35 35 [57 [70 [60 40
P AT 159 162 {65 |47 146 139 165 129 |55 |67 _
. @ RaW 2 seaiter diagram and comment on your result ..
o) Plot a line of best fit on vour scatter diagram and estimate the score in fine art if 65 marks .
i were scored by a student in Mathematics . ..
Solution ’
) A scatter diagram showing the scores in fine art against the scores in mathematics
A ; —
° "'I'"_"T._._ g
N _1' :
= t. 4 )
~. il i
o T 7T 7T O o o Tl emieemeins
= = ~ . o _t—=
:'! T iz }w mlmemd - T :'i?:':_f*::‘::"——-
e :
; S e  X.oo g
A B S ot J T o R =t N
R e e
3, | :
= q. SN
e T e T Ty S 3
S I T =T SR , | _:_:_:"—:t—:ﬂ::
S s ac 30 s o0 ; - i
e SLtow W NMeTwiwalce :bi :)L) s 4
. - = Ty _ 533
() X=ZX-40_4gandF=2==535
10 10 10 10

From the graph, a student who scored 65 marks in mathematics would have scored 68 marks in fine art.
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' CORRELATION =

Correlation i , ) . . .
o 'uon.ls a method used to determine the relation between two or mare variables. Correlation
oetlicient is the index used to measure the degree of correlation

Types of carrelation

x. X x b x x. % I x x x x x
- % x ., . E X X ’ . x
G x s . x % ' x X x
:g x §- xx g X x X x
x ° x * *
Ko Xy x
< .. . .g xx . E x x x “ x
. Mass . Tima spent 3t home . Classroom numboer
" This diagram shows a This diagram shows a This diagram shows
positive correlation  ~ negative corralation ne correlation
i _ Interpretation of the magnitude of correlation coefficient
Correlation cocfficient Interpretation
0-0.19 ~Chance correlation
0.2-0.39 1°Slight correlation
0.4-059 - *Maoderate correlation
0.6 -0.29 ‘ ~Substantial correlation *
0.8-1.0 igh correlation

Note: the sign associated with the correlation coefficient will be the one responsible for the type of
coefficient i.c. -0.85 would indicate a high negative corrclation, 0.24 would indicate a slight posilive

correlation and so on.

Rank correlation
lculated using the spearman’s correlation coefficient

The degree of relationship can be ca
( p) as indicated below;

. . _ Gxdz
Spearman’s rank correlation coefficient, p = 1 — T

s the difference between the rankings of a given scores and n is the number of pairs.

Where d i

Examples '
|, Two examiners ¥ and Y cach marked the scripts of 10 candidates who sal a mathematics
ation. The tabie below shows the examiner’s rankings of the candidates

examin
m A B |C 1D |E |F |G |H |1 T
% |5 [3 16 11 14 17 12 L1018 |9
v 6 13 7 42 15 14 11 T J9 g
Solution
[Candidate_| Rx_ d
A 5 l )
B 3 0
C 6 i
D | 1
E 4 |
I_————_——_____...__,__—
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I 7 4 3 9
H 10 10 0 0
I 8 0 el l
Y ? =16

oy bk - 0%16
p=1 il ~ Toonen = 1-0.097 = 0,903

Commentt there is o very high positive correlation between the two examiners X and Y

7 M"he . \ . . . . .
2, The table below shows the marks of cight students in physics and mathematics. Rank the resufts and
{find the value of the rank corrclation. Comment on the result.

Physics (X) 65 (65 |70 |75 |75 [80 [85 |85
[ Mathematies(Y) [ 50 |55 |58 | 55 65 |58 |61 |65

Solution

X Y Rx Ry d=Rx-Ry |d*

65 |s0 75 [8', |05 025

65 55 7.5 6.5 [ !

70 58 6 - 4.5 «1.5 . 2.25

75 55 4,5 ¢ 6.5 -2 4 .

75 65 4.5 1.5 3 9

80 58 3 4.5 -1.5 2.25

85 ol 1.5 3 -1.5 2.25 .

85 65 1.5 1.5 0 0 . —
_ fe=z] T

p=1—SE 6x21 _ A o

Wi - ey -t 025 =.075)

There is a positive substantial correlation between the two subjects

3. Eight students of a certain school participated in the 1989 and 1990 national mathematics contests; *
Their scores were as follows.

Participant | A B C D |E F G H
1989 72 | 60 56 |76 |68 |52 |80 |64
1990 56 |44 60 [74 |66 [38 [68 |52
(2) Calculate the mean scores for the participants each year

(b) Compute a rank correlation coefficient for the performance of the parttcxpants in the l\\o years.
{c) Use the values obtained in (a) and (b) to comment on .
(i) The level of difficulty of the two contests
(ii) Whether the two contests examined had the same mathematic apt:tude

Solution
+804+64 528
(a) For 1989, Mean = 72460456+76+68+52 =528 _ e

8
For 1990, Mean =

8
+74+66+38+68+52 _ 458
$6+44+60 + =358 _ 5795

Mo
I
Gzt
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(b) o
1 Participant | 1989(X) 1990(Y) {Rx |Ry . [d" &
A 7 56 3 5 2 |4
B 60 44 6 7 -1 1
C 56 60 7 4 3 9
D 76 74 2 1 1 !
E 68 66 4 3|1 i
F 52 38 8 g |o 0
G 30 68 1 2 g0
H 64 52 5 6 a4 1
63 d? 6x18 : : yd*=18"
p=1- oD = ~ 6D =1-02143=0.7857 *

) (c) (i) the contest in 1990 was generally harder than that of 1989
(ii) the two contests had the same mathematical aptitude

4. The following table gives marks (X} obtained by 12 students in an examination in statistics at the end
of one term together with the marks (Y) obtained at the end of the following term.

StudentsABCDEFGHIJKL
“Marks(X) [ 53 [ 74 |48 [ 71 |68 |60[47 |72 48 ] 65 | 80 | 40
Marks(Y) [ 41 [ 50 | 44 38 |41 48|45 [57[36[46 [ 50|47

(1) Plot a scatter graph for the above data

(i)  Calculate the rank correlation coefficient for the data

(iii)  What conclusions can one draw from your resuft in (ii) above

(i) A scafter graph showing the mg_ksfomi_nmggd_ems i|'1 statistics exami
- pp—

“—NT

e 8 o e

» I

i

nations
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;o |
; Student | X Y _Pi_ Ry Td=Trohs =

A 53 4] 3 9.5 G 573
E B3 74 |50 |, 25 |3 223
‘ ¢ 48 144 dos g | 225
, D 71 38 4 n 2 15
:' E 66 141 |5  lgs |45 20.25

F 60 (48 |7 4 3 o

o M R U S I A 16
: I 48 |36 95 |12 |.25 6.25
| ) 65 146 |6 |6. |0 0 C
| K 80 50 |1 |25 |-15 2.25 .
E L 40 (47 {12 |5 7 49 L et
; - Fd? = 1605 1] e a0t
; —1.__6¥d* 6X160.5

P = iy = 1~ Tiaasy = 1 - 0.5612 = 0.4388

b (n)  Conclusion: there is a moderate positive correlation bctween:the marks XandY =

1 5. The following table gives the marks obtained in calculus, physics and statistics by seven students;
' Calculus |72 |50 60 55 35 43 |82
‘ Physics 61 55 70 50 30 50 |73
Statistics | 50 | 40 62 |70 40 40 |60

Draw scatter diagrams and determine the rank correlation coefficients between the performances of the
students in :

(i) Calculus and Physics
(1) Calculus and statistics
Give interpretations to your results

e

=
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a student who scores 65 in

60

40 [48 |59

70 | 38

he first rank and so on

ogsf and geography by 10 students

32 |71

6]
49 |33

60
he score obtained in biology by

of best fit

36 |43

n

63 |43
41

»s rank correlation cocfficient and comment on your result

Solution

51
atter graph showing the mar

Calculus and statistics
Geography(Y) | 61
Assuming that the highest mark represents 1

Biolopy (X)

A.c.iv.qazg.rzgi..lfgy.e.l..&.{lz;.r'.ciiqbz.Mg!jzgnz.c.z!fgf,-.baz.Kmaumg.liahgd;:

geography
(c) Calculate Lhe spearman

(i)

There is-a high' positive correlation
There is a substantial positive correlatio
6. The table below represents the scores obtained in biol
(a) Construct a scatter diagram and line
(b) Use your linc of best fit to estimale t
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Jan's ronk correlation coefficient, p = 1 - L2 _ . 6xi10 .
et . nni-1) 10(100-1) PR
=1-2=0333 :
'Ihu-c is a slight posuw(. comlnluon o ey :
Trial questions ' )

The table below shows the marks scored by eight students A, B, C, D, E, F, G, H in three tcsts of
En“lbh during the first term of the school calendar. y
Student A B C D E I G |H : . ‘
TEST1 80 (70 60 |74 65 |65 |48 |58 T ]
TESTII |70 |70 65 |70 (64 |60 |58 S0 '
TEST I |75 80 86 |82 70 [64 |60 |64
(a) Calculate the rank correlation cocfficient for the performance between

(i)  Testland Testll :
(i)  TestIand Testll  [Ans: (a)(i) 0.875 (ii) 0.744 ]
{b) Comment on the relationship of the performance in the three terms
1 The following are final examination scores which 12 students obtained in Psychology, X 'md

-

conomics, Y
Psychologv(X) [35 |56 |65 |78 |49 [8 |22 90 |77 [35 |52 |93

Economics (Y} |57 |72 |63 |76 |53 |100 38 |82 |82 |19 |43 |79 -
()  Draw a scatter diagram for the data Ce
(i) Find the rank corrclation coefficient for the performance of the students. [Ans: 0.874] .. -~

3. The marks obtained in two tests X and Y were as follows o

X 151 162 |64 |47 [54 144 |68 |61 |56 T

Y 45 |54 |58 |46 149 |43 59 [ 56 |33 . -
() Plot a scatter diagram and comment on your graph : 3

M caleulate the rank correlation coefficient. comment on your result  [Ans: 0.97]

% The marks scored by 12 students in an English and mathcmatics examination were

v - ~n
<

English 74 | 52 143 |65 (39 |56 |48 |37 [52 |68 |45 |68 :
Mathematics 146 156 |38 |42 | 48 [ 51 [59 [54 [45 [51 [35 6l '

@ Draw a scatter diagram and comment on the performance of the students in the two subjects. v
(i) " Caloulate the rank correlation coefficient and comment on your resull [Ans: 0.157 ] i
L

%
{

I
¢
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The table below shows the percentage preference of nine most popular holiday destinations as

sampled by a tour company for two years {996 and 1997

Holiday destination F G |S 11 JA |y Jc |H |B
:996 90 180 |78 |78 |50 |40 [30-(20 |10
997 79 190 |80 |60 |60 |35 |50 [60 [22

® Plot a scatter diagram for the data and comment on he corrclation between the figures for the
two years ‘ .

(ii) Calculate the spearman’s rank correlation coefficient and comment on your result.
""" [Ans: 0.813 ]
6. The table below shows the height of each'boy ( X cm) and the distance (Y cm) to which he can throw
the ball. - . ' . .
Boy . |A - |B C - D- |E F G H | J
X (em) 122 |124 133 [138 [144 [156 [ 158 | 16! 164 | 168
Y (cm) 41 28 52 56 29" 34 |59 61 63 .| 67
() Draw a scatter diagram for this data
(i)  Comment on the relationship between the boys’ heights and the distances they throw the ball
., (ili)  Draw a line of best fit. Use the line to estimate the distance the bali can be thrown by a boy of
. - height 175¢cm : »
(iv)  Calculate the rank correlation coefficient between XandY [Ans: 0.818]
7. The marks obtained by 8 students in English (X) and French (Y) are given below;
English (X) 155 42 [37 [59 [38 148 [56 |48

French (Y) |60 48 {41 |63 |35 [39 |51 55
(i) Plot a scatter graph for the performance of the 8 students in the two subjects. Comment on

your graph
(i)  Calculate the rank correlation coefficient of the performance of the students in the two
_ subjects. Comment on your result [Ans: 0.768 ]

8. The marks obtained in physics and chemistry by 10 studeats in end of year cxaminations were;
Chemistry (X)_| 54 58 ] 60 70 65 [71 |68 |73 66
Physics(Y) 57 |61 63 64 . 74 68 170 |73 {75 78
(1) Draw a scalter diagram and comment on it

(i) Calculate the rank correlation coefficient of the performance [Ans: 0.839 ]
9, Three cxaminers X, Y and Z cach marked the scripts of 10 candidates who sat a mathematics
hows the examiners® ranking of the candidates.

examination. The table below s
CANDIDATES
TXAMINERS | A B C D E T G H [ ]
Y 5 3 6 1 4 7 5 3 s N
Z 6 3 7 2 ) 4 1 10 9 g
Calculate the rank correlation cocfficient of rankings between
i Xand Y )
o {Ans: (i)-0.217 (i) 0.515 )

iy Y and Z o .
10. The following ta marks scorcd by 13 students in biology and chemisiry tests.

ble shows the

Chomistry [ 40|30 128 20 |22 |45 |25 [35 [27 [23 [31 [27 |26
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() Drawv a scatter diagram 1 Fepresent the performan
on the relationship betywee

N the performan
(b) Calculate the Spearman’s rank correl

ce of the studcents in the two subjects. Comment
c¢ in biology and chemistry

ation cocfficient between the marks of the two subjects

[Ans: 0.945 ]

udents in their inter-house music competition and
nd of term Mathematics test.

1CS test
[Swdent B_ I D Je IF Tc Tu 11 I
Scorcs!nmuSIC : 270 1276 [232 250 [228 | 182 | 205 | 220 | 150
Scores In mathematics 70

64 172 o8 [52 |55 |50 |48 |61 |40

(2) Represent the performances on the Same scatter graph. Comment on the graph
(b} Caleulate the rank correlation coefficiens between the students’ performance in music competition
and their performance i ¢nd f

of term mathematics. Comment on this result,
12. The table below shows the marks of 10 stude

nts in three papers  [Ans: 0.867 )
Paper | 81 42 155 167 136 T4 Tso 78 130 |67
Paper Il |64 30 |54 |70 Tag 327 [49 54 46 58
Paper Il |59 47 |78

— L8143 [60  [54_ [31 |52 le8 |62~ B
(a) Calculate the rank correlation coefficient between ' bt

~ () Paperland paper || !
h’,(ii) Paper 11 and Paper 111 ‘

< ¥ 3.l Comment on the relationship between the performance in Paper I and the other two papers
il tand I [Ans: (i)0.788 (ii)-0.124 | L
g}l’/lj Elght applicants for a certain job obtained the following marks in aptitude and written tests. *
Applicant A B C D E[F [G H C e
Aptitude test 33 | 45 15 |42 [45 |35 [40 |48 SR
Written test 57 |60 140 [75 [58 48 [54 |eg | ' v -
Calculate the rank correlation coefficient of the applicant's performance in the two tests. Comment on
- your result. [Ans: 0.744 ] . . . -
14. The table below shows the percentage of sand Y in the soil at different depths X(inem) - «+.. -«
! Soil depth(X) 35 165 155|125 [45]75 [20 {90 |51 J60° o
! Percentage of sand |86 [70 [84 (92 | 79 68 196 |58 |86 |77

(a) (i) Plot a scatter diagram for the data. Comment on the relationship between the depth-of the soil
; and the percentage of sand in the soil : : : Co e e
(i) Draw a line of best fit through the points of the scatter diagram. Use it to estimate the
- Percentage of sand in the soil at the depth of 31 cm
- Depth of soil with 54% sand o P .
(b) Calculate the rank correlation coefficient between the percentage of sand in the soil and the depth
of soil. [Ans: -0.948 ] R o ‘ .
15. Given the variables X and Y below -

X 80 75 86 (60 - [75 (92 36
Y 62 58 60 |45 168 [68 [a

50 64 75
48 S0 70
ent on your resuit.

Obtain the rank correlation coefficient between the variables X and Y. Comm
[Ans: 0.715 ]




. 4d}aqzzggd.é;e.ml..&z.t.lz.r.z‘_p_.i.iqnz.Mgzhgm.qzic.s;.by.Kmmmﬂq!m...-.;..........Zfii’..l'?.ditian

16. The table below shows the marks scored by 10 candidates in two subjects x and y
Candidate |[A_ (B |C [D “|E |F |G [H |I |J
o Subjectx |34 [21 [27]28 [29 [32 [39 |24 |32 |36
. Subjecty |52 [46 {50148 [s0 |51 |55 [47 |49 51
(1 .PI9L a scatter diagram for the data. What docs the diagram show?
(i)  Draw a line of best fit and find x when y = 45 -
(i) Calculate a rank correlation coefficient and comment on your results
17. Below are the marks scored by 8 students A, B, C, D, E, F, G and H in statis

[Ans: 0.891 ]
tics and mechanics test in

a given term

Student. A ¢ [B. ». . C. D.. . E = |F._. - G- - |H
Mechanics | 35 40 . - | 60 54 - 63 40 55 72
Statistics | 52 75 - 41 60 gl 31 65 52

mechanics and

(a) (i) Plot a scatter diagram for the data. Comment on the relationship between

statistics performance - .
(ii) Draw a line of best fit through the points of the scatter
in statistics for a student who got 47 in mechanics
(b) Calculate the rank correlation coefficient for the two tests. Comment on your result [Ans: 0.190 ]
18. The table below shows the scores of eight houses in a music competition for bwo consecutive years
A |B |C D E _|(F G H 2
1% year scores | 70 84 |65 [90 75 |70 |76 92

27 year scores | 76 | 80 70 |84 75 |72 |75 |82
€)] Draw a scatter diagram for the data above and.comment on your diagram -
(i1) Calculate a rank correlation coefficient between the 1% and 2™ year scores. Comment on your

diagram. Use your result to estimate the marks

Houses

resulit. [Ans: 0.869 ]
19. The table below shows the scores of nine employees in interview (x) and job performance (y)
x| 57 35 56 |57 Je6 |79 |8l 34 52
66 |51 63 34 47 70 84 84 53

er diagram for the data.
ationship between the interview and job performance

lation coefficient between x and y .

[Ans: 0.642 |
H scored the following points in two events long jump and high

(a) (i) Draw a scalt

(ii) Comment on the rel
(b) () Calculate the rank corre

(ii) Comment on your result
20. Eight athletes A,B,C,D,EF, G and

jump.

B C D |E F |G H
14 12 [10 |8 7 14 1
3 5 |7 7 |9 12
(a) Plot ascallcr diagram for the data a’nd comment on the relationship between the two cvents
(b) Calculate 3 rank correlation cocfficient and comment on the value obtained.

[Ans: -0.964 ]

a—— - A .
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CHAPTER 15: THE
~ 25 THE PROBABILITY THEORY

—— Ar
probability theory is a branch of mathom
The term probability arose from (he £
playing cards etc.

The probability of an event is the measure of the likel; . . ol
clih and it is given on a numerica
scale from 0t 1.The numbers repres ood that it will occur and it is g ‘

. enting probabilities can be written as percentages, fractions or
decimals
» A probability of zero im
’ obabil:
r /\]ff lbablh'ty of one (10 the event is certain to occur.
» All other events have g probability between 0 and |

" The closer the probabll‘ily of an event (o 1, the more likely it is to happen and the closer the probability of
aneventto 0, the less likely it s to happen

We talk about a “fair* coin or a *faip dice meaning that all outcomes are equally likely
For a fair coin, PHY=P(T) =1
The aliernative is that the coin or dice is biased :

_ Sample Space and gencration of the sample space - ’
Sample space (S) is the set of

, all possible outcomes of an experiment. Outcomes are events that can occur
after an experiment,

Each possible outcome is called a sample point

atics concerned witly prediction or uncertainlty.
Ames of chance and gambling i.c. tossing a coin, rolling a dic,

plies that the eveng js impossible
0%) indicates that

TR

Rellingadie; S=(1,2,3, 4,5, 6) _ : : M .
Tossing a coin; S =(H, T) : et e e ey

Note: 1,2,3,4,5,6and H, T are sample points

Generation of the sample space
The ways of generating a sample space include the following;
(i) Table of out comes

(i) Permutations
(iii) Tree diagram

_ Terms used in the set theory
An event is a.subset of a sample space

Intersection of events . . .
Consider A and B as two events of a sample space S, the intersection of these two events is given by An
B ie. containing sample points common to both A and B

Union of events :

This is a set of all sample points in gither A or B or both It is denoted A UB

Complement of an cvent Y .. .
IfAis an event of a sample space S, the complimént of A is given by the set containing all sample points
n § that are not in A It is denoted A '

. e

o m—

Caammm e -
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If A and B are two cvents, the probability that either event A or B or even both occurs is denoted by

P(AUB) o ' e e
P(AUB) =P(A)+P(B)—P(AOB)Y . -

Probability function
The probability function of an event A is denoted by P(A) and is the sum of the pro
points in z?.)(i) P(A)< 1 (ii) P(A)2 0 (iii) P(S) = 1
= 1)
PA) =16
The sum of the probabilities if all outcomes to an €x

babilities of the sample

periment must be 1

Example 1 .
When you toss a coin, wl

" Solution . . .-
When you toss a coin, there are two possibilities that it lands heads or tails up

_ P(heads) + P(tails) =1
But both are equally likely so
P(heads) = P(tails) = 3

Jat is the probability that it lands heads up?

Example 2
The probability that it rains tomomow is % What is the probability that it doenot rain tomorrow?
Solution o = ' B '

Tomorrow it must either rain or not rain so
P(rain) + P(no rain) =1
§+ P(norain) =1

G-

P(norain) =1 -; =

Example 3
Find the probability o
is made

Solution
No. of ways the event can happen =4
Total no. ofpossibi[itje's =12

1
3

Hence probability = 17

f choosing 2 defective pen in a lot of 12 out of which 4 arc defective, if a single draw

Example 4
What is the robability of throwing a number greater than 4 for a die whose .
6? p faces are numbcred from | to
Solution
S= [1,2,3,4,5,6} n(s) =06
A = (5.6} n(A) =2

2 1
p(A)=;=;
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‘ i svith o The ongeapne of 1wo eyents ' )
When deating with prabnbilities for two events, 1t i importnt (o be able to identify all the possible

. W o .
auteomes. We i use 2wy tbles or tree dingrams

Exnunle ]
A sixeslded die nml‘n covare tossed, List all the possible oticomes.
Solntion

e coin ean Tand hends (denoted by (1) or tails (1)
While the die can show 1, 2, L, 5or6
So [or hewds on coin, the possible outcomes are:

o I.[l. H2, 13, 11, 15 and 116
While for tails, they are;

PELCT20T30T4, 15 nod T6

Fiis list can conveniently be summarized in a 2-way table i.c _ L.
Dle ’ ’
|_ 2 ) a3 8 ‘ B

cn M| Mowmoom o ws e - .
LU T - TR PR 1 ; o

Exnmple 2

A coin is tossed twice. List all the possible oulcomes

Solution
You can use a tree diagram to represent this solution
151 toss 2ngd 105 Outcome -
. T OTT
[
- T<
R TH
/T HT
[
T

ol Note that ‘TH’ is not the same as ‘HT’
'E This is an excellent method but it can lead to problems when you have too many branches

Determining prohabilities
When the outcomes of an event are all equally likely, then the probabilities can be found by considering

all the possible outcomes

The probability of an outcome is given by;
B i - number of ways of obtaining outcome

number of possible autcones

vt

Example ‘ _
In a class of 30 children, 16 are girls, 4 wear glasses and 3 are left handed. A child is selected at random

from the class. What is the probability that this child is;
(a) a irl (b) right handed (c) wearing glasses
Solution ‘
(a)In a class, there are 16 girls so

P(girl) = g = 135

(b) Therc are three left handed children and so the other 27 must be right handed so
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P(right handed) = §_; - % ) -
(c) There are 4 children wearing glasses so
P(wears glasses) = 3—"0 = %

Probability of two events ) . )
When two events take place and every outcome is equally likely to happen, the probability of a particular

outcome can be readily found from the formuia '
probability = number of successful outcomes

totat number of outcomes

Example{ oo L S
Two dice arc thrown Logether. Find the probability that the total score is 9
Solution

The table shows all the possible outcomes and totai scores
Second dle

1 1 k| 4 5 6

1 2 3 4 5 6 ?

' 3 4 H & ? 8

shals|e]| 7] s|(®
Fint
de [ aflse|l7] 2[Dw
A ERERERIOCINER
sll2] & |@w]u |

There are 36 possible outcomes and each one is equally likely to occur.

The outcomes that give a total of 9 have been circled and there are 4 such outcomes

Now the probability can be found
P(9) = =

36

I
AN B

Example 2 el .
A spinner which forms part of a children’s game can point to one of the four regions A, B, C or D. What is

the probability that when the two children spin the spinner, it points to (he same letters

Solution .
e e et ]

The table shows all the possible outcomes
Secand child

Aln|c|n
A lGA{ AR | ac | ap

s | sa j@D | Bc o0

n'[';
i
alld o leal cv

2|®
®|g

D DA | DB
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There are 16 possible outcomes. 5
children have been circled. There ar
The probability that both have (he ¢

chis tqually likely to occur. The outcomes that are the same for the
€ 4 outcomes of this type

ame letter will pe given by;

P(same letter) = 4

1
16~ 4

. Interaction with the sel theory .
The following results can be deduced from the set theory -

Result | Result 2

For any two events A and B: onts A and B:

P(A)=P(A NB)+P(A 0 BY) For any two events A and B;
A .

P(B) = P(A N B)+ P(A’ n B)

'
& .
A
. e shee et .
., PR TR e e ThE e M
TR i, PR .

Result 4 _
P(B')=P(A NB')+P(A’ n B')
AU Aag

Result 3
PAY=PA NB)+PA A BY) -

LT

/)
L/ 177777 / ///

Result 5 L e e e e g e
P(A UB) =P(A)+ P(B)~P(ANB) | L v na e tasen
_,8-*--'*—-‘ — --@‘_‘ K
aqAOD
\._‘._;_ J,‘,\-f.':; o ) T L ORI -\tv.i,
Result 6 o N

For any two events; (i) P(A'UB)' =P(A’n B’)
. (i)P(A’UB)=P(ANB)" ‘
The contingency table = .

The alternative way of recalling the first four results is by using the co'n'tingency table - '
! P(A) P(A’)
P(BY |P(ANB)* [P(A'nB)
PBY | P(ANB’) |P(A’NBY)
P(AY+P(A)=1 and P(B)+P(B)=I

Examples

44444
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1. Events A and B are such that P(A) =— P(B) == and P(AUB)==. Find P(AN B).
P(AUB) = P(A)+P(B) P(ANB)

= P(A N B) = P(4) + P(B)~ P(AUB)
) 4 _ 7 .
o . 30. 5 & 30

2. The probability that a student passes mdthematics is Z and the probability that he passes physics is
5 lithe probabllnty that he passes at least one of them IS 2 ,-find the probability that he passes

both papers.
Solution
Let M denote event passing mathematics and P denote passing physics
P =% - P(PY=5 . P(MUP) =%
P(MUP)=P(M)+P(P)-P(MAOP)
= P(MNP)=P(M)+P{P)—PMUP)

4 14
=_+__...=——
5 4S

il
ed from a universal set of 20 elements. Sets A and B are subsets of

3. One element is randomly seiect
the universal set and n(A)=15,n(B) = 10 and n{ AN B) = 7. If P(A} is the probability of the

selected element belonging to Set A, find
@  P(A) (i) PANB) (i) PA) () PAUB) . ]
Solution -

Using the vehnbdiagram, we can find the required probabilities ‘

(iv)

N |-

two events such that P(A) =% P(B)=> and P(An B)=1 find
8 k]

4. 1fAand Barc
@ P(AUB) MPEAY B)

Salation

Mecthod 1
) p(AUB) =
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) PAVBY =1-paypy=q_s_3
3} 8
Method II

@ B
L0y
w i
@ PAUB) =141 3 s
8 g8 a
(b) P(AUB)':%

3. Inaciass of 100 students, 70 offer economics while 50 students offer mathematics. Each student - - -

offers at least one of the subjects. Determine the probability for the number of students who-offer
both subjects,

- Solution
Let the number of students who offer both subjects be x

70—x+x+50-x =100
120 —x = 100
=>x=20 4

Thus P(En i) =2 =02

6. Two dice are thrown, what is the probability of scoring a double or a sum greater than 87
Solution ..
A table of outcomes can be used to generate the sample space.

First die
LU|L2(13114 (15|16 Table of sums
2122123124 25126 | . 2 |314 |5 |6 [7 >
Seconddie [3.1132[3334 (35|36 3 g ‘;‘ g ; g
4114243144 (45|46 5 06l7 18 |9 |10
51(3.2(53(54 5556 e 17ds |9 el
. 6116263104 16566 | S oL21819 Jwfn 1z |

From the table of sums we can sec that the total number of outcomes is 36
Let event A denote scoring a double
A={(11)(2,2) (33) (44) (55) (6:6)}
nA)=6 =PA)=<

g
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Let event B denote scoring a sum greater than 8
B =1{9.9,9,9,10,10,10,11,11, 12}

n(B) =10 = P(B) =2
AnB={(10,12}=>n(AnB) =2 thus P(A N B) ==
P(Aor B) = P(AU B) = P(A) + P(B) — P(AN B) s

6,10 2 _ 14 _ 7

— i

36 36 36 36 18

Mutually exclusive events .

If two events AandB have no Sémple points in common i.e. ifANB
same time, then we say (hat A and B are mutually exclusive. P (A 0 B)=10

={ Jor they cannot occur at the

Examples )
1. Given that A and B are mutually exclusive everits

B) (i) P(A’n B
Solution |
(i) For mutuaily exclusive events, P (AN B)y=0
P(A UB) = P(A) + P(B) = P(B) = P(AUB) — P(4)
=09-05=04
P(A' UB)=P(A)+P(B)—P(A'NB)
From the contingency table,
P(A'n B) = P(B)—P(ANB) ,

o - =04-0=04
P(A’):l"P(A)=1—0.5=0.S . ( I;\}_aﬂ’)/,-
Therefore P(A'UB) =0.5+04 - 0.4=05 -
(i)
P(A'N B) = P(AUBY = 1= P(AUB) C
: =1-09=01
2 A and B arc mutually exclusive events such that P(A)= 0.3, P(B) =0.5 . Find

@) PAuB) (@) P(A) (i) P(ATNBY)
(i) P(AnB)Y=0 :
P(AUB)=P(A)+P(B) .
=03+05=08
iy P@AY=1- P(A)=1-03=07
iy PB)=PUANB)+ P(A' N B)
= p(A 0 B)=P(B)- P(ANB)
=05-0=05
From P(A') = P(A'D B+ P(A' 0 B)
ra'n n) = P(A‘) -P(A'NB)=07-05=02
3, Given that A and B are mutually exclusive evenls and that P(A) =§ and P(B) =%. Find (i) P(AY

py (iyPAN By (i P(A'NB')

such that P(A) = 0.5, P(B) = 0.9, find (HPA'U

it
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Golution
0 AV EB) = P(A) + p(3)
=12 %
(ii)

 FromP(A) = P(ANB) + P(An B)

o p(AnB") = P(A) - P(AnB)
=2_pg=2
5 5
(iii)
From P(B) = P(A n BY+PA'n B
P(A'NB')=P(B") - P(An B
ButP(B'y=1-~- PBY=1- % =1

2
= P(A'NB") = §_§=]_10

Independent events
Independent events are events such that the occurrence of onc does not affect/influcnce the occurrence of
the other. If A and B are independent events, then

P(AN B) = P(4) x P(B)

Examples )
I. A dieis rolled twice. If event A is the first throw shows a six and event B is the second will show a
SiX
(a) Are the events A and B independent?
(b) find P(A and B)
Solution .

(a) The events are independent as the number obtained on the first throw does not affect the number
obtained on the second throw

®  PW=: and P@)=3 : e
P(AnB)=P(A) x P(B)

676 36

1

2. Two cvents A and B are independent such that P(B) = 0.6 and P(AU B) = 0.94 . Find

(1) P(A) (i) P(ANB)
Solution .
(i) P(A UB) =P(A)+P(B) - P(A n B)

ButP(4nB) = P(4) x P(B) = 0.6P(4) ..

* Thus0.94 = P(A) + 0.6 — 0.6P(A4)

Py e
r-
v -

‘1

0.94 — 0.6 = P(A) — 0.6P(A)

034=104P(4)

. 0.34

~P(4) = == 0.85
(ii)

P(AN B) = P(A) X P(B)

- e

et
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=085%x0.6 =051

3. Two events A and B are independent cvents such that P(A)=0.40, P(B)= a and P(AU B) = 0.70.
Find (i P (AU B)' (ii) the value of a (iii) P(AnB) (iv) P(An B

Solution . ‘
(i)  P(AUBY =1-P(AUB)
=1-070=03
(y

Fram P(A U B) = P(A) + P(B) ~ P(An B) S
Since A and B are independent, P(A 0 B) = P(A) x-P(B) =040 x a = 0.4a
=0.7=04+a—04a '

0.7 — 0.4 = 0.6a
_ _03_
. 0.6a=03 2a=22=05
(i) | :
" P(AOB)=04a=04x05=02

(iv)  Using the contingency table
P(A)=P(ANB)+P(ANnB")
= P(ANB")=P(A)-P(ANB)
=04-02=02

4. Given that A and B are events such that P(4) = § and P(B) = é .Find

6)) P(AUB) ()P(AnB') (i) P(A'nB") ifAandBare independent events.
Solution .
()  From P(AUB) = P(A) + P(B)— P(AN B)
P(AnB)=PA)xP(B)=zxi=<

S 1S
2 1 2 11
P(AUB) __5+;—E_E

(ii)  from the contingency table
P(A) = P(ANBY+ P(ANB")
= P(ANB)=PA)-P(ANB)
2 2 _

a

=37 15 18
(iii)  from P(BY=P(AnB)+PA NEB")
P(A'NB") = P(B')—P(ANB")
4 B _ 4

Conditional Probability

The conditional probability of an cvent B in relation to an event A is the probahimy that event B oceurs

fier or given that A has already occurred. If A and B
a

is wiven by; |
i noted as P{A/B) 1s given by; |
given B de P(A/B) = f%’:—g)i) provided P(B) % ¢

are events, then the conditiong] prabability of A
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il lel
?:c probability that & regular scheduted plane departs on time is 0.83 and the probability that ar
iime is 0.92. The probability that it departs on time and arrives on time is 0.78. Find the probability that
the plane:

(i) arrives on time given that it departs on time

(i) departs on time given that it arrives on time
| Solution
Let D denote event plane departs on time = P(D) =083
Let A denote event plane arrives on time = P(4) =092

P(AnDY=P(DnA)=0.78

it arrives on

; i p(A/ ) = PtanD) _ 078 _
| 0 PCYp) == = 255 = 04
i) P(D/,) =Py 078 _
(i1) ( /A) P(A) 092 085
Example 2

Events A and B arc such that P(A) = % P(B)= % P(A/B) = % . Find"

() ~PANB) (i) P(B/AD)]

Solution '
O (i) =2
P(ANB)=—P(B) =%x%=§;
(i)  P(B/A" =%

P(AY=1-P(A)=1—;=1

But P(BNA')=P(AnB)=P(B)-P(ANB)
= 7 5

= 12
?\ 8 32 32
Shapg _ 5 2_5

) P(B/A')=-1"/?'Z—2=§XI='1'E

<. Probability tree diagrams ;

P {ree diagrams can be used to obtain the possible outcomes of an experiment when the outcomes are not
necessarily equally likely or generate a sample space.
When using tree diagrams, you always multiply along the branches to determine the probability of
combined events. '

Remember: Branches must add up to 1, ie:
08

%)
w701,

This mustbe 0.2 .
? «— becouse0.8402=1,

- ) This mistbe 0.4 -,
™G because 05 +01+404 .1

The tree diagram can be used to list the possible outcomes.
For example; if a family plans to have three children




The possible outcomes are {BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG)

Now.if a coin is tossed three times

The possible outcomes are (HHH, HHT, HTH, HTT,THH, THT, TTH,TTT}

Examples = ° 7 . o _ , _
1.The probability that Jenny is late for school is 0.3. Find the probability that on two consecutive days

sheis - .. .- .
(a) neverlate  (b)late only once
Solution -
The probability of being lateis 1 -0.3=0.7.
Firstday Seccond day

0.3 late  03x03=009

late
03 }\ potlate 0.3x0.7=021

0. lale  0.7x%03=021
0.7 not lalc/
o* not late 0.7 x 0.7 =049

in each set of branches arc multiplied together to give the probability of that outcom
¢ ¢

The probabi]itics . il
ability that Jenny is never late is given by the bottom st of branclies and has a

(a) The prob
probabilily 0.49
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Aredduesant

ability that she ,
p) The probability she 1s late ra : )
) a probability 0.21 ©¢ 15 given by the two middle sets of branches which both have

so the probability that she is late once is oi
0214021 =gap O DY

5. If the probability that it rains on any d

(a) 1L rains on two consecutive days

U I'z.uns on only one of the two consecutive days
Solution

ay is % , find the probability that

The tree diagram shows all the possible outcomes. The probability of each event can be placed on the
appropriate branch of tree,

The probability of norainis 1 -1 = 4 | T
5 5 SN . ' S e . PRI R
First day Second duy

= lKlBL
5 5 1%
1.4 4

= ;K-s-ng .
4 1 4 .

=) =X == —-
5 5 -

no raif = 1:(1-&

s § 2%

(@)  The probability that it rains on two consecutive days is given by the top set of branches and is =

(b)  There are two outcomes where there is rain on only one of the two days. These are rain —no rain,

with a probability of — and no rain — rain with a probability of -
The probability of rain on only one day is found by adding these two probabilities together;

4 4 8
25+25_25

3. A bag contains 7 ‘discs, 2 of which are red and 5 are green. Two discs are removed at random -
without replacement and their colours are noted. Find the probability that the discs will be; -
(a) both red (b) different colours (¢} the same colour e
Solution - Coma gt
PRR)=4x}=% R

b _-R
' R<
< NG PR.G) =} xi=4
1 _r PGRy=§xi=s
i (
I~G PG.G)=1¢x g ={q”
(a) ' P( bOth red)= 2_11 ”. -';' '. e ,"';:E-'f:"»’.;!.(;‘ Tuet ety e !."_

.

, (b) P(different) = P(R, G) +P(G,R)
5

S 10
=4 —= —
21 21 21

B ear—

e A AT B Miats IO
:
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(¢} P(same) =P(R,R)+P(G,G)
=Ll ¥ _1u

21 21 21

4. The probability that it will be sunny tomorrow is % If it is sunny, the probability that Vivianne
plays tennis is % . If it is not sunny, the probability that she plays tennis is -E Find the probability
that Vivianne plays tennis tomorrow. o 5

Solution -~ : S A
Let S denote event sunny and T denote event Vivianne playing tennis

hd p '

M s T
~s<
. 5 T

5

o PM=PENT)+PE'NT)
=l><i+E 3-=i+.—4..=_8_
3 s s

X
15 15 15

5. A box contains 10 green and 6 white marbles. A marble is chosen at random, its colour noted and
it is not replaced. This is repeated once more. What is the probability that the marbles chosen at
random are of the same colour?

Solution-

w

~

p(marble of the same colour) = P(W1n W2) + P(Gi N Gz)

6 5 10 9 1 3 4
== —+—X—=—+-=_=l
16 1S 16 15 8 8 8 -2

6. The probability of 470" paSSin.g m aths is 0.7. The probability of a person who passed maths,
passing science is 0.8. The probability of a person who has failed maths, passing science is 0.4.
Find the probability of a person;

(a) passing maths and science

(b) failing maths and science
(c) passing one subject and failing the other




v
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Solution
Science

e

07 ass .

< p o7~ Rl — 107202 — 014
.

Rl T pass — (03x04
" 4} — 012
T~

— {03x06) — 018

Maths

(a) P(passing maths and science) = 0.56 S
(b) P(failing maths and science) =0.18

(¢) P(passing one subject and failing the other)
= P(pass math and fail science) + P(fail math and pass science)
=07x02+03x04=014+012=026 "

7. A car driver passes through two sets of traffic lights on his way to work. The lights can either be
red or green. The probability of red at the first lights is 0.6. The probability of red at the second
lights is 0.3. Find the probability that; :

(a) both lights are red
(b) both lights are green
(c) one set of lights is and one is green :
(d) at least one set of lights is red . R
Solution -t
This problem is independent probability i.e. the colour of the second traffic lights is not affected by the

colour of the first set.
fist tnfc ghis Second traffic Iigh's

o T 03 R 04x03=018 - . )

o8 0.7 G 046x07-042
03 R 04x03a012 .

0. :

4 G <

07 G 04x07=028

- Solution

(@) P(R,R)=0.6x03= 0.18

(b) P(G,G)=04X 0.7 = 0.28

(c) Red and green or green and red _ : o
P(R and G) + P (G and R) = 0.6 X 0.7 + 0.4 X 0.3 = 0.42 + 0.12 = 0.54

(d) Red and red or red and green or green and red
P(R and R) + P(Rand G) + P(GandR)=0.18 +0.42+0.12=10.72

Alternatively;
P(at least red) = 1 — P( green and green) =1 -

0.28=0.72"




L st o swyl  (a/wdn GV

(1) AN [EAL

T 1y SIAAL , L
810 = (U VITT0 = (U 1) 20 = () o gons o g it ¥ 510242 O
[ :- iy
" ’ + “«
(/4)d P“!.f'il.l = (4 U 1)d pun f;-_- (V)] TR} A0S SIIAD OM) DI ] pue VI 9
| [ ?l; sty
(g uv)d puy % =W/ a)d pw E = (1) W ONS SIIAD DA ae g pue vV JI S
81 81 0t
[ - () (D %(l!) sy
SANOJOI JUIDJIP JO 2 () I00j0a DUILS Y] JO A (q)  uaardl ¢ Ylogl (").
111& $981p oY) 1oy Axipsquqosd ot put TUaURILIaL MOTRIM U0ISEIIINS |
L WOPUE JE PIAOLUDI DAL SISIP OA\], "MO[1IA £ Pt uda aaw dIYM JO TS8P 6 suqees Feq vy
(L@ L@ suv]  @nv)d@ @und
pu_r_,('% = (g)d puv -i::(v)(] JEL]) 420 SIUDAD opuadapuy o1¢ ¢ pu vV JJ €
[ smp (q) ospeg (v) suy] sjuoAn yudpLdapul alv | put v (Q)
SJUDAD DAISO[OXD A|fEIntU I ¢ pU Y (v)
o5[E] 10 ONI) S| SIUAUDLIS fuimolto)
t z < c h .
31 JO Yor3 JANIYAM ANTIS” § = (gny)dpup —=(gUVId' ;=@ 7= (VPN En z
[ E(q) -i—t(c) :suy] spoag Juapuddopul 1€ g put v j! (g uvd ()
Y 1 _
(€ , .
SJUaA9 FAISTOXD AJjemintu aze g pue v J1 (g NV (&) puy ‘- = (@)dpue == (V)4 It

suonsonb [Bld],

oo
26910 = 502 = (0/4)d

.. 57910 = SET'0+S4200=€0XSY0+500%x 550 =
QU n)d+ (VU d)d =0

O _ (9/4)d,

(ound

TN

- ndwios SuiApnis JU3pnIs JUIAS ) 13f pue JUIpms alui/\j puE JUIPNIS JL1UD,] OUIP o 197]

uonn[os
{R]TWOJ T SI wopues jv

A ——————— b T T o T e W e M W ma e o=

——r—

R TSN SRS iy oY e e

LD Ty o S gy I o guplieythd

UasoYyd JUSPMIS Jaindwos e e Atjiqeqoad ay) st ey 39Induiod Apnis SIUIPNIS S|BLIA) 2y JO 946
pue sjuapnis aew a1 JO %0¢€ I1 %S¢ S AjisnAIUNY o1asayeA JE SJUSpmS 3jewdy jo uoiodoid sy], °g

L 1[53 ;;uz " "PD!{DH j2]1 E?ﬁ'ﬁi’f)’}['?{?j Fofot él[}ﬁw v JDIF” f(?HS’ ]9(15) "]’;5‘8 J ”ﬁ"{'tfj |4




o v A —

—r—— | —————

—— e = -

ey

AT T Yy YT

prse= =

Advanced fevel Subsidiary. Mathematics. By Kot s s B IO

g, Two events A and B are such tIm’P(A) = % P (EA-') = % P (%) = %, where B’ is the cvent B does

not oceur: Find () P(A N B) (i0)P(4  B) (it)P(B) ()P(B/A)-
. . = »a e v 7 .
(Ans: ()75 .(u) o (D (.u).:s‘_ ]
9. A bag contains 4 white balls, 3 biack balis and 1 red ball, Two balls are picked at random in

succession without replacement. Find the probability that
(i)  bothare of the same colour

(i)  atleast one black ball is picked [Ans: (i) 2 (i) 2]
' i 28 14
10. A box contains 7 red balls and 6 biue balls. Two balls are selected at random without replacement.
Find the probability that;

)] they are of the same colour
(i)  atleast onc is blue [Ans: (1) z (ff)lg]
13 26
11. Two boxes P and Q contain white and brown cards. P contains 6 white cards and 4 brown cards. Q
contains 2 white cards and 3 brown cards. A box is selected at random and a card sclected. Find
the probability that;
(1) a brown card selected

(ii) box Q is selected given that the card is white [Ans: (i)% (i) % ]

12. Bag A contains 3 green and 2 red balls. Bag B contains 4 greeri and 3 red balls. If a ball is picked

at random from a bag chosen at random, find the probability that a red ball is (1) picked (ii) not
29

picked [Ans: (i)7—0 (ii)v% ] .
13. Two independent events A and B are such that P(A) = 0.40,P(B) =2, P(AU B)=0.70. Find (i)
P(AU B)' (ii)the value of a (ii)P(AN B) (iv)P(ANB") |
[Ans: ()03 (i) 0.5 (i) 0.2 (iv)0.2 |
i4. Given that A and B are two events such that P(A) = 0.5, P(B) =0.7 and P(A U-B) = 0.8. Find (i)
P(ANnB) (iDP(ANB) [Ans: (0.4 (i) 0.1 ]
15. Two events A and B are independent such that P(A)=0.2 and P(AV B) = 0.8.Tind
@) PB) (i) P(A'UB) [Ans: 03 (i =1 o T
16. In 2 school canteen, the probability that a child has chips with their meal is 0.9 and the probability
that they have baked beans is 0.6. Find the probability thata child; - - C e e e
0] has both chips and beans ) . .- L e
(i) has chips but not beans ’
(iii)  neither chips nor beans  [Ans: (i)0.54 (i) 0.36 (iii) 0.04 | |
17. Paul travels to London on an early train. The probability that he arrives late is ;15. He catches the
train on two consecutive days. .Wih?tt is the probz}_bility that he arrives;
(a) On time on both days (b) on time at léast one day  (c) late on both days
(Ans: (1) (B) 105 ()7
18. When Jackie's phone rings, the probability that the call is for her is%
(a) What is the probability that the call is not for Jackie?
(b) Find the probabilitics that; '
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‘(i) - Both calls are for Jackie (i) only one call is for Jackie (iii) nelthelj call is for Jackje.
- 2 Co1 . in 3 gy 1 :
[Ans: @z ) (1)% (“)E ('“)E )|
19. John has 8 red socks and six white socks all mixed up in his sock drawer. He takes two socks at
random in succession from the drawer without replacement.

(), If the first sock that John takes is red, what is the probability that the second sock will also be
red?

(b) What is the prébability that John will take two socks of the same colour?
[Ans: (a)% (b)-:—i ] .
20. A game contains two tetrahedral dice which have faces numbered | to 4 . The two dice are thrown
and the total scorc is noted. Find the probability;
)] that a score of 3 is obtained
(i) gelting a score greater than 4

(i) which scorc is most likely? [Ans: g G2 i) 5]

21. In a certain city suburb 30% of the residents read New Vision paper only, 35% read both New

" Vision and Monitor, If 10% do not read any paper, find the probability
random reads;

(i) ©  Monitor
(i)  Monitor or New Vision but not both [Ans: (i) 0.6 (ii)0.9 )
22. On aroute 10 school, a bus must pass through twa sets of tra
bus has to stop at a set of lights is 0.6. What is the probabi

.. {}_ . doesnot have to stop at a set of traffic lights?

(i) gets to school without having to stop at a traffic light?
(iii)  stops at both sets of traffic lights?

(iv)  stops at one set of traffic lights? {Ans:
23. On average, Maurice comes to tea on 2 day

that a person picked at

ffic lights. The probability that the
lity that the bus;

(0.4 (i) 0.16 (1) 0.36 (iv) 0.48 ]

soutofevery 5. If comes to teg . the probability that
we have jam tarts is 0.7. If he does not come for tea, the probability th

What is the probability that we have jam tarts for tea tomorrow?
[Ans: 0.52]

24. A die is thrown twice. Find the probability that;
(a) two odd numbers are obtained

(b} the same two numbers arc obtained

at we have jam tarts is 0.4,

(Ans: @) )1
]
25. Given that A and B are mutually exclusive evengs such tha p

(A)=0.4, P(, = 0.7 Find (i}
P(A'n B') (i) P(A’UB)  [Ans: (AU B) = 0.7 Findii

03 (i) 06 ]

——————t
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CHAPTER I6: pgp
Permutations MUT4TIONS AND COMBINATIONS

by K Fahad:, o2 Edition

A permutation is an ordered arrangement of

For example suppose a photographcr must :

row for a photograph. He ean do this jn sixa:anic three girls Anne (A), Banks (B) and Cathqfine (C)ina
ABC, ACB, BAC, BCA, CAB CI[;/:SI le ways

Each arrangement is a possible ermu : , .

altogether. P tation of the girls A, B and C and so there are six permutations

anumber of jtems

Now if there are four different books on a shelf. In |
| we label the books A, B, C and D for cony .
A BCD

10w many ways could they be arranged in order?
enience, writing the arrangement in which A comes first;

ACDB
A BDC ADBC
A C S ST
B D ADCB i.e. 6 arrangements

if we take book B first, there w

. ill be six arrangements as well (try it out); the same applies to book C and
D coming first. Here there is a . o

' total of 24 arrangements of the four books
Alternatively, if we have four boxes into each of which one book can be put
Box | Box 2 Box 3 Box 4
Any one of 4 Any one of 3 | Any onc of 2 No choice
There are four ways of filling the first box and three ways of filling the second since three books are left
after filling the first and so on e S

There are 4 X 3 x 2 ways of filling the first three boxes and for the fourth, it is only are way'since one
book is left I
Altogether, they become 4 X 3 X 2 X 1 = 24 ways o

. 1

v ol {2 N

Example 1
In how many ways can 3 books be arranged in order if 7 different books are available? -
Solution - )
Box | Box 2 Box 3 o -
7 ways 6 ways S ways : >

Here the number of arrangements =7 X 6 X 5 = 210

4 sy o

Example 2 v R o
prizes be awarded in a race if there are 10 competitors? -

Solution 4 s
The 19 prize can be awarded in 10 ways, the 27.in 9 ways and ?h.g third in 8 ways

Total number of ways =10 X 9 X 8 = 720 v_va‘ys -

Factorial notation

. st umbers is called n factorial denoted b
Let n be an integer, then the continued product of the 17 n natural n g acloriz y

n! Itis very important to note that 0!=)l
Hence n! = n(n — 1)(n — 2)(n = 3) e
ie5l=5xax3x2x1, T1=7x6X5X4%3

Xx2x1

rat
- s as e

.
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Thus the number of ways of arranging n unlike objects in a row is given by.n! :
Example 1 - ) ' i
Find the humber of ways of arranging the letters of the word THURSDAY ) .
Solution
THURSDAY has 8 different/unlike letters - o ' ‘ S o
Number of ways of arranging the lctlers = 8! = 40320 ways - :
Example 2 \ .
Now consider the already looked at example in the introduction of this topic, we can se¢ that the four
books can be arranged in4! =4 x 3 x 2 X 1 = 24 ways ‘,
Example 3 )
’ 6l 7l 1
Evaluate (a) e O ‘ ' 1
Solution s
6. EXSXAXIN2XL _ .
(a) 2x41 2x{4x3x2x1) - 1
. . 7! 7XEXEX4X3IXN2XKL ' !
o (b) T a2l T ax3ax2x1x(2x1) _ 105 '
o - Permutations of objects selected from a group 4
7 Suppose we wish to arrange r objects from n unlike objects, we usually say that the number of -
permutations of r objects selected from n unlike objects is "Pr ]
my — M -
P
Example 1 ‘ p § L . S . 3
In how many ways can the lettérs of the word MEASURING be arranged or permuted? :
~ Solution - |
Number of letters = 9. T
So we are arranging 9 letters out of 9 _ <
9D, — a1 _ ‘?_: _ _ . . e SN TITIE I ‘.
Pe oo ol = 9l = 362,880‘.1134_1;.){ I )
Exanple 2
In how many ways can the 1, 2™ and 3" prizes be awarded in a race if there-are 10 competitors? . * :
We are arranging 3 competitors out of 10 thus q
10t 10! ' ) e
py = Qocay = 1 = /20 ways (compare with the method used earlier)
W
Example3” ) e
Find the number of arrangements using any of the three letters of e word CHEMISTRY? :1
Solution y “>
CHEMISTRY has 9 letters so arranging 3 letters out of 9 gives; : ~_L
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o9 _ 9
HErweriab i 504 ways

Ic 4
£xam :
Find {he number of arrangements using four letiers of the word SPHERICAL?

Solution
Sp”[;RICAL has 9 lcltcrs so arranging 4 letters out of 9 gives;
9!

Pa= m == 5, = 3024 ways

Arrangement of n objcets selected from a group with like objects’

jfwe wish to arrange n objects with p like objects, q like objects and r like objects, We cano

follows,
Number of arrangements = 1"1 -,
! T
Example 1
‘Find the number of ways of arranging letters of the word BIOLOGY

_ Solution
BIOLOGY has 7 letters but two letters are the same i.e. 20’s

Number of ways ?2 = 2520

IEmmnlc 2 -

: Find the number of ways of arranging the letters of the word MESSAGE

. Solutign

; MESSAGE has 7 Ietlers wnh ZS sand 2E's

Number of ways = '_Zl = 1260 T _ T

|

i Example 3

- {n how many ways can the letters of thc word MATHEMATICS be arranged in a row" T
Solution o

"MATHEMATICS has 11 letters W1th 2M s, 2A's and 2T's

! Number of ways = 2 = 6652800

Example 4

2. edition .

btain it as

* How many words can be performed from the letters of the word DAUGHTER ) that

(i)  The vowels always come together
(i) The vowcls are never together .
Solution

' (i) The given word contains 8 different letterq ‘When the vowels AUE arc always, they can be

treated as an enlity i.e DGHTR (AUE) .
There are six letters which can be arranged = 6! =720
But the three vowels can also be arranged in 31 =6
Total number of ways =720 X 6 = 4320

g i —— i a
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(i)  The total number of ways of arranging the word DAUGHTER = 8! =40320
. number of ways when the )

(munber of ways when thc) (tom! munbm) B (
vowels are never together of ways vowels are always together
= 40320 — 4320 = 36000

Example S '
Find the number of ways in which the letters of the word SHALLOW can be arranged (2) if the two L s

must not comé together (b) if the two L s must always bc logelhcr

Solution
Lcavmg oul the two L s, the letter SHAOW can be 1rranL.cd |n St Wnys

fSTHTATOTWT

{a) With each of these ways the first L can be inserted in any onc of the places.
When this is done, there are then 5 possible places for the second L not next to the first. Hence the

.+ . total number of arrangements with the two L s separated is 5! X 6 X 5 provided the L s can be
..distinguished. They cannot and so the number of arrangements is
_ = 5t x 15 = 1800 ,
: '(b) 'In this casc ‘také thie two L s (LL) as one object. There are then six places for it in each of the 5!

amngcments of the letters SHAOW Hence the number of arrangements is
* Tex5!=6!=720

Circular arrangements

With circular permutations,’ lt is the relative positions of the items being arranged which is 1mport1nt For

example A B C D E is a different arrangement from EA BC Dinarow,
A B . E A
but. .. is.not a different arrangement from
E C - D B
.. C

0 : oL
When arranging in a circle, we always arrange relative lo one object i.e we fix one objcct and arrange the

remaining objects relative to it.
Therefore the number ofarrangements of n unllke things-in a circle will be (n—1)!
In the cases where clockwise and antmlogkwnse_arrangemcnts are not considered to be different, this

reduces to % -1

Bxamgle
1. Tive girls Vivianne, Pearl, Praise, Sonia and Joan are to be seated at a circular table. In how many

. ways can this be done? «
Solution
If one girl is fixed, 4 girls remain to be arranged
Therefore, number of ways of arranging the five girls = 4! = 24 ways

Wi e 3T

e, vl

RS ot

e
e

N RS

-
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2. Find the number of ways in which ten boys ¢
Solution
One of the boys must be fixed and then we arran
Number of arrangements = 9! = 362880

an be arranged on a table - -

ge the remaining nine

3. Nine beads, all of different colours are to be arranged on a circular wire,

considered to be different if they appear the same when the ring is turned
arrangements are possible?

Solution
- When viewed from one side, these arrangements are on)
and the other is anticlockwise. For example the arrange

Two arrangements are not
over. How many different |

y different in that one is a clockwise arrangement

ment below;
I A B . n A . ’. “s

1 c would appeasr as &

_G Vs . Y , -t -

Fg - . . E Ce e ’d
 If one bead is fixed, there are (9 — 1 Y ways of arranging the remaining beads relative to the fixed one i.e.""
§! ways. But half of these arrangements will appear the same as the other half when the ring is turned

over, because for every clockwise arrangement there is a similar anticlockwise arrangement.
Hence; '

Number of arrangements = -;- (81) = 20160 ways

. LR EL R PR

4. In how many ways can five people, Smith, James, Clark, Brown and White be.arran
circular table if

{a) Smith must sit next to brown - . SRR

R L1
T

gedaround a - e

. -
« »,

. Naes

: \ A\

{b} Smith must not sit next to brown - .. x

Solution AR

(a) Since Smith and Brown must sit next to each other, Consider these two bonded logetherasone
person. . R P VIV 0 v eeny
There are now 4 people to sit o . T
Fixing one of them, the remaining 3 can be sited in 3 X 2 x 1 = 6 ways relative to the one that ™ )
was {ixed.

In each of these arrangements, Brown and smith are seated together in a particular w
Brown and smith could now change their seats giving another 6 ways of arranging
‘Total number of arrangements = 2 X 6 = 12 ways

ay. ‘
the § people

(b) If Smith is not (o sit next to brown, then this situation is mulua!ly exclusive with situation in (a)
above | .
H number of ways when S'mfth) - (forﬂf number) _ (nun.xber.af ways in Wl‘uch)
e ( d ¢t sit next to Brown of ways Smith sits next to Brown
esno ) e st T
Tora) 0 . s of 5 people on a circular table = (5= 1)1 = 41 = 24
Al number of arrangements of 5§ e 12
“Quired ny {arrangements =24 — 1&= . .
Us the nu:::rr:f armn;emcnls in which Smith does not sit next to Brown is 12
4
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COMBINATIONS . ] ‘
ng a group of objcets from & given sct of objects e.g. an 4
[n making 8 sclection from a number o

pCM, MEG, clc. _ _
ant, not the order in which the items are selecteq

A combination is the number of ways of selccti
Level subject combinations such as HEG, PCB,
items, only the contents of the group selected arc import
i ¢ GEH. GHE, HGE. EGH, EHG arc all the same as HEG o .
X X ) ' . i ven by "Cr also wri
The number of possible combinations of n different objects, taken r ata Lime, 15 given by " @150 Written

n
as (r) where
. n = n! |
Cr (n=r)ir! .
Examplcs . T ?
How many selections of 6 letters can be made from the 9 letters A, B,C,D,E;F, G, H, 17
, Solution ) i

The number of selections is "Crwhere r is thé number of things selectcd from a group ol n

Hence forthiscasen=9 and r=6 - B '

9 - 9 _ _9I_ -
Cs = Grope — 38t
de from the 9 letters

There are 84.sclections of 6 letters which can be ma

2. In how ma;niy' ways can 4 boys be chosen from 67

Solution”
The' fselections = Cy =+ 6! 6! _
1e number of sclections =l = o =

IR TS S

37'A ' committee of 2 men and 3 Women is to be chosen from 5 men and 4 women. How many different
committees can be formed? . o
. Solution " T
The two men can be selected in °C2 = 10 ways
The three women can be chosen in “Cs = 4 ways :
The possible committees are 10 X 4 = 40

Note: 10 is multiplied by 4 since the choice of the men and the choice of the women are independent

operations. N

A s

4.How many different committees, each gonsisting of 3 boys and 2 girls can be chosen from 7 boys and

2 girls?
Solution ,
Number of ways of choosing 3 boys from 7=7C3 =35
Number of ways of choosing 2 girls from 5 =°C2 = 10
Number of committees which can be chosen = 35 X 10 = 350

5.A group consists of 4 boys and 7 girls. In how many ways can a team of five be selected if it is 10

i

contain .- .. o . .
(a)noboys  (b) 2 boysand 3 girls (c) at least 3 boys ?

.+ - Solution ..

R
e

b
] ¥
K

-

B

Hawd

ot Lk
L', 2

- - e e )
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{a} No boys are selected, so the t

cam is chosen from the 7 girls
number of ways of choosing §

girls from 7 =7C;5 = 9

(b) 2 boys can be chosen fron 4inC; =
3 girls can be chosen from 7 in 'C3 =
Number of teams = 6 x 35 210

6 ways
35 ways

(¢} Ifthe team is to have at least 3 boys, then there m
Number of teams with 3 boys and 2 girls = *yx 7C, =84
Number of teams with 4 bo

ysand I girl= 4, x "t =7
These are mutually exclusive cvents,

S0 number of teams with at least 3 boys = 84 + 7=9]

-, beoeTrn el

" . . . S ,’.} . vt
0. A group consists of 6 men and s women. If a committee of five members is 1o be formed;'in how
- Many ways can this be done if it must contain ‘ .

(a) At least one woman

(b) not more than three men ? , Do
Solution
(a) If the committee is to have at least one wom
With 1 woman and 4 men, number of ways = 5C, x 8C, =75 s !
With 2 women and 3 men, number of ways = 3, x 8Cy =200 SO T ;
and 2 men, number of ways = C3 X 6C, = 150

Lnz, s t

an, then it can have [, 2, 3,4.0r S.women. ., e,

e 4

With 3 women

With 4 women and | man, number of ways = Cy x 8¢, = 30 e e s
With 5 women and no man, number of ways =  5¢¢ x bCy =1 S
Total number of ways =75 + 200 + 150 + 30 + | =45 ways .

(b} If the commiittee is not 1o have more than 3 men, then it can have 3,2 1or

T e ‘_‘-".'__o‘e'o Coap
110 man )
. e S e
With 3 men and 2 women, number of ways = 03 x C; =200

L R L

R I '
= 6 S5¢ P
With 2 men and 3 women, number of ways = G X q11‘3 =150 el i i
-_— 6 wl = v . r
With | man and 4 women, number of ways = El X 5‘4 30 PR |
With no man and § women, number of ways = CoX (=1 |
Totat number of ways = 200 + 150 + 30 + | = 38| b '
. . N 3
Trial questions ) .
1. Evaluate without using a calculator " S
n 9! o oixdt Ans: (ﬂ) 56 (b) 1008 (c 4 ) Ce
[Il) 6t (b) 5?5', (‘«) PT, l

2n} nuny ways can a group of ten children be arranged in a line? [Ans: 101
. lO\\’lI sy v . N MY Wlere ol v [y
3.Find the number of permutations of two dilTerent letters taken from the l¢
Ans: 30 el when (e -
| I"l[ . mi ways van six books be arranged on a shetf when (he books
TUVhow many ways can sis
o gy K] y ISIEO(}]
different books? — [Ans: isting of five different letters. cnm ho
Sy ade words cach consisting of five different letters, can be
HOW many coade ) "
. . 6720
CD.EF,Gand 117 [Auns: 6720 ]

lers A, B, C, D, E, F

are selected from ten

formed from (e letters A, B,
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s of the word MEDJAN be arranged? [Ans: 720]

layers can be chosen from 10 girls? [ Ans: 120] |
articular class. If five students are under consideration

o be promoted be chosen? [Ans: 10]
) agazincs from the § newspapers and g
how many ways can she make her selection?  [Ans: 2016
ions of 3 letters from the word METHOD
[Ans: 20]
ays can a team of four be chosen, if it
ast two boys?  [Ans: (@) 5 (b) 85

6.In how m;'n‘ny.wéy's can the letter
7.How many different tcams of 7p
8 Three students are to be promoted from a p

for promation, in how many Ways can the group
9.A librarian has to make a sclection of 5 newspapers and 7m

magazines which are available. In
10. Find the number of different sclect

11. A group consists of 5 boys and 8 girls. In how many W

~ contains () no girls ~ (b) not more than one girl (c)atle
(c)365 ] . .
12. Tn how rmany ways can a committee of five people be selec
contain (a) 3 men and 2 women (b) 3 women and 2 men
) 21 () 231 ) .
13. In how many ways can a committee of 7 people be selected fro
. committee must have at least 4 women on it? [Ans: 100] . . .
14.°A group consists of 5 boys and 8 girls. In how many ways can a team of five be chosen if it is to
:fggtailt}‘_(z}) no irls (b)no boys (c) at least one boy ? 5
) ST T A (@)1 (b) 56 (91231 ] o
15. A tennis club has to select two mixed doublc pairs from a given group of 5 men and 4 women. In
how many ways can this be done? [Ans: 120 ] _ _ L
16. A circular ring has ten different beads. In how many ways can the beads be arranged along the
ring?  [Ans: 181440 ) ‘ . .
17. Find the number of arrangements of the letters of the word COMMITTEE
(Ans: 60480) ' '
18. A combination of five vehicles is to be chosen from six saloon cars and seven vans. If at least g
three saloon cars must be cho:s'e:n. In how many ways can the combination be done?
[Ans: 531 1 T '
19. Determine the number of different arrangements of the letters in the word ARRANGE?
[Ans: 1260 ] R
20. In how many different ways can the letters of the word REVERSES be arranged? /
[Ans: 1680 ] S : :
21. There are 6 women and 4 men wedding preparation meeting. 5 people are chosen at random to
constitute an ushcring committee. Find the number of committees that can be formed containing
at least two women. . lAns: 246 ]
22.A com‘mittec of five pf:cple is to be selected from 7 wotnen and 4 men. In how many ways can the
committee be chosen if there has to be at least a man on the committee?
[Ans: 441 ] - b
93. Evaluate the following with out using a calculator
Q) 7Cy (D) TPy . . *
[Ans: ()35 (ii)840 )
24. How many possible committees of 5 members can be formed from 6 boys and 5 girls, if there
must be at [east a boy and a girl on each committee formed [Ans: 455 )

ted from 7 men and 3 women if it must
(c)at least | woman? [Ans: (a) 105

m 4d'menand 6 women if the
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cHAPTER 17: RANDOM AND CONTINUOUS VARIABLES __
m‘)m an.cxlpcrlmcm, variables arc used (o describe the event. A variable in this case can be "
gefined as 2 Chﬂm'ﬂc"ﬂ.‘c that can assume different values. Letters of the alphabet such as X, Y, or Zcan
be ysed 10 represent va'rmblcs. Since the variables are assacialed with probability, they are called random
Jariables. Random variables may be cither discretc or continuous. A discrete random variable is the

variable that has values that can be counted while a continuous is onc that has uncountable domain.

o DISCRETE RANDOM VARIABLES
when a variable is discrete, it is possible to specify or describe all its possible numerical values, for
eXﬂmple: '

» The number of females in a group of four students; the possible values are 0, 1,2, 3, 4
» The number of heads obtained when a coin is thrown two times; the possible values are 0,1, ?
» The number of boys possible if a family plans to have three children is 0, 1; 2,3, 0r 4."‘ L

MY

i

— nohe atpliel 4 Paee I

Consider this situation: ' ] .
By mistake, three faulty fuses are put into a box containing two good fuses are put into é%gii'ébﬁféi?iiqg
wo good fuses. The faulty and good fuses become mixed up making a total of fivé fusesand
indistinguishable by sight. You choose to take two fuses from the box. What is the probability that you
take . ‘ ' K ‘
(2) No faulty fuses
(b) One faulty fuse

(¢) Two faulty fuses ? ) a .- - i
Solution . . . o . . s ..,‘ . 1
It is possible to show the outcomes and probabilities on a tree diagram = "“ *_ ..
Let event F denote faulty fuse and F * denote not faulty N ‘_k_:,m_' t,,.i \,
' . Probability o Outcome il
£ P R=3x3=03" 2 fauleyfuses T LTI T
- T vos IR : e gt
P RXIPTICTIIN L SPRVE TE PR

. 1 faulty fuse

v 3 r~ T
YT e N v o

P P(F,F)=3xi=
PR, F)=%x3}= 1 faulry fuse

;- y ’ F HANCD T TS SR
/ , P A ' T O R TR S L A
. .. - B T T S
\ , C e ixl=0.1 ' Of Ity [ R
. r P(F'..I'):'ix A= L AT .al.!.rt¥ uS(':S

il B

R

.one

() P( no faulty fuses)= 0.1 o
(b) P( one faulty fuse) =03 +0.3= 0.6 .

(¢) P(two faulty fuses ) =0.3 .- e
The variable being considered here is “the number of faulty fuses” and is denoted by X

The values that X can take arc 0, 1 or2 ' -
The probability that there are no faulty fuses, 1.c. the probability that the variable X takes on the value 0,

¢an be wrilten as P(X=0), so p(x =0)=0.l

i . . -




" variable X takes the valuex

| s b Fahiadsinio 2 Fdit
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)=0.3

(ly denoted by h NG
yr etc. ), so that P(X = x ) means “the probability thy g,

Similarly P(X =1) = 0.6 and P(X'= 2
When defining variables, the variable is usia
value that variable takes by a small letter (%, Y »

e i able below
The probability distribution for x can be summarized in the table

X 0 || 2 j
T px=x)  Joa los |03

1f the sum of the probabilitics is I, the variable is said to be random
In this example; P(X = 0) + P(X = 1)+ PX =2) = 01+ 06+ F).3 =1
So X is a discrete random variable. -
For a discretc random variable, the sum of the probabilitics is 1,
ic. NanxPX =x) =1
also P(X = x) 2 0 for all values of x - .
The function responsible for allocating probabilities, (X = x)is known as the pr.obablllty. densr'ty
function of X, sometimes abbreviated as p.d.f of X. The probability density function can cither list the
probabilitics individually or summarize them in a formula

Examples
1. The discrete random variable X has the following probability distribution
X 1 2 3 4 5
PX=x) |02 [025 [04 a . 005

(a) Find the value of a -
(b) Find (i) IS X <3) (i) P(X>2) {iii) P2 <X <5) (iv) the mode
Solution . o
(a) Using the property oy P(X =x) =1 o
0.2+0.25+ 0.4 +a+0.05 =1

09+a=1

a=01 . : :
® (@) PASX<)=PX=1+P(X=2)+P(X=3) -

=0.2+025+0.4=0.85
(i) PX>2)=PX=3)+P(X=4)%P(X =5)
=04+a+0.05=04+0,1+0.05=0.55

[ .
1 . .

(iiy PR<X<5)=PX=3)+PX=4)
=04+a=04+0.1=05
(iv)  The mode is the value of x with the highest probability. The highest probability in this
case is 0.4 hence the mode is 3
2. The p.d.fof a discrete random variable X is given by P(X = x) = kx? for x =
#zthat k is-a constant, find the value of k. - ST X
Solution .
By drawing the table, it would help us write out the probability distribution of X
X 0 ] 2 |3 |4
PX=x) |0 k 4k | 9k | 16k

0,1,2, 3,4. Given

a capital letter (X, Y, R, ctc. Yand a Particyyy,
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Since X is a disercte random. variable, Zﬂ,,xp(x =x)=1 “y
S0 0+ k + 4k + 9) 4 16k
30k = Ishkh=2

30

3. Suppose that a coin is tossed twice so that the sample space S = {HH, HT, TH, TT}. If X

represents the number of heads that come up, find the probability function corresponding to the
random variable X

Solution

-1- 1
» P(HT) = ;- (TH)=1,p(TT) = 2

P(X = 0) =P(TT) =
PX=1)= (1) + P(TH) Ly
PX=2)=p(HH) = |

The probability function lSthIS given in the table below S e
X 0 1 2

P(X = x) l i . . ,': .

P(HH) =

&

1
2

Expectation of X, E(X) L

E(X) is read as ‘E of X’ and it Bives an average or typical value of X, known as the expectcd value or:
expectation of X, This is comparable with the mean in descriptive statistics. '

The expectation of X (expected value or mean), written as E(X) is given by;
E(X) = SanxxP(X =) P

pronounced ‘mew’ is often used for the expectation, where y = E(X) - .«

!

oo
CIE T

The symbol g,
Examples Co-

1. A random variable X has the followirig probability distribution
X -2 -1 0 ] 2

PX=x) (03 -[o1 [015 [04 005
Find the expectation E(X)

. T

Solution
X 2 |1 To 1 2 ' .o
P(X=x) |03 0.1 0.15 0.4 0.05 o Tt
xP(X — x) -0 6 '0 I 0 * - 0.4 0.] t, ' L R S0

.....

atl x
—-06+-01+0+04+01=-02 N

7 X is the number of heads obtamed whcn two coins are
Solution

P(HH)=-, P(HT)—- (TH)—- P(TT) =
PX=0)=P(T)=-

tossed.'-f‘inq the expected number of heads.

<-:~IH




f P =1)=HT)+PTH)=2+1=3
PU=2)=pn) =1 '
x 0 i 2
PX=n | 1 1 :
4 2 4
xPX=x) |0 1 l
. -
EX)=0+3+1=1 ‘
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3. X is the random vmable ‘the number of l:kcly boys Obt‘““"'d, for the family that plans to have
three children, Find E(X)

Solution ) .
The possible outcomes are {BBB, BBG, BGB, BGG,GBB, GBG, GGB, GGG}
X 0 | 2 3
P(X =x) R TN T 1
: ‘ vy § i § 8
xXP(X=x) [0° 3 x 6 3
) S 3 8
E(X) -+ 43 =?2-=.1,5.
 ILIECR

4. Two fair'tetrahedral dice whose faces are numbered 1, 2, 3 and 4 are thrown at the same time. The
score is the sum of the numbers which show up on the faces of the dice.

() Construct a probability distribution table for the scores
(ii) Calculate the expected score for the throw
Solution
Table of outcomes : table for sum .
5 diez . f2 3 4 5
ie 1 1 2 3 4
1 LT | L2 (1,3 |1,4 3 ; 2 g
2 2,1 12,2 12,3 {2,4-
3 3,1 (3,2 (3,3 [3,4° -6 7 8
4 4,1 14,2 14,3 |4,4 o
Let X be the random variable sum of the scores
The p.d.f of X is as shown in the table below;
X 2 3 4 5 6 7 8
Px=x)| L [ 2|3 4 | 3| 2z [1
16 1161161 16 | 16 1 16 |18
(i)
x 2 3 4 5 6 7 8 Y
P(X =x) i _2_ _1_ 1
16 16 16
xP(X = x) 18 14 8 |
16 1 16 |

80
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| Varia
nee of X
o random variable , with E(X) = it the WrnVnr X

cc of X writlen as Var (X) = E(x — ~ u)?
\,cly var (X) = E(X - p)?
=E(X% - 2ux + 1#?)
= E(X*) — 2uE(X) + E(u?)
= E(X?) — 2% + 2
= E(X’-) ~ 1% [ Thisf
ormat i
s = B and 42 B s easier to work with)
Thercfore Yaf X) - EX®) - [EQOR  where E(X?) = Yai e X2P(X = %)
yar (X) is sometimes wrilten as the square of the standard deviation i.e o2
Thus standard deviation of X, ¢ = \/Var(X)

.
T, . i

nee is defined as follows;

mm'-'ﬁ
. The random variable X has a probability distribution as shown in the table

X | 2 3 4 5 -

P(X=x) |[0.] 03 |02 103 0.1 -

 Find @EX) MEX?)  (c) Var(X) (d) the standard deviation of X, .. s

Solution

x 1 2 |3 4 5
P(X=x) |0. 03 (02 [03 [0l
xP(X =x) |0.1 06 (06 [12 105
- x2 i 4 |9 16 |25
x2P(X =x) | 0.1 12 11.8 148 |25
(a)E(X)—01+06+06+12+05 3 ‘

) E(X3)=01+12+ 1.8+ 4.8 +2.5 =104

(©)  Var(X)=EXH)- [ECO) | _
—~104-32=104-9=14 ' - ,

(d) st'lndard deviation of X, ¢ = yVar(X) = =J12=118(24d. p)

om varlabIeX has p.d.fP(X = x) forx =1,2,3 "

. The discreté rand
: 1 1 2 3

x
FiX=x 102 03 . |05 o
Find (a) EQX) (b) E(X?) (c) Var (X)-.(d) the standard deviation of X o
Solution - ) 1 . > 3..‘ - ) . .
— = |02 03 . [05 T
’M) 0.2 0.6 1.5
x2 1 4 9
: —Fp(X=x) 02 [12 45
(o () = 02+06+15=23
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\ ' =59
(b) E(X?)=02+12+ 4.5
() Var(X)= £x?) - [EQOP )
=59-(23)=59~ 529 =

(d)- standard deviation of X, 0 = JVar(X) =

1. A'rdndom variable X has the probability distriblll:)" as ;hown ¥
X | 2 3 '

Po=a o1 103 la__[02 [00 <4
Find (a) the v(aluc of)a (b) PX=24) (c)P(X < 1 - PREX = )
TAns: (a) 0.35 (b) 0.25 (c) O (d) 0.65 ] _

2. The probability distribution of a random variable X 1s a

) x 1 2 3 |4 )
, P(X=x) |01 |03 |y [02 |0l
Find (a) the value of y (b) E(X) [Ans: (2) 0.3 (b) 29 ]
3. Find the expected number of heads when two fair coins are tossed [Ans: 1]

0.61
/61 =0781(3d.p)

the table

s shown in the table below

4. The discrete random variable X has p.d.f ; P(X=0)=0.05, P(X=1)= 0.45, P(X=2) =

E(X) (b) ECX) [Ans: (2) 1.45 (b) 2.45 ] - |
5. The discrete random variable X has ap.d.f P(X = x) = kx forx = 1,2,3,4,5 whe

costant. Find E(X) [Ans: 35{ ] -~ -
6. Find Var (X) for each of the following probability distributions
@ - R i Jetze
x -3 -2 0 2 3 '
. PX=x) |03 -|03 |02-[0.l 0.1
» x o |1 3 3 7 9 =
T P =x) 1 1 1 1 1
ol lslzlsgl 3 |3 ;
© , -
X 0 g2 |5 |6
P(X=x) |[0I1 [035. |046.10.08

[Ans: (a) 42 (b) 2 (c) 367 )
7. X is a random variable ‘the number on the biased die’ and the p.d.fis as shown

kdlition

0.5. Find (a)

rekisa 7,

X 1 2 3 4 [ 3
P =x) 1 L] 1 y 1 :
4] 6 g r il
Find (a) the value of y (0) E(X) (¢) ECX) (d) Var(X) > 1 & |

[Ans: (a) 0.1 (b) 3.5 () 1523 (d) 0933 )
8. A discrete random variable X can take on the values 0, 1,2 or 3 and its probability dj

. stribution
given by P(X =0) =k, P(X = 1} =3k, P(X =2 ) = 4k, P(X =3) = 5k, wherc k is a constant llci):dls

(a) the value of k (b) the mean and variance of X [Ans: (a)% b2, _1% ]

9, adiscrete random variable X represents the number of heads obtained when three €oins are tosse(
ssed,

(a) Construct the probability distribution table for X

" i
mem T -
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Caloulate the cxpcc;cd number of heaqs Mo 27 Edition,:
pind the variance o X [Ans (b
* L0215 (0) 075

C
iable below shows a rand :
AL 212 variable X with the following oy
PCX = x) I & probability distribution
3
avalue of k- (1)) varis ; -
e e OF X [Ans: (VK= S/ (i) Tg |

fi dom variable X |
11. A random vartabie A has the p.d.f given by pry =
ox =2 =0.4 and P(X =3)=0.2, Find the YHX=0)=01, Px=1)=03,

(i) Expectation of X (i) variance
) anance of X - ..
discrete random vari [Ans: (i) 1.7 (i) 0.81
12.:\0) P =1) _rlzable X takes on the values 0, 1,2 3an<(:1t3 It 3 e e e S
x=0) l ) =2, P(X = 2) = 3c,P(X = 3 :,4C - Its probability distribution 1s;,
pind the (i) the value of the constant ¢ and P(X = 4) = 5¢
(it} standard deviation of the distribution

- 1 e
Lot

3. A random vangble X has the probability diSlTEb:l;Oﬁl') 5. (ii)1.24 ] R
px=0)=PX=1)=01 L ’ Yo P D
P(X=2)=0.2 . S e e T A
pX=3)=P(X=4)=03 ' T I
Find the mean and variance of X [Ans-‘ 26164 ) h
14. The random variable X has the distribution shown in the tal;le‘below o B
X -1 0 | 2 3 4 5 ' |6
PX=x)| 1 T [m 1 3 [ 6 | 2 | 37 L~
20 20 "l 20 1 20 | 20 1 20 1 20
Find the (i) value of m 20 . 20 - g

(ii) expectation and variance of X [Ans: (i) 3/20 (if) 275530875 1 o=

15. A random variable X has a p.d.f f{x) given as; .
X -1 0 . |1
P(X = x) T a 1- ‘ . b’
. oot - ot - ' l' * “ L '2 PR EPOTAEAN
Where a and b are the probabilities-of P( X = -1) and P(X = 1) respectively R

Given that E(X) ==
(i) determine the values of a and b ‘
(i)  calculate the variance and standard deviatigr'l.of X o
Giy find PX>-1) [Ans: 2= 106, b= 1/3 (i) 0472 0:687 (iii) 5/6 ] ":er

. 16. A discrete random variable X is represented by thé p.d.f
s f =123 b

PX=x)= {6k elsewhere *° - _ .
Find the (i) value of k (i} expectation of X° [Ansﬁ: .(i) k‘= 2.0“.69 (i) 3.195 )
17. A discrete random variable x has the probability distribution given below L
' —a)=kPx=1= P(x = 3) = 2k and P(x =2) = 4k wherek is a constant.

P(x=0)~ P(x
( Find the value of k

(i) p

Giy Swaethemo e : e

Gify ~ Caleula® the mean, fAns: (D01 ()2 (2 ] -
.} "« - :.
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ES
. RANDOM VARIABL .
CONTINOUS contiiuous or countable domain

A continuous random varjable is onc which has a

For cxnmplé : achine
» The mass, in grams, of a bag of sugar packed by a particular m

» The time taken in minules, to perform a given task
» The height, in metres, of a five year old girl

» The lifc time in hours of a 100-watt bulb

»  The amounts of rainfall in a certain city

o ‘Probability density function (p.d.f) . _ o |
A continuous random variable X is given by its probability distribution function (p.d.f), which is sp.cc.med
for the range of valies for which x is valid. The probabilities arc given by the arca under the curve, it js
denoted by f(x)

Properties of the probability density function
1. Itis non negative i.e f(x) > 0 forall x
2. Tora continuous random variable X, with a p.d.f f(x) valid over therangea < x < b

.ot

yh y=f(x)_- y1 . _ o

|
!
|
|
; § -
- 5. b X _ T3 X1 X2 b *
b
P L f)de=1- P(xlsXS-x2)=f:f(x)dx

Examples

1. A continuous random variable X has a p.d.f f(x) = kx? for0<x <4, find the
.(a) value of constant k (b) P(1<Xx<3)

@ [ feodc=1 C ). PgsXsx)= [ F(x) dx

f;kxz dx=1 P(12Xx<3)= ff-::xz dx

ke f 2% dx = 1 | == [¥x2dy
(g 2033 -
(o] -1 -2

“f@==x for0sx<4 ==X 2= 040625 = 0.41(2d. p)

R
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- continuous random variable, (e mass. in 1 R Edion
- [-snli sstrial process where; . » 10 kilograms of a substance prod

an! 1

() = [ﬂx(ﬁ )

0
robability that the mass is mor
pind ! Solution o
 equired 1o find P(X > 5) .

“lcﬂf _ 6_1_ N _ . 3
px > = s el C x)dx—'ﬁ_fs(fax_xz) . e 3

=l[3x2._i 6 <
36 %] e '

= 3[6©-9)- (-
=3[08 -72) - (75 -129)]

:‘_[36_'E ='1—xg=
: 3

0<x<6

Otherwise * oS
¢ than Skg ‘

Example 3
The continuous random variable X has p.d.f f(x) where;
« 0<x<2
fx) = {k(2x = 3) 2<x<3
0 otherwise R
Find (a) the value of the constantk (B)P(X < 1)  (c) P(X 2 2.5) (d)-P(1S X £2.3) :
Solution ‘ asxs ,

\
" e P
! i

@  Ju S dx=1 e
.rozkdx+f;k(2x-3)dx=i '
k[P dx +k [ (2x—3)dx =1
k[x]g + k[x? - 3x]g =1 |
k(2 = 0) + k([32 = 3()] - [22-3 =1
W+ k(0-(-2)) =1 1
ok + 2k = 1, thus 4k =1 = k=1

4

: ' 405x<2. . o

4
flx) = }_(zx...3)- ‘ 2€x<3
8 _ otherwise w e, . cL

Lo e

o posv=kie=(lo=(0)=3

103 40 . |
() PX=z 2.5) = f;s%(Zx -3)dx = :les(Zx - 3)dx

Y2 _ 3
._4[x. 3x]2.5

n. N
JE s .
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= ~[2.52 - 3(25 .
=3((3? -3 - [25 3(2.5)]) |

4

» ‘ N 2.3 1. 1
@)  PUSX<3)=[dx+ )] 7(2x - 3)dx

_[q12 1 *12.3

—[;]1+:[x2—3x] 2

= (-3 413 - 303 -2 -300)
=24 2(-161+42)

= 0.25 + 0,25(0.39) = 0.25 + 0.0975 = 0.3475

; Expectation of X, E(X)
For a continuous random variable witha.p.d.f f(x)

EX) = [, xf (%) dx
.E(X) is referred to as the mean or expectation of X and is often denoted by 4

Examples’ ' T
1. The p.d.f of a continuous random variable X is given below
1,9

) . A otherwise
Find (d) #, the meanof X *° (b) P(X < p)
Solution
(a) #=E(X)}

E(X) = [, xf(x) dx
31 13
= Jyxxgxtde =[x dx
1313 Y1 881
_B[T]O f:.9(4. 0)_9‘ 4 _35"2'25

3

(b) P(X <p) =P(X <2.25)
_ 2251 o, _ 1[x*|2.25 _1228% O\ _
P(X < 2.25) = [FP1x? dx = 2[Z] )= HE ' .o) = 0.42
2. A teacher of young children is thinking c_)fasking her class to guess her height in metres. The
teacher considers that the height guessed by a randomly selected child can be modelled by the
random variable X with the probability density function;

%(4x——x2) 0<xs2

fe)= [ 0 otherwise
Using this model, (a) find P(X <1)  (b)show that E(X)=1.25

Bl
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Solutlon
<1 (4x = x? 3n
o p(x < 1) = fo 7 Ydx = J‘o (4~ x2) gy
| =32 - Ak 0
=3 1
=6 ([2(1) - ;] - 0)
=3 5.5 _
1 3 R 0-3125

v EX= Ja X (%) dx
2
~ 1670 x(4x - xz) dx = —3..]’2(4)(-2 ~ ) dx

=%[Lf'"§](2}=%((ﬂ—z) (0))
=n(3-9)=1 Z=¥=12s

A commuous random variable X has a p.d.f f(x) where

0.25x . 0 <x<?
f(X)={1 0.25x 2<x<4
0 otherwise
Find E(X)
"~ Solution

E(X) = [, %f(x) dx
—j' x X 0.25xdx + f x(1 - 025x)dx
= 0.25 [T x%dx + [;(x - 0.25x%) dx |

- oas[E]2 [E-nass

=025 (Z-0)+ ((%— 025%) - (Z- 0,25.(23_)3)) e

4. A continuous random variable X has a p.d.f defined by;

kx 0<x<4
flx) = ' 4<x<6. where k isa constant
' otherwise - ‘
Find the (a) value of k (b) E(X)
Solution

(2) Jart x f@) dx=1
I:E;idx.{-_& kdx=1

“(¢) - Qal'ue af'b forwhich P(x <b)=02




s - TR R o T TG o T

ddvausedlexel,
l—:—fn‘ xdy+k j:’d.\‘ =1
g+t =
*’(g— 0)+ k(6= 4)=1
Sx8+2k=1
2k+2k=1 4k=1 =h=:

=1

(b) E(X)= [, xf(x) dx

Itis important that we first rewrite the p.d.f replacing k with its value

= - 0<x<4
16

flx)= % 4<x<6
0 otherwise

E(X) = I‘xxidx+_[fxx§dx

X 1 2 1.6
= ORd +f de‘=ﬁfox2dx+zj;xdx

r’ﬁ]“ﬂx—:]ﬁ
4
3 2 2
-1—2(‘ -0)+:(5-%)
-— —+1(18 8) _
o =—+' x1o_-+-=—3',_=3.8_33
~ E(X) = 3833 '

() Px<sbh)=02 -
Since 0.2 is less than 0.5, then we expect b to lie in the range 0 < x < 4
P(be)-f Zdx =02

0 16
:‘sfo xdx=02:"" b2 =32x02= 6.4
b o
1sH ' -+ b=+64=253
E(?‘°)=02
bz_
5—0.2

“Expectation of any funetion of X
If g(x) is any function of the continuous random variable X having a p.d.f f{x),

E(g(x)) = [, 00)f (x)dx
Inparticular  E(X%) = [ x*f(x)dx

. d .
‘S‘.r.dz.v.fd.imnf.Mﬂ.r.lmnmu.r;ﬁ:.b.1:.Kmam.!:".qlra................

then
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|
V“ﬂo[:l/: :UOUS random variable X has a p.d.f £ where Cov L
e’ fx)"[m(x 3) 0<x<4
otherwise
find (@) ECX) (0) E(X?)
Solution

) E = Joux 0D dx = [T 2ox(x 4 3)
=if"'( 2
7040 X° + 3x) dx

-5 s )w)
1 136 ’

=2 136 34
_ng 3 ";3':2-267

(b) E(Xz)‘faux x?f (x) dx ‘
x*(x +3)dx LT T
“Eﬁfo(x +3x%)dx - ' o
1 [x* 4 4 ;
—za[:ﬂalo%o((%ﬂs)—m))

= = x 128 = 6.4

Note: E(X?) is an 1mportant value Wthh is needed when calculating the varlance of X

020

v

Variance of X, Var (X)
[f X is a continuous random variable with p d.f f(x), then;

I Examl!les . <. L PP TR
|. The continuous random variable X has p.d.f f (x) where f(x) =5x;0 <x <4

Find (a) E(X) (b) E(X®) (© Var (X) (d) the standard deviation, o of X

l Solution

I @ E(X)d—j“xx}:(x)dx 1[x*]4 _ 1 (4 164

! B ol [ ¥ G A ) PSSRV

' = [Jx %3 dez"f x* dx asl]o '8(3‘0)_8x3‘-2-7:~.

E(X®) = Jaux* f(x)dx 4
1 39, = L[4 1% _qY =164 -
f4"2x Lxde=3ly dx [4]0_8(4 O)‘Ex"{‘a

© Var(X)=E&XH- [E(’f)]z
| = 8- (27 =8-729=0712d.p)

(b)

Var(X) = [, *f()dx - -[Recall: Var(X)=E(X7) - [E(X)P Lo L
where 4 = E(X) = .rauxxf(x) dx o c el e
The standard deviation of X is often written as o, where o = Jvar(X) AN
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J ) =+ = 0.843%
(d) Standard deviation = Var(X) = 0.71=0.

roads. The time X in
2. Asan experiment, a temporary roundabout is installed at crossb b‘m iy funct Minge .
- abi ,
vehicles have to wait before cntering the roundabout has a probablity on fla g

08-032x 0<xg2 5
{ 0 otherwise
Find the mean and stondard deviation of X
Solution . . . . '
EQX)= [, xf(x)dx
_ a5 _ 25 -0 2 dx
= [, x(0.8-032x)dx = f; (o.z;x 0.32x7)dx
_ x? £ 2.
= [08Z - 0325 %>

. 3
((u 3‘“’ .32 (2—:’—) - (0))
= 0.833 minutes
E(X?) = _f “'Y X2f(x)dx = IZ‘S(O 8x% —0.32x%) dx
[o 85 —032% 25 -

0 S R
4 .
((03‘”’ 032£ﬂ)—(0)) :
4 s .
= 4,167 - 3.125
= 1.042

Var (X)= E(X2) - [E(X)]? = 1.042 — 0. 3332 =0.348"
' 'Standar'd deviation ofX = 1/0.34 e 0.59

1. The continuous random variable X has a p.d.f f(x) wherc Fx) = kx? for 0 < x<2
(a) Find the value of the constant k

(b) Find P(X = 1) ‘ , '
() Find P(05 < x < 15) [Ans: (@) (B)F ©% 1
2. A continuous random variable X has a p.&.ff(x) where f(x) =kx;0<x < 4
(a) Find the value of the constantk (b} find P(1 < x < 2.5)
[Ans:  (2)0.125 (b) 0328 )
3. Find E(X) for each of the following continuous random variables
@ fE)=2(x*+1); 0<x<1
(b) fx) =3x(2-x); 0<x<2
©) fx)=kx®; 0.€x<2.-
E 2<xg2
@fE =1 2x4-x)  22xs4
0 otherwise ‘
[Ans: (@) = () 1 (16 (d)2042 ]

w




A1evel Subsidiary
aneekeVelarsiar Mathematice: s
A ~AEmatiesby:Kawitaran
AALLEL 2211 43 nzg.gﬁ:qhg‘d.‘t,

andom variable X has a probability densit

o A = [kx(S - x) 0<x<s . Y function f(x) givenby - . -
f(x 0 ] otherwise -
5||0\\’"““ k=10 and find the mean of X [Ans: 2c .

; ForcacI;: (O)E)“‘c ‘1(‘i‘ic)sg°;sz(ﬂ) to (d), find ) .
(|) o 2 . ( ) (“l) Var(X) (iv) Slﬂﬂdardd " : ¢
@ f@=5x" 0sx<2 cvistonofx -
1
(h)f(?()=:(4"'x)} 1<x<3
(c)f(l')=4x3: 0<x<1
1
3 0<x<2
d) f(x) =41
@f 7 (2x = 3) 2<x<3
- RS otherwise ’
(Ansi@) () 15 (i) 24 Gii) 1S (v) 0387
. 11 T U '
® T )T ) Z - @055 L T

w4 ix 2
) ) - W3 Gi)= (0)0163
o119 N T
‘ (d) _(0 15 | (i) 2 * (i) 4;‘;—2 (iv)0.912]
. A continuous random variable X has a probability density function given by

ax ;- 0<x<2- :
f(x) = {a(4—-x); 2 < x <4 whereaisaconstant
0 elsewhere.. -~ o ool

P LR SRS SRR

(2) Find the value ofa .
(b) Calcuiate the expectation; E(X) [Ans: (@ % ()2 ]
7. A random variable X has a probability density function (p.d.f)

(ax  0sxs1
foy={ia-xn  1<xsS3 |
0 elsewhere

{a) Find the value of a _
{b) The cxpcctation of X, E(X) : .
P2 X= 2.5) [Ans (a) -2 (b)’§ (c)0.4375]

ble X has the probability density function

) andom varia
7. AT kx ; 0<x<1 .
flx)= (%)x; R R 24 AN SR s
0; - elsewhere

Find (i) the value oF Koot 7 S
Gy EO T

(iii)

00 deviationof X' TAm: () 4/5 () 12 (i 051 T -

LM o

o sy - ATV
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CHAPTERIS. BIAT%OUICS, or even be erUCCdt\ognl},

There arc some probability situations that may
wo. Such situations may include: .

i) When a baby is bom. it may be either mal_c or l"cma!:
ii) In a final football match. a team cither wins or _los&. emay - lude:
Other situations that are reduced to only two [jossﬂ‘-ln outco e,

i) A person taking a Pioneer bus may armve gither on time or tndcfccti\'c

ii) A company producing items that are either dcfccu}'c ar not d e

iii) A drug administered to a patient may be either c{lectwc or me"_ ! cr}mcnts and the outcomes o7+
All the above mentioned situations are called bmomlgl or Bernoullt cxp

binomial experiment are classified as successes or failures.

result into only

For a situation to be described using a binomial model,
- % afinite number, n, trials are carricd out .
# the trials are independent i
» the outcome of each trial is deemed either a success or a failure ‘
> the probability, p, of a successful outcome is the same for each trial

The discrete random variable, X, is the number of successful outcomes in.n trinl§. o
If the above conditions are satisfied, X is said to follow a binomial distribution. This is written

X~B(n,p)
Note: the number of trials, n. and the probability of success, p, are both needed to describe: the distribution
completely. They are known as the parameters of the binomial distribution.
Writing P(failure) as g whereg=1-p
If X~B(n, p) . the probability of obtaining r successes in n trials is P (X = r) where;
PX=7r)= "Cp"q"™" forr=0123,......n )

Examples .

1. acoin is tossed three times. Find the probability of getting exactly threc heads
Solution 1

The problem can be obtained by looking at the sample space, there are three wa

! a7 ys of getting 2 heads out of
8ie {HHH,HHT,HTH,THH, TTH.?:HT,HTT,"}"TT}

The answer is§ = 0.375 S -

Solution 2

Looking at the problem above from the stand point of a binomial ex
the four requirements i.e.

1. There are only two outcomes for each trial, head or tail
2. There is a fixed number of trials, three

3. The outcomes are independent of each other (the outcome of one toss inno w
another toss)

periment, one can show that jt meets

ay

affects the outcome of

4. The probability of success( heads) is % in each case.
Inthiscase;n=3, X =2,p=Y%,q=%
Hence substituting in this formula pives;
P(X - 1.) - n rpr'ql‘l--l"

Foaltiie.
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: i Laladisy, o Edtion
P(zheadS) =P(X=2)= "3, (1)2 SadeQUliOM .

1 .
; 2 (‘) =3xiyl_3 .
rer obtained by ye; 2 X==23 ..
_ (e same ansy Y using the 2 8
\\-hiih is th 8 1he sample space
.8 panicular population, 10% of tlye people hay
2 andom from the population, wh a

Solution
cpethe random variable people with blood type B
L:le’nthfec pcopie are SelCCth, n=3 p= 0], Q=1-01= 0
\X e aumber of outcomes in 3 trials, so X~B(3,0 1.) ’
PR=1)= "Cprqnr -
P(X=2)= 3C(0.1)2(0.9)! = 0,077

¢ bloo

. dty
atis the Probability th ype B. i three people are selected at

atexactly two of them have blood type B?

2 A biased coin is tossed three tj ) o
3. mes. The probability of ' bace e )2 . .
number of heads that come up. Calculate ity of heads on any toss is 0.3. Let X denote the
Solution - e
Ifwe call heads a success, then X has a binomial distribution with parameters n = 6 and p = 0.3
M PXx=2)= 6.C,z(o.gfs)z(o.?)4 = 0324135 ~ 0.324 (3d.p) -

i) P(X=3)= ' 60,(03)%(0.7)° = 0.18522 = 0.185 (3 d.p)

i) P(1<X<5=PX=2)+P(X=3)+P(X=4)+P(X=5)
= 0324+ 0185+ 5C,(0.3)*(0.7)2 + 6C5(03)5(0.7)F ¢
= 0324+ 0.185_ +‘0.059 + 0.01 = 0.578 o

4. A die is tossed three time ned. F
no fives turn up (i) 1 five tumns up (it} 3 fives tirn up

) Nty N

-------

()
Solution | H.
X"’B(nnp) ’ . g o . | o H- )
1 = l—-s-. ‘. . " . . \ X '
n=3,p=¢ 4=175%% - .
y 10 r5\° _ 15
0 Px=0= "G ) (;)2-216 0.5787
Nt (52 _ 75 . |
i px=n= G() (.3)0.—216 e
0 5\ _ . .
iy == 60 (g) = 1 = 0.00463

5. Hospital record

he probability that of 6 randomly selected patients, 4 will recover?
the pr

Solution h = 550s .
Let X = number who will recover; percentage that recovers = 100~ 75 =25%-
et X =
~B(1,P) T i
X~BOLP) L 6p=025 and q =075 ( failure if they die)

{

s. If X is the number of fives obtained. Find the probability that =~ ~ . <

< show that of the patiens suffering from a certain disease, 75% dic of it. What is.



PX=4)= v“C4(0.25)4(0.75)2
=15 x 0,0021973 = 0.0329595
6. 1nthe old days, there was a probability of 0.8 of suchss in any attempt to mak'e a tel_ep!lone cal|
(this depended on (he importance of the person making the call or the operator’s curiosity)
Caleulate the probability of 7 successes in 10 attempts.
Salution
Probability of success, p=0.8,s0q=0.2
Let X = success in getting through

PX=r)= "Cp"q"T . C e e
PX=7)= 19¢,(0.8)7(0.2)°

! : oL, L = 0-20133

7. A blind folded marks man finds that on average, he hits the target 4 times out of 5. If he fires 4
shots. What is the probability of; ;
(a) more than two hits
(b) at least three misses
Ll ~ Solution
(@) m=4p=2=08g=1-08=02
Let X = number of hits
P(X>2)=P(X=3)+P(X=4)
= 16;(0.8)°(0.2)' + *C,(0.8)4(0.2)° -
=0.8192 - , o
(b) At least 3 misses means 3 misses or more i.e 3 or 4 misses
3 misses mean | hit and'4 misses mean 0 hit
P(at least 3 misses) = P(X = 1) + P(X = 0)
e Bt (08)H0.23 4+ 4C(0.8)°(0.2)%. , .
’ . = (0.0272

8. A manufacturer of metal pistons finds that on average, 12% of his
are oversize or undersize. What is the prdb'ability that a batch of |
{(a) not more than two rejects
(b) at least two rejects
Solution
Let X = number of rejects, in this case ‘success’ means rejection !
n=10,p =012 and q = 0.88
(a) not more than two rejects means two rejects or less i.e. X < 2
PX<S2)=PX=0+PX=1)+P(X=2) .
= 100,(0.12)°(0.88)'° + 1°C;(0.12)*(0.88)° + 19¢, (0.12)%(0.88)8
= 0.2785 + 0.37977 + 0.23304
=0.89131
(b) at least two rejects means (wo rejectsormoreie X 2 2

pistons are rejected because they
0 pistons will contain;




cd level Subsiciau.Mathemay; o
i Bematicsbyimvumg Fahad-s:. .- i

ok out all the cases forX=2,3, :
Wwo 4...10. Butit would be hectic, It is much casi
: casicr using the

alt
-,\“L u hn:cd as {‘ollo“rs;

¥
|.'l‘rprL :
Aot ot least 2 rejects = P(X =2) + P( X =
bilit (X=3)+
}MJ‘ _ . C=1-P(X <) )R +P(X=10)
=1-PX=0)+px=1) ,
=1-[02785+037977) . -
= 0.34173 | o

student randomi , -
Ifa y guesses at five multiple choice questions, find the probability that the

' ent gets exactly .
student € ac y three correct answers if cach question has fi : e
Solution ive possible choices.

1
_-.-5.X=3andp=“=0'2 sin 1 .
L 5 ! ce there is one chance in five of guessing a correct answer. g =

. DRV
Ve T - "

03 . . B ‘ ' '
PX=3)=  5C(02)°(08) —00s ..

10. A certain survey fou o G
y found out that 30% of teenage consumers receive their spending money from

Pmt-“m_e jobs, If five teenagers are selected at random, find the probability that at least three of
them will have part-time jobs. o
Solution S IR R I
Let X = number having part-time jobs . R
n=5p= 0.3, = 0.7 . TR e

P(X23)=P(X=3)+P(X=4)+P(X=5) o NS
= SC(03)°(0.7)% 4 5¢,(0.3)*(0.7)* + 5C,(0.3)5(0.7)% # ¥ . -
=0.132 + 0.028 + 0.002 - Lo e T TR
= 0,162 B TR ERPC LI S AT AR PR AN R :
A . ., e IR sl u Sew RS

hat a pen‘drawn at random from a box of pens is0.1.1fa sallmple of 6 pens is

11. The probability t
t »\{ill contain

taken, find the probability thati
(i)  No defective pens
(i) . 50rb defective pens .
(iii) Less than 3 defective pens .- .- B
Solution
n=6p=01, q=09
Let X = number of defective pens
QM Px=0= 6¢,(0.1)°(0.9)° = 0.5314

iy PEore)=PE=3* PX=6), . N
= 6C, (01509 + SC(01)°0.9)°
_ 0.000054 + 0.000001 = 0.000055

p(x <3)=PX=0)+PA=1+P(X=2)

(1)
6Co(0.1)°0.N¢ + € (0.1)'(0.9)° +  C,(0.1)2(0.9)*

—_—
=




e gt e

. ﬁ'{ 'ﬂ“z{”‘aa‘c" bVUK‘g'u{u!”guEthd-n: ----- ..,.,222.54“]‘0’”
{ ! {dl:“’:}g- - Gu {11 Hadfel2
A(!.v.«zg.c.e.r.l.lf.e.t.e.l.ﬁt.dz.i
. .= (.5314+03543 % o.om

= 0,9841 . :
ing the tables. The value of n is locateq from

. ' 5 .
probabilitics can be obtained U The probﬂbihty can be read off from, the

. '. Ve
Note that most of the abo ability of success poted)

the table and its corresponding p (prob

table forr=0,1,2,3,..n . _
Now let’s use the above example to obtain P(X=0)

Solufion S
n=6,p=01 R
Table o ’ S :
.. . .B(n,p) individual terms ]
bability of success - 0.5
n|r g.rgla 101.35 01 045 02 025 03 0.35...... 0
6 0 0.5314
1 0.3543
L9 . :0.0984
3 0.0146
e oo
N SR 2 ¥ e e 0.0001
AR '61 . 'fi‘_.,"_ :

From the table, P(X =0) = 0.5314 obtained by reading n=6,r=0 and p=0.]
Then P(X = 1) = 0.3543
Caont L. P(X = 2) =.0.0984

c e
PR

*f 12, A multiple choice question paper has 15 questions, each with 4 possible answers of which only one

is the correct answer. Determine the probability that by mere guessing, one gets,
(1) Exactly five correct answers (i) five incorrect answers

Solution
n=15p= % = 0,25 St ' s
s Let X = number of éorrect’z_i‘r‘lswpr'sf.',:_- v
O Par=5) R
From the table when n=15,r=5, p=0.25
P( X =5)=0.165]

(i) P(five incorrect answers) = P( ten correct answers) -
= P(X = 10)
Using the tables,n=15,r=10,p=0.25
P(X = 10) = 0.0007
P{ five incorrect answers) = 0.0007 o




‘ Arimnﬁﬂd..'IJ.@.WLSH&&'d"m'Mmg’ﬁ-‘*’-‘f-‘f’ﬁ-ibd’-iffmmr'zzp Fatiadz s o
Mean, Variance at.ul Standarg deviatio e Rl
ﬁ”uncc and standard deviation of g variable thartllor a binomial distribution
ill¢ é? f r.nul’lS 135 the binomial distribution can be found b
ugu\b ety M= IIP ' ’

Vm‘lancc' =npg - ’ : [EE IR U PR

gant i devintion, 0 = JVar(X) = \ﬁlp—

ol
f/’zom is tossed four times. Find the mean, v .
aria

' hat will bC obtained, nce and standard deviation of the number of heads
Solution

=t 4=
n;4 p". ]

Ib-lev-‘

mean =Np = 4 X =2~ S s . i
Jjance = npq = 4 wixlo
vmlﬂ?l rq = ; x - 1

gmndarddcvialion= Vo) =vi=1 - - - - S o

Ml.k‘ 1 1 HE , i .
7. In Makerere University, it is known'that = ofthe students play volleyball. In a sample of 12

I3
students, what is the cxpecled value and the standard deviation of the number of volley ballers?

Solution . e ot fvo lers
Let X = number of volley ballers e T e e gy e 4
X~B(n,p) — e
= =1 I—' _1_3 ’ e TN
n=12, p= S 4= 1 =1
mean = np'='12 ><- —4 - e e i AT
Standard deviation = ’12 X = x- = J- =.1.633": U .-_-.-;;. -

Trial questions T )
1. 30% of students ina school travel to school by bus. From a sample of ten studems chosen at
randomy, find the probability that;
(a) only threc travel by bus e,
(b) less than half trave! by bus [Ans (a) 0.267 (b) 0.850 ] : ; i
2. inasurvey on washing powder, it is found that the probabnhty that a shopper chooses Omo is
0.25. Find the probability that in a random sample of nine Shoppers .
(a) exactly three choose Omo
(b) more than seven chose Omo  [Ans: (a)'0234 (®) 0.000107 1 o |
3. The random variable X is B (6,0.42). Find (@) P(X=6) (b)P(X=4) :. o W e
(c) PX = 2)  [Ans:(a)0.00549 (b) 0.157 (c)0.503 ] =
4 A0 unbiased die is thrown seven times. Find the probability of throwing at least 5 sixes
. L [Ans:  0.002 )
5. A fair coin is tossed six times. Find the probability of throwing at least four heads [Ans: 0.344)

g T
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Advanced Level Subsiciai. .
{ ons. For cach, therc is a choice of four answers,

oice questi
q crs

dent guesses cach of the answ

more than scven correct . |
ass and cach qucstion arrics equal weight, fing the

6. In a test, there nre ten multiple ch
onlv one of which is correct. A stu
(a) .F ind the probability that he gets
(b) If he necds to obtain over hall marks to p

probability that he passcs the test
cae e [Ans:  (2)0.000416  (b)0.0197 ]

The probability that it will be a finc day is 0.4, Find the

7. .
a) Expected number of fine days in a week
((b; Tllcpstntldnrd deviation in the week  [Ans:, (a) 2.8 (b 1.3] . f' . [ .

8. The probability of a football team winning a match is 0.75. If the tcam has five matches t.o play,
find the probability that it will win at least three of thesc matches

T " [Ans: 0.8965 ] -

9. Of 1000 patients who visited a health center, 250 of them were diagnosed of malaria. If a

sample of 5 was drawn at random from the patients, what is the pro_bab!llty that

(i) 2 ofthe patients had malaria : ) -
(i) 4 of the paticnts did not have malaria  [Ans: (i) 0.2637 (ii) 0.3955 ]
10. In a large city, one person in five is left handed. Find the probability that in a random sample of

10 people;

(a) exactly three will bg:' l.efth;alndec} . ‘ R
(b) more than a half are left handed [Ans: (i)0.2013 (ii) 0.0064. ],

I'l. A man’s chance of hitting a target with each of his shots is %
(a) If he has to fire five shots, calculate the probability that;

(i) Exactly 3 shots hit the target '

(i) At least two shots hit the target
(b) Given that he has 20 shots to fire, determine the mean number and variance of

the target. [Ans: (a) (i) 0.0512 (ii) 0.2627 (b) 4, 3.2 ]
12. The probability that a student guesses the answer correctly to a nultiple choice question is 2f
13 - . . 4
a quiz has 15 multiple choice questions, determine the probability that a student guesses

his shots.at

correctly the answers to .
(1) Exactly six questions’
(i) At most three questions _ .
. i 1'3‘e‘t\'s‘{¢en three and eight questions  [Ans: " (i) 0.0917 (ii) 0.4613 (iii) 0.5213 ]
13. It was found out that 20% of a sample of chicken recovered from a rare disease after treatment,

In a random sample of 5 of such treated chicken, find the probability théi;
(i)  There is more than one that recovered | '

(ii)  Either 3 or 4 recovered .
(iii)  Lessthan 4 recovered  [Ans: (i) 0.2627 (ii) 0.0567 (iii) 0.9933 ]
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CHAPTER 19: NORMAL DISTRIBUTION

,—-"'".-—_ Y et . .
e W disteily s one of e o : i
The normal ibution is one of the most important distributions in statistics. Many mecasured quantities

in nullfful sciences (ollow o normal distribution and under certain circumstances, it is also a useful
approximation to the binomial distribution

he normal variable X is continuous and its probability density function £ (x) depends on its mean p and
(he standard deviation, where

f(x) = ;i—me'(x-n)’/'zc‘:

, e, )
_meSm X , T

This 1§ very complicated and has been included just for reference. You would not be expected to
memorize it : A s Tee it

To deseribe the distribution, write X~N (., a?)
Noie that the description gives the variance a?,rather than the standard deviation,o

Wb e
The normal distribution curve has the following features; T S
!hl1‘ e 1 ol
| Y22 ,
1 s
l » 4.
| “ -
|
|
l
! . o
| #i0
N | N
~— 4 — ! .
! -eny " ton .
. . O S N A LY L
> It is bell shaped '
. f o ' '.\: i
» It is symmetrical about the meéan,
; N M O A R O ,""":;,_,u ": :.
r » Itextends from —co to oo ARG e Tt
» The total arca under the curve is 1 BT LT ARANEE Y SIS A
. .. 1 . . o .
- i lue of f(x) is —= ‘ ' '
> The maximum va f(x) v o .
. v LD \
Lo W

Finding probabilitics _
The probability that X lies between a and b is wrilten P(a < X <b). To find thg ﬁrobabiljt_igs, yc_)i.[ need to
find the area under the normal curve between a and b‘ T " R

e L Rt IR

Pla@ < X < b))

One way of finding arcas is 1o integrate but since the normal function is complicated and very difficult to
integrate, tables are used instead.
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Jard normal tahles e
g y and o2, the variable

tion is |. Note that the variance js p,

and the standard devia
is also 1. This star

In order to use the same set of
X is standardised so that the mean is 0
squarc of the standard deviation hence the variance

Z~NO) , |

Using the standard normal tables for any random variable

Standardize X, where X~N(u, %)
> ' Subtract the mean ¢ .
» Then divide by the standard deviation, 0, 10 0

Z =£;—“ where Z~N(0,1) '

btain

L. The lengths of metal strips produced by a machine are normally distributed with mean length of 150
cm and standard deviation of 10 cm. Find the probability that the length of a randomly selected strip
is shorter than 165 cm. o
Solution -
Let X be the length in centimeters of a metal strip
# =150, ¢ = 10, - X~N(150,10%) ' |
You need to find the probability that the length of is shorter than 165 cm i.e. P(X <163)
To be able to use the standard normal tables, standardize the X- variable by subtracting the mean, 150 and

then dividing by the standard deviation, 10

. X-becomes X—115°.= zZ
PX<165) =PZ <)
.. =KZ<1S5)

Iyl /i
0 1.5

P(Z<15)=05+P(0<Z<15) |
=(.5+0.4332=0.9332 :
Therefore the probability that the length is shorter than 165 cm is 0.9332

2. The time taken by the milk man to deliver to Kampala Market Street is normally distributed with a
mean of 12 minutes and standard deviation of 2 minutes. He delivers milk every day. Estimate the i’(

number of days during the year when he takes . '
(a) Longer than 17 minutes . . ] : ' '
(b) Less than 10 minutes !
(c) Between 9_angl,l3_ minutes, ., |

!
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Nolwllon
ety Ui fnomdnates, wken (o det
Sy the S o dellver mitk w Market Stree
Ll N~N(12,2%) nrket Street i '
Suundardizing N using 7 = 8200 X=02 e e

" 2
(u) P(u\' > 17) = P(z > .‘7_21_{)

= P(Z > 2.5)

Lb/// 7

P(Z>25)=05-P(0<Z<25)
= 0.5 ~ 0.4938 = 0,0062
o lind the number of days, multiply by 365 ‘
365 x 00062 =2.263 =2
On 2 days in the year, he takes longer than 17 minutes
(b) PIY <10) = P(z < 222
=P(Z<-1)

|
!
|
1
|
1
l
|
[

P(Z<-1)=05-P(0<Z<-1)
= 0.5 - 0.3413 = 0.1587 L e
Now 365 x 0.1587 = 57.92 = 58 o
On 58 days in the year, he takes less than 10 minutes
(apw<x<1a—P@£<z<§i%
=pP(-1.5<Z<05) -

/N

i

- 12 03
P(15<z<09-P&45<Z<m+Pm<z<0® . o
'='0.1915 + 0.4332°= 06247 STy .

Now 365 x 0.6247 = 228.01 =~ 228 '
On 228 days in the year, hc takes between 9 and 13 minutes

1

3. A product sold in packcts whose masses are normall di N
y distributed with
standard deviation of 0.025 kg ith a'mean Of 1 42 kgand a

R [FURSPINR P P
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sclected at random lies between

(a) Find the prolnlnhly that thc mass of a packet

1.37 kg and 1.45 kg ass is less than
(b) Estimate the number of pnckcts in an ontput of 5000, whose mas
1.35 kg
Solution
Let X be the mass in kilograms of a pgckcl

X~N(1.42,0.025%) e
1451,
—)

@ PO37<X<142)= PR <2<
—p(-z<,\<1z)

)

P(=2<X<12)= P(0<Z< 2)+P(0<Z<12)
’ = 0.4772 +0.3849 —08621

, 1.35-1.42
(b) P(A<135) P(Z <= )

= P(Z < —2.8) : ' |

) 7/
Wy yyidii
-28 0

P(Z<-28)=05-P(0<Z<-28)
=0.5-0.4974 = 0.0026
Since there are 5000 packets, multiply the probability by 5000
5000 x 0.0026 = 13
Therefore 13 packets have a mass less than 1.35 kg

4. A machine used for filling bags with ground coffee, can be set to dispense any required mean weight
of coffee in the bag can be modeled by a normal distribution with a mean of 128¢ and standard
deviation of 1.95g per bag. Calculate the percentage of bags that contain less than 125g.

Solution
X is the weight in grams of coffee in the bag from the machine

. X~N(128,1.95%)
125— 128)

P(X < 125) = P(Z <=~
= P(Z < —1.538)
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0.5~ P(0 <z <-1538)
=0.5-0.4938 = 0.062 ' ’ A
percentage of bags that contain less (han 125g = 0.062 x 100 = 6.2% S '

P(Z <—1.538) =

. The distribution of the masses of adylt husky dogs may be modeled by the normal distribution with

mean 37 kg and standard deviation of 5 kg Calculate the probability that an adult husky dog has a
mass greater than 30 ke.

Solution
Let X be the mass in kg of a husky dog
X~N(37,5%)

P(X > 30) = P(z > 30-37

————

5
= P(Z > -14)

P(Z>—14) = 0.5+ P(0 < Z < —1.4)
=0.5+0.4192
=09192

6. The marks of 500 candidates in an examination are normally distributed with a mean of 45 marks

and standard deviation of 20 marks. Given that the pass mark is 41, estimate the number of
candidates who passcd the examination.

Solution
Let X be the examination mark scored by.a candidate
X~N(45,20%) '
P(X > 41) = P(Z > =5

20
= P(Z > —0.2)

A2 G l
P(Z>-02)=05+P(0<Z<-02)
= 0.5+ 0.0793 = 0.5793

Since there are 500 candidates, to find the number of candidates who pass; multiply the probability by 500
500 x 0.5793 = 289.65 = 290 ) : e . .

Therefore 290 cdndidales_'péssed-fhe examination

3

i

7. A continuous random variable X is denoted by N(15, 16). Find the probability that
(i) X is less than 10

(i) X lies between 14 and 18
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. Selutlon ‘
In this case, we need fo find the mean and standard deviation .
Comparing with N(it, 0?)
=15 ando?=16 =g=vi6=+4

—— . b~

We can now standardize using 7 = x—;-'—'
() P(X<10)=r@< 10-15) - C e
=P(Z < -1.25) ' '

l;'sf_ Ure et 0t e r "'I'.25 N - R ’
P(Z<~125=05-P(-125<2<0) . : '

. . =0.5-0.3944 = 0,1056

i) = P14<x <18)= P < 7 ¢ =)

=P(-0.42’<Z<0.‘75) , . ' ', Cw ) | - '. rv--,.

) 02 0.75
 P(R02<Z<075)=P(-02<z<0)+P(0 <2< 0.75)
J =0.0793 + 0.2734 = 0.3527

AR L ST Trial questions o
. The masses of packages from a particular machine are normally distributed with a mean of 200g
and ‘$fandard deviation 2g. Fihd the probability that a randomly selected package from the machine
weighs e : ' o : :
(a) Less than 197g
_(b) More than 200.5¢g RS E
() Between 198.5g and 19935 [Ans: () 0.0668 (b)0.4013 (c)0.1747 ]
2. The heights of boys at a particular age follow a normal distribution with mean 150.3 and variance
25 cm. Find the probability that a boy chosen at random from his age group has a height
(a) Less than 153 ¢cm’ )
*(b) More than'158 cm ' S
(c) Between 150 cm and 158 cm  [Ans: (a) 0.7054 (b)*0.0618 (c) 0.4621 ]
3. The random variablé X is distributed normally such that X~N(50,20). Find
B P(X >603) (b)) P(X<59.8) [Ans: (a)0.0106 (b) 0.9857)
4. The masses of a certain type of cabbage are normally distributed with a mean of | 000g and 1'
standard deviation of 150g. In a batch of 800 cabbages, estimate how many have a mass between

750g and 1290g' “[Ans: 740 '} -7 '

H
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N
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fetributed with o mean
. . oW . nally distributed v
sleetric bulbs s known {o be nor o e of
of electr robabitity that the lile ol

5. ‘The lifetime of a certnin make sstimate the p
life of 2000 hours and standard devintion of 120 hours. Estimnte (he ]

such a bulb will be:
(a) greater than 2150 hours

(b) greater than 1910 hours . 8
(c) between 1850 hours and 2090 hours [Ans: () 0.1056 (b) 0.7734 (c) 0.6678 ] the

. . - o ndom
per gallon. Assuming a normal distribution, calculate the probability that a :'" ravelling at 56
that model will have petrol consumption greater than 30 miles per gallon when

miles per hour. [Ans : 0.957] P [ with mean 110.5
The processing time of a newly manufactured product is normally distributed w1 .1 ro‘ccsscd
minutes and standard deviation 12 minutes. Find the probability that the product Is p

between 108 and 119 minutes [Ans: 0.3429 ] _ £210g and
In an orange plantation, the weights of oranges are normally distnbplcd with amean o g8

-~

variance 30g. Find the percentage of oranges that;

(i) weigh between 201g and 221g
(ii) weigh 197g and below [Ans: (i) 0.9276 (ii) 0.0088 ]
The time taken by Sam to pray is normally distributed with a mean of 24 minutes and a standard
deviation of 4 minutes . -
(a) If he prays every day, find the probability that his prayers take a
(i) more than 34 minutes o
(i1)  at most 20 minutes o . ‘ . _
(b) in 1000 days, estimate the number of days in which he prays between 34 and 36 minutes.
[Ans: (a)(i) 0.0062 (ii)0.1587 (b)S ]~ C e et
10. The marks obtained in an aptitude test are normally distributed with mcan54randsta1;\Qard“,
deviation 14.2. Determine the probability that an cxaminee scqred o A
(i) between 60 and 70 marks T :". - ‘
(i)~ atleast40marks [Ans: (i)0.2063 (i) 03379 |
I'l. The marks obtained by UACE candidates were found to be ndrh;ﬁ'lly distributed wnh .ﬁ‘géar;IS’O and
standard deviation 10~ o .
(i) Determine the percentage of cqhdidates_ who obtained more than 70 marks * ’ -
Omarks? ., ;

(if) ~ What percentage of the candidates obtained between 40 and 6 ,
(i)  What is the probability that a candidate selected at random from those who s'cinréd \‘\;cll
above the average, scored more than 657 o . T

[Ans: (1)2.28% (ii) 68.3% (iii) 0.0638 . ] -

2. The mean lifetime of a certaip make ofdry‘ce'lls is 150 days and standard deviation 32 daysd Th’eir

T
.t

duration is normally. distributed. . K
(z) ,Ffm: the probability that the cells will last bc;twecn 125 and 2]0 days A :‘
t X . i . Y el .

(b) If there are 300 dry cells, calculate how many will need replacement after 225 'c.iays' o

[Ans: (a) 0.7522 (b) 297 ]
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o5 which is 1
13. A certain type of sweel potatocs hns a nmls.s ;Vglnlgllolr“
standard devintion 0.15 kg. In n lorry |0;I(T;l | “
mss between 0.85 and [.5kg [Anst 07 L deviation 2. fnd
14, For a normal distribution with menn 5 and stant vintion 3, 0447
| ( 1O S (i) PX = 40) .l/\n's. 0 |‘ can 67.6 kg and standard deyi,:
15, The weights of army recrulls form 8 normal distribution with m 7(9 M i.“hcrc d sands récr o
o 6.2 kg, At most how mnnyl can be expecled to weigh more than 79 Kg it

[Ans: 350 | ' e
16, The heights of college students are normally (hstn.hulcd with mc(:Jalms i
7.2 cm. Calculnte the probability that the mean height of the students
(i)' exceed 168 em " o
M ‘ Ans: (i) 0.2891 (i1)0.2188 ] ,
(i) lic between 162 and 166 cm [ 0 an average life of 30 months

17. The life time of n certain make of battery is normally distributed w:lh. be expected to |
and n standard deviation of 6 months, What percentage of these batlerics can P !

from 24 months to 36 months?  [Ans: 68.3% ] o .
18. A random variable X is normally distributed with mcan 40 and standard deviation 5. Determine the
probability that X lies between 43 and 54 [Ans: 02716 ]
.19, The masscs of women in a certain town arc normally distributed with mean 69.8 kg and standard
deviation 6.2 kg. I 1000 women arc selected, how many will be expected to weigh more than 80

kg? [Ans: 50 ] _
20. The weights of 10000 caltle on a commercial farm are normally distributed with mean of 115 kg

and standard deviation of 3kg.
0 if one of the cattle was sclected at random from the farm, find the probability that its
weight would lic between 115kg and 118kg
(i)  Find how many cattle would weigh between 109 kg and 121 kg.
[Ans: (i) 0.3413 (ii) 954 ]

Al L :
Jormally distributed with mean 1.9y, and

Jese potatocs, estimate how many wjjy have
“YCa

164 cm and standard deviatjo,
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CHAPTER 20 LINEAR MOTION ...

incar motion refers (g motj
) ) io
pisplacement: this s . dist
Distance travelled = spe

The gradieny
of i
the displacement time graph represents velocity

3

I a straight tine
ance covered in a particular direction. Itisa
ed X time

vector quantity:

displacedieny N
$

(m) ) 0 "
. o4

cnedions — S

Gradient = .= Velocity (ms™1) .
Veloeity

Tllls is the measure of the speed at which the body travels in a given direction
time graph represents displacement and the gradient of the velocity time grap}

F 3
velocH

- e

Y represents acceleration.

-

time

. av
Gradient = o |

. change invelocity - 8V
But acceleration = — g Y ==
time taken to change AT

Note: Acceleration is the rate of change of velocity and negative acceleration means retardation or

deceleration

Example of a velocity time oraph

-

v/ ms'Y

b
o

10p===7=""""

LUt eecncnme——— a -

. The area under the:velocity
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» The body starts at L= 0, from rest (i.c. with zero vclncll'y). l»‘mn} 0] to A, tlhf: vclnlcily ’incrIcnSOS
steadily until it reaches 10m/s ol time £ §s. Since OA 15 0 straight Jinc, the acceleration is ugigy, -
=2, At A, ucceleration censcs.

10
or constant and cqual to — = 2ms |
» Trom A to B, the body travels with uniform/constant velocity of 10ms . N

st again and it has a unifory,

> Trom B to C, the velocity decrenses steadily nnd the body comes to ¢

2

. ‘o 10 y -
rélardation ol‘-; =2ms
total distanee cavered

total yime taken

»  Average speed =

The cquations of linear motion .
sscd in terms of initial velocity, final velocity,

required to memorize these equations
t important at this stage,

There are three equations of linear motions which arc expre
displacement/ distance, time and acceleration. The students arc only
and apply them to solve problems related to lincar motion, Their derivation 1s no

Cquation 1V =U +at
Equation 2: § = Ut + -zl-atz
Equation 3: V2=U%+2aS -

Examplel. - . S . . .
A car starts from rest, accélerates at 0:8ms=2 for 10s and then continues at a steady speed for a further

20s. Draw a velocity time graph and find the total distance travelled.

. Sohition
u=o0, t=10s, a=08ms32v=1, §=2.
From V=U+at . :
Y y=0+08x10=8ms” T

Vst
v I B T 1o

L

57

LT

b

P

P T -
w

P> [P

0
Total distance covered = Area under the graph = Arca A + Area B
=1x10x8+20x8

P LT BT TP =40+160 =§20,.0m

Example 2
ccelerating at 1ms=1 for 10s. It then continues at a steady speed for a further 20s

A car starts from resl, a
and decelerates Lo rest in 58. Find (i) the distance travelled in metres (ii) average speed in ms=1 (iii) time

taken to cover half the distance.
Solution
y=0a=1ms%,t= 10s,V =7

0
v =0+10x1=10ms™

-
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10
A B :: c
1 : b
0 U] 30 35 t/s

Total distance covered = area under the graph

= Area A + Area B + Area C
1 1
-;x10x10+20x10+5x5‘x10 ror

=50+200+25=275m - o

(ii) Average spccd = fotal distance covered _ 275 7.8577?’15—1
tota! yime taken . 35 L T LA, .

(iii) Halfthe dtstance == x 275 = 137. 5

Time taken = aistince =273 _ 1755
‘ avernge speed  7.857

Example 3 '
A body decelerating at 0.8ms™2 passes a certain point with 2 speed of 30ms™". Find its velocity after

10s and the distance covered in that time. : ' N N
Solutlon L T
a=—08ms"?, =30ms~,t= 105 V =? ,5=? A LR
Using the first equatlon of motion; = e e
V=U+at | o T

V =30 + (—0.8)(10) = 30 - 8 ‘22ms™t
Now using the third equation of motion

V2 =U?+2aS , -
292 = 3%+ 2 x (—0.85) T
484 = 900 — 1.6S ‘

1,65 = 416
= 41—1:- =260m

Example 4 ' ’ o
A particle moving along a stralght line with uniform acceleration covers the first two consecutive

distances of 100m and 140m in the time mtcrvals of205 and 40s respectwely
| Calculate the;

(i) Acceleration and mltlal velocity of the partlcle , )

(i) ~ Total time taken before it comes to rest I

Solution - '

Let the initial velocity and acceleration be U and a respectively RRCE R

I v ety amg e,

—.A‘n_‘!



nd .
L o . Kawvul m,ﬁqhgd ..... '.....:.'..2.’...-[5{!.{{]’_{)” i
Ad.v.éz:zgggu,.e.uce.l.ﬁz.ch.sr’riim:}z.Mgmrzm.au.c;.s..lm.l.(mwz n

U t=20s t=40s —
— i —— i —
' Total time = 603

| Total distance = 240m 1
: 2
Using the 2™ ¢quation of motion; § = Ut +5at
100 = 20U + %a(zo)2

100 = 20U + 200a ............ (0)
Similarly; ‘ SR

240 = 60U 4 & a(éO)z '

240 = 60U + 18000 o, (i)
Solvmg eqn (i) and eqn (ii) gives;
9(i) - (ii); 660 = 120U --. [
660 _ A Ot
=T = 5.5ms™? PN

Now substituting for U in eqn (i) gives;,
100 = 110+ 200a
—10 = 200a
=20 __ 2
a=-—==-005ms"

Note: the negative sign indicates deceleration

-

Example § -
A particle js moving in a straight line with a constant velocity of 60ms~t for 3s. Then there is a
constant acceleration of —3ms~2 for 5s.
(2) Draw a velocity time graph for its motion
(b) Find the distance it has travelled..
Solution ‘ _
(@) ForU = 60ms~1,t = 5a,a = —3ms=2

V=U+at =60+ (~3)(5) = 45ms™1

V/map
o ire B0 P
45 A K :
| ; | .
J 3 '8 . t(s)
(b) Total distance covered = area under the graph
=Area A+ Area B + Area C

=(3x60)+(5><45)+%x5><15
=1804+225+375=4425m
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A pnrliclc starts from resy, moving witl ¢
sgs. the acceleration is %,,,_.,mz
@ Sketeha velocity e graph [ 10s, it decelerates uniformly to rest,
" a4 . f .
@iy Find the distance travelled |y ‘1lr the p
(i) Calevlate the average yelq { ‘ I‘; particly
City of i1« .
&mem ¥ ol its motion,
(i)  Firstacceleration
a = 15ms-2

article's motion

second acceleration

U: -1 =7
U=0 . 90ms1 , V=1
a=-
V=Utat t—[:lﬂs
‘V-f0.+1.5x12=90 V=90+2x48=96
1 _ . :
D =mcmacccancmmcnmnrmeme e arm ey s ———————
gpff "o eme---- Sttt '.:' v
A': ": ()
0 ‘l.2 ;O 72 _175

Total distance covered = area under the graph
= Area A+ Area B + Area C + Area D

= 540 + 4320 + 144 + 480 = 5484m
=7 _ total distance covered _ 5484 _ -1
+ (Ill) Averag:e speeq T T totaltime taken 70 - 78.347715’

Example 7
A particle starts form

acceleration is 0.3 ms2. For the rest 25s, it decelerates uniformly to rest.
(i) Sketch the velocity time graph for the motion of the particle

(ii) Find the acceleration of the particle during the rest period Ofthe'jou{'ney_
(iii) Determine the total distance travelled by the particle
(iv) The a average speed for the whole journey . -+

Solution SRR
(i)  Firstacceleration . -;  second acceleration
a = 1.5ms™? - .a=03ms™?
t = 30s - t=60s
u=20 - U'=45ms™?

V= 0+15x30=45ms™

Ot

>X 12X 90+ 48 x 90+ x 48X 6.+ X 10X 96

V=45+0.3%60=63ms™?

Example 6 WAl by Kenssans Falyd, . Flition

L cong ceelerat '
¢ 18tant aceeleration of 1.5ms~* for 12 seconds For e et
i for (e lnst

- v

rest, moving with a constant acceleration of 1.5ms? for 30s. For the next 60s, the
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» T ,
Veleelty/ ms! . .

—
P

- Y 30 | C 90 . 116 time (s)
i) U=edmsV=0t=255
X LIPS =2 52ms
t ~ 25

(iif)  Total distance covered = area under the graph
=Area A+ Area B + Area C + Area D
=2X30X45+60 X 45+ 2% 60X 18 +5x 25 X 63

& . =675+ 2700 + 540 + 787, S = 47025 m

-

. d 4702.5
(iv) Average specd - totat distance covere = 40.89 ms~
total time taken 115

Example 8
The table below shows the velocity.of a particle during the course of its motion
i(s) 0 5 10 15 200 |25 30
V(ims™1) | 0 4 8 8 3 7 6
Plot a graph of velocity against time and use it to find

(i) The retardation of the body during the last 10s

(i} The total distance travelled by the body

- (iii) Dcscnbe the condition of the particle durmg thc pcrtod 10s to 20s °
= " Solution

s
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() Retardation = rarrialnt-

(ii) Total distance covered = area under the grap}t
e : = Area A+ Area B + Area C + AreaD “ N
| =ix10x8 +10X8+31x10%x2+10%6 At e R A
A . = 40 + 80 +10 +'60 =190 - R

ii1) :The particle travels with a constant velocity ofBms™ L., o NN

P RV
. s

Sl : [P T AR, Trial guestions ..., .. . . BRI

1A ba'rliclc travell'i'ng'with an accéleration of 0.7 ms™ passes a point O with speed 3 ms’\. How long will
‘ : ‘ it take to cover a distance of 250 mr from? What will its speed be at this time?

B - L (Ans: 20s, 20ms™)

2.IIf partiéle passes a certain point \i/ith'speegi‘Slms" and is accelerating at 3.ms'. How far will it travel in
the next 25s? How long will it take to travel 44 m from the start?
' ) " (Ans; 16m, 4s)
3. A car starting from rest moves with a constant ac1ce!eration of x ms™* for 10s a.nd travels with constant
velocity for a further 10s and l|18{12re(§rd5 at 2x ms™ to come to rest 300m from its starting point. Find the
value of x (Ans: x =— hint: sketch a v-1 graph)
starting a car from rest accelerates uniformly to a speed of Vms™ in 10s. He maintains this

4. A motorist k N ¢ .
speed for another 50s and then applies brakes and decelerates uniformly to rest. His deceleration is

numerically equal to twice the acceleration

(i} Sketch a velocity time graph .
(i) Calculate the time during which the deceleration takes place

(iif) Given that the total distance covered is S75m, calculate the value of V
(iv) Calculate the initial acceleration [Ans: (i) 5 s (i) 10 ms™ (iv) 1 ms?)

>
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D lic on a straight road
along this road covers €

and CD arc 448 cm and 576 c¢m

such that BC 2t e 1
st distances from A 1o D at 8s interva| wity

5. Four points A, B, C and ach of these

respeetively. A cat moving
a constant acccleration '
Find (i) the constant acccleration
(i) lts speed at A to ‘ 1

iii} The di ' vels at a co
e vl iformly from rest at a ratc of ams? for 105 e :hlc?iitsrlz']mcc is 550 rr:wsmm wpecd

ist accelerates untformty 1r ard 2 I {he tota : ‘
?c;rggzo':s:llillgfvs down to rest at a constant retardation ol"fa ?;ts Af
¢ < ! : ,

(i) Sketch the velocity time graph fzor the motion of the moto
(ii) Find the value of a [Ans: 2 ms™] : . 20 ms"]
(iii) Find the maximum speed attained by the motorist [Ans: « with a maximum velocity for 5

. 1 ave Ity
7. A body starts from rest and accelerates at 3ms? for'4s. It then 1rthcr Ay retching a velocity time
further 3s and it finally to rest with a uniform rotardation after ano .

graph. Find the average velocity for the whole journcy. [Ans: 7.5 ms'] f X
. ' arts from rest at
8. A car travels along a straight road between two trading cientres P and (|2 'I;htii(;asrtz; dy specd for distance
and accelerates at 2.5ms™2 until it reaches a speed of 40ms™. It then travels a
of 3,120m and then decclerates at 4ms™ to come to rest at Q.
(a) Sketch a velocity time graph for the motion of the car
{b) Determine the _ .
(i) Total time taken for the car to move fromPto Q -
(ii) Distance from P to Q . g ,
(iii) Average speed of the car o [Ans: 104'5,3640 m, 35 ms™] T
9. A body moves a long a straight lirie uniformly increasing its velocity from 2ms™! to 18ms™ ina time
interval of 10s. Find the acceleration of the body during this time and the distance travelled.
(Ans: 1.6ms?, 100m) ' '
10. The table below shows the velocity of a particle during the course of its motion
Time(s) 0 |5 10 [20 |30 |60
Velocity ms™) [0 10 [20 |20 (20 |0
Plot a a graph of velocity against time and use it to find the
(i Acceleration in the first 10s :
(i)  Total distance covered . . o . .
(iif)  Describe the motion of the particle during the period t = 10s, ¢ = 30s_
RPN V¢ 2ms2, 800 m, constant ] o
11. A cyclist starting from rest accelerates uniformly until he reaches his maximum speed of i2ms= He
continues at this steady speed for next 2.4 km. He then applies brakes and decelerates to rest at a rate
numerically equal to four times that of his acceleration. Sketch a velocity time graph. Given that the total
distance travelled by the cyclist is 2.52km, calculate.
(i) The time during which the acceleration takes place {Ans: 4 5) ..

(ii) The distance over which deceleration takes place (24 m)
(iii)The total time for which the cyclist is in motion (240 s)

nd g,
g b;;,{,{mmmm.I:Taha(l..-.;.......'....2..../J¢.1.£!;.qn i
i




Advansed Level Subsidiary. Marhematics, by Koviia Laliad. oA kdilion”

(HAPTER 21: RESULTANT AND COMPONENTS OF FORCES
m of tweo forces _
The resultant R of two forces P and Q is that single force which could completely take the place of the IWO

forces. The l:CSUllan[ R must have the same cffect as the forces P and Q. When only parallel forces ar
iavolved. Itis casy to find the resultant. For example

— 5 N

the forces [ _an could be replaced by BN

the forces 3 No—-—::]—-v SN coutd be replaced by — N

Resolving a force; companents i L o
The component of the force F in any given direction is the measurc of the effect of the force F in that
direction. G e C o R ‘ .
Consider s force F acting at an angle 8 to the x-axis as shown below. Let AB represent the force E
angle BXO = 90°, AX and AY represent the horizontal and vertical components of F,alongthe xandy * ™"
axes respectively. : ~ . SR

and the

.%=cosﬂ ; andi-E:cosBAY - . ‘
‘AX = ABcos@ AY = AB cos(90°-8) - . B
AX = Fcos@ AY = Fsin@ R D s

1

Hence the components are F cos§ and F sin 8 along the x and y axes respectively

Note: The rule for finding components may be stated as; . _
The component of force in any direction is the product of the magnitude of the force and the cosine of the

angle between the force and the required direction i.e. Fcos8 and F cos(90° —.6)‘

C - - * . i YR ‘e, . .
MLIe-l ’ ‘ I A RS 1 OAE AL ot
Find the components of the given forces in the direction of ==« © =7+ o sl maheop et e o
(i) The x-axis (i) the y-axis : _ T T
(a) L e O L L R L R S AR LI DRSNS
Y SN

-~ - - ----.—“
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Solution

S axis = Geos 350 = 410N

()  Component along the X-ax1s =

S 0 _ 350) —
(i)  Component along the y-axis = 5cos(90

(b) ’ i
20 N
F/‘@;
- o e ol s e ok ™
Solution . y
(i)  Component along the x-axis = 20 €0S 15 i = 19i5f'; "
(i)  Component along the y-axis = 20sin 15° = 5.

(c) .
T
N { '
>\,_ ...... ~
t »
-~ (i) - Componentalong the x-axis = —10 cos 42° = ~7.43 N
© . (ii)  Component along the y-axis = 10sin42° = 6.69 N
Example 2 : . : .
Find the sum of the components of the given factors in the direction of
(i) The x-axis (i) the y-axis
(a)

0N

10N

o e e s e s . e e

Solution L
(i) Resolving along the x-axis
10 cos40° — 20 cos 70° = 7.66 — 6.84 = 0.82 N
(ii)  Resolving along the y-axis
10 sin 40° 4 20'sin 70° = 6,43 + 18,79 = 2522 N

% 5in 350 = 2.87N

IR
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| Solution | | .
(i)  Resolving along the x-axis

) 6'°°53°°+10cos45°—520+7o7_1227:~/ N
(ily  Resolving along the y-axis S TR

+65in30° - 105in45° = 4 +3 - 7.07 = ~0.07N.

Note: when summing up components of forces, due regard should be given to the directions of the
components.

Again if x and y are the magmtude of the perpendlcular components of force AB, the magnitude of AB,
known as the resultant force is given by; -

F=yx?+y2 and the direction is given by tan = 22‘,:;
Example 3 _
Find the resultant of the forces shown in the figure below . S
N ; ’__6N S - . I LT Bt IR IE
2N '
RENETY o
. . i’.IU_t'Pﬂ ) can :.' . ,.
Resolving; . o | |
' Force,F Horizontally(=) vertically (1) st
4 4 cos0=4 4sin0=0 .- zxnr b E
6 . 6cos60=3 " 5 T ™ -6sin60=3v3 St
2 2cos60=1 e e 2 $in 60 = f RN .
3 3V3 cos_9'0.,=0v I -3\/_51n90 __3\/* -
Se=6 iom 5, =3

Y x and Yy are the summations of the horizontal and vertical components of the resultant force.
If F is the resultant force, thcn,l ‘

R=+Jx2+y? 3,‘62 +(\/§)2=6.24N

Since force is a vector quantity, we also have to find its direction




n(] -~ 3,
‘ 1 y 1 ..EQhQ.d..‘.........‘...2,,;_»‘/';{1.{”:0“ '
/.(d‘.’.((f.lg.éf.d;L!S.‘.’.G’f..S!.tf!ﬁfdiﬁt’.k.MG!f.lQ!??.Q!I!:‘:?..QH.K?.‘.K.l.nﬁ‘ .

b/

F 3
rﬂ
=)
L
™
kN

tanB-L—fﬁ 0 =16.1°

Ly 0 {o the horizontal
Therefore, the resultant force is 6.24N and makes an angle of 16. 7ot

Example 4
In the figure forces of 4N, 6N and 2.83N acton a particle O.
(i)  Find the resultant force,
(i) Fmd the acceleration ofthc particle if it has amass 2kg.

Solution
(i) Resolving,

Force, F Horizontally(—) . vertically (1)
4 - 4 cos 60 = -2 T-4sin60=-35
2.83 2.83 cos 45 =2 j 2.83 sin 45 = 2
6 6 cos 30 = 3+/3 ' 3sin30=23
Zx = 3\/§ Zy =- 4.5

Resullant = JZx +Zy "J(3ﬂ +(—45)2“688N
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»

— ng.]vﬁ

Ly= 43

_I
fanf === =% = 9= 409°

Therefore the resultant force is 6.88N and is 40.9° below the horizontal

(i) Force = mags x acceleration
= 6.88 = 2a

. @ = 3.44ms?-

Example §
Find the magnitude and the direction of the resultant force

N

2/2N e

Selution
Resultant force horizontally = 2vZ cos 45° — 6 cos 30° — 4 cos 60°
=2~520- 2=-520N
Resultant force vertically = 297 sin 45° — 6 5in 30° — 4 sin 60°
=2—3—3464 = —4.464

Resuitant force, R = /(—5.20)% + (- 4464)2- V46.97 = 685N ,

iS
v

Example 6 :
Find the magnitude and the direction of the resultant force of the given forces below

~ o ot
re

32N L PR
KR ‘ - ‘ 8-\/3N

el iR



Solution : A Vi
Rcsullanll force horizontally = 8v/3 cos 300 — 3vZ cos 45° =.8‘/§ X 3V2 x >
© =12-3=9N
Resultant force vertically = 8v3 sin 30° + 3vZsin 45° — 2\/§
| =8\/§x-;-+3\/§><‘[7i—2\/§
= (2V3+3)N 1

é N .t
RZ=924 (2\/5.!. 3)2 =81+41.78=122.78 |
R =+122.78 = 11.1 N and the direction is at an angle a to x-axis, where
tang = @.ﬁ = 0718

@ = tan™*0.718 = 35.69° .
Therefore the resultant force is 11.1 N at an angle of 35.69° above the x-axis

Example 7 . R . "
Two forces of 7N and 24 N act away from the point A and make an angle of 90° with each other. Find the
magnitude and direction of their resultant.

: Solution NN
. First make a sketch

D . ., . C

INA

[ 4 . .
—)-
A 24N B
R? =72 4247
R =625 = 25N
7
tana—;

Q= tan‘i(;}) = 16.26° . ' Coe , :

BN

The resultant force is 25 N making an angle of 16.26° with the 24 N force

Example 8 . .
ABCD is a rectangle. Forces of 9 N, 8 N and 3 N act along the lines DC, CB and BA respectively, in

directions as indicated by the order of the letters. Find the magnitude of the resultant ang the angle jt
makes with DC.

the
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. Solution
first draw a diagram showing the forces
D N
-\%c
YS8N
Ag-— <
3N B

resolving parallel to DC gives horizo
resolving parallel to BC gives vertic
R? = 6% + g2

ntal component=9-3=6N
al component = 8§ N

=36 + 64 = 100
R=v100=10p )
Draw a diagram to show the two components

6N D

8N~ R . Tt
The direction is given by; tana =

o
<

a = tan™?! (%) = 53.13'0

The resultant is 10 N making an angle of 53.13° with DC ) . e,
Example 9 . 4 . R

Forces of magnitudes 1N, 4N, 3N, 2N and PN act on a particle as shown below

AN

[f the particle is in equilibrium, find the values of P.and 6
Solution )

-

ilibrium; vertically - RESRRRE LS
Ateas , = resultant downward force

Resultant upward force .
4sin30°+sin80°=2+Psm9. ~_,,
Psin6=4sin30°+sin80°—2 o . |

Psinf?-‘-‘2*‘0'985'2 ‘ .
paing = 0.985 wnwinen () S .

' . s onlally' - - . e ) - . - st N w
Slm‘g rly;,::;?ts to the R.H.S = components to the L.H.S
Om - — e Ty

s, A Rdition '

aN . _-_: -,! B

- ——— LT
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3 + 4 cos 30° = cos 80® + P cos 8
Peosd =3 + 4cos30° — cos80°
Pcos@ =3+ 3.464 —0.174
Pcos8 = 6.29 .o o (i)

Now dividing cqn (i) by cqn (ii) gives;

egn({) Psinf _ 0985

eqn (ity’ Pcosd 629 .. e e
tang = 0.157 -

8 =tan~10,157 = 8.9°

. s
ERCOTR I
. “

Substitution for @ ineqn (i); Psin§ = 0.985

p=23B _g4N

= singgo

Note: Altematively, the reader can use the fact that the resultant of the components of the forces in any

direction is zero at equilibrium ie. ¥ x =0 and $y=0 -

. ABCD is a rectangle. Forces 6v3 N,2 N and 4v3 act along AB, CB and CD respectively, in the
direction indicated by the order of the letters. Find the magnitude of the resultant and the angle it

makes with AB [Ans: 4N,30°] - = .

- ABCD is a rectangle. Forces of 8N, 4N, 10N and 2N act along AB; CB, CD and AD respectively
in the directions indicated by the order of the letters. Find the magnitude and direction of the

resultant force  {Ans: 2.83N, 45° with BA )

. ABCD is a rectangle. Forces of 3N, 4N and IN act along AB, BC and DC respectively in the ‘
directions indicated by the order of the letters. Find the magnitude of the resultant and the angle it

makes with AB.  [Ans: 5.66 N, 45°]

. Four forces of magnitude 2N, 4N, 3N and 4N act at a point in the directions whose bearings are !
000°, 060°, 180°, 270° respectively. Calculate the magnitude of the resultant force |

[Ans: 1.49N ]
. Each of the following diagra_ms"shqws a number of forces. Calculate the magnitude of their
resultant. L o
4 '_,ﬂ,. . .
an | ! o lI N
SNw 600! |
- 30° e X L L ! -
{ 6N X aN x _-.--;
| Zgn
! 4N |' . I :! i,
.' e iLzoo

[Ans: (@)172N (b) 38N  (c) 41N ]
. Find the magnitude and direction of the forces given in the diagrams below
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@ »
E ION (b) .
|
|
__1Aeo°
| 8N x -

!
{

[Ans: (2)15.6 N, 33.7° (b) SN, 90°]
ABCD is a square. Forces of 4N, 3N, 2N and 5N act along the sides AB, BC, CD and AD

respectively in the dircctions indicated by the letters. Calculate the magnitude of the resultant and
the angle it makes with AB [Ans: 8.2N, 76° ]

~




~

Advanced Level Subsidiaty.Mothemalics. by Kawonafahadisz. .2 Edijo,

CHAPTER 22: FRICTION
ative motion of two bodics in conm

The frictional force is the force that acts to oppose the rcl : :
pushes the block on the table with a small force P, the frictional force F comes in to operation ang OPpose
. S

the possible movement.

. Cocfficient of friction _
The magnitude of maximum frictional force is proportional to the normal reaction R .The friction constan{
is cal‘ltl:d the cocfficient of friction, g, for two surfaces in contact, ’
Fax = UR :
For a perfectly smooth, 4 = 0
Consider a block of mass M kg resting on a horizontal table and a horizontal force P N is applied.
R

» . - = ’-,

|

My

‘R=Mg - . -
F =uMg where g = acceleration due to gravity

Example 1 . - -
Calculate the maximum frictional force which can act when a block of mass 2 kg rests on a rough

horizontal surface if the coefficient of friction is () 0.7  (b) 0.2

Solution
R
v Faan = RR . I
- max - H 2 kg
2 N S o
(a) There is no motion perpendicular to the plane el e L

Resolving vertically; R =2g
R=2x98=19.6N 3
Fpax = #R =07 X 19.6 = 13.72N

(b) *Similarly, as before; e
=uR =02 x19.6 =3.92N

Fmar

3 .
LA R TA s S

Example 2 :
A block of mass 5 kg rests on a rough horizontal plane, the coefficient of friction between the block and
ock an

plane being 0.6. Calculate the frictional force acting on the block when a horizonta] force p is applied
pplied to

the block and the magnitude of P is

H . ‘. e Ty
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Solution

__ ot o ol edition
.Mn!lmfmm:.s:'/.m.'h’r/.i.mum/.-.'(:mlw.c(..<..........--2--"5

———————— L

i cer.
' weleration which may 0
N, Alsu caleulnie the mngnitude of any neceleration |

R

I e v
.

1

S ' |
rpendicular to the plane
Re=Spe5x98=49N

’ imum -
, . P acts. The maxi

will net in the direction opposite to that in which the force P

value of frictional foree is HR

There is no motion pe )

Resolve vertically;
The frictional foree

R =0.6%x49=204N . Cee e
(@) 16P = 12N, then P is less than R, so there {s no motion .« .. ..
Friction force, I = p [
F=12N
(b) 11 P = 28N, then again P is less than R and there is no motion P
Friction force, I =P = 28N . . ich is 29.4 N.
(c) P =36N, then P is greater than the maximum value offr:ct'lonal force, wh s
Frictional force acting = 29.4N, which does not prcvc'nt motlo.n. i i
The block will move and the maximum vatue of uR will be mzur.\ta.if i e rea
Using F = ma, the equation of motion is; B o
P—-uR=ma .
36-294=5a . >
a=132ms™ :
. RN
Applied force not horizontal T e eovecs
R :
I P
Kk 4:. = B PRI R P AN
r _Mlg CTT e . o
ﬁfg N . . Yoy *

n is incli t an angle 8 above the horizontal, this has two.
e block of mass M kg is inclined at an a 8 ab
When a force on th ‘

CHCClS; . rti(:zll dircction decreases the magni["dc oflhe na l ti
i I onent of P in t]le ve
(!) he comp

in a horizontal direction is tending to move the block
. component of Pina
(ii) Only the ‘

“ e . - . s, BT A
’ . . - .
LI | .

tte .

[
LTI R -

Sas 1. "“\.t o.-{.
A PR SRE IR
. + e
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Resolving vertically; R + Psin@ = Mg -
w. ~R=Mg-Psing ...0(i) ‘ '
Resolving horizontally;, Pcos8 = F = uR ... (ii)

Psiné

S

Pcos &

b=

F=uR

<.
*

Example 1 3
. . 3
A 10kg truck lies on a horizontal floor. The coefficient of friction between the truck and the floor is -

Calculate the magnitude of force P which is necessary pull the truck honzontally if P is applied (i)
horizontally (ii) at 30° above the horizontal
Solution

(@)

]

F i 10 kg

A IOg

P,

In the position ofllmltmg equ111br|um P=F
Py = uR ’
P=2x10g=2 x10x 98 = 4243N

For motion to fake place, the applied force must exceed 42.43 N

(b)
R oy ,

Py
307

B F l
e T 10g
Resolving vertically; R + P sin 30° = 10g
R =98 — Psin30°
p
R= 98 — E
In the position of limiting equilibrium;
Pcos30% = pR

V3 _ _F
Px—z——,u(% 2

g%
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V3
PXx<=o9gy B¢
Bp,a .
2P+‘8'P=?X98

P(s‘/§)=2\/§x98
P=392nN

Exam le 2

A bOX ofn‘mss >0 kg is 1o be pushed along a rough floor by a force acting at
The force 15 at an angle of 60° 1o the horizontal. If the cocfficient of friction 1S
force which will move the box
Solution
Let the force be P

{ the centre of its top surfacc.
0.25, calculate the least

R

) T > . Iy ’ . 1 »e MDA . e
600 ' ) . L SR A o B
SOkg _» -_——- e ey . .

150 gA
Resolving vertically;
R + P sin60° = 50g .
R = 50g — Psin 60° A A .
Resolving horizontally; .
P cos60? = 4R :
P cos 60° = 0.25(50g — Psin 60°)

P 4 ‘E 1. . . - ',;.'-’s:,“'--t e
5= 1258 —PX X7 ‘ '

Prfp-125x08 _ e
1, V3 _ ) . .~
P (.2--{—?) — 1225 .I i .. RO 7 e RN

p(4+¢§)=8><1225 .
= 280 — 17097 N
P=77 170.97

T 4443

3 " . M ..:- —? '.45‘::‘—- -
.i_’fﬁﬂnl_’;ll—‘;—o { mass 2 kg rests on a rough horizontal ground. The coefficient of friction between the particle
parti

S ‘ P acti ards on the particle at 30° to the
and the ground is 5. Find the magnitude of a for.ce acting upw 1 the p

horizontal which will just move the particle. < ..,
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Resotving vertically:
R+ Psin30"=2g
R = 2g — Psin30"
Resolving horizontally:
Pcos30°=pR
Pcos30° = -;-(Zg ~P sin 30?)_

o byl
2P>\T—23 lxz

. PY3405P =196

2.232P = 19.6
p=2%_g78N

Example 4

A parcel of mass 10 kg rests on a lorry. When the lorry is accele
- ot lorry?

point of sliding backwards. What is the coefficicnt of friction between the parcel and the lorry

rﬁiing at 1.5 ms™, the parcel is on the

Solution
_— ‘R 5m s~2
L e
10kg | F=uR

IS o
.‘°9]

Vertically; R = 10g
From; F=10x 1.5=15

uR =15
o, fx10g=15.
N EATAT N ;:‘,-:v"-' 357 f._b'lls 3 et
= Toxes

Rough inclined plane
Consider a body of mass M kg resting on a plane which is inclined at an angle 8 to the horizontal.

R L T

BT

Mgsin@ “ o\
Mg cos O

Resolving at right angles to the plane;
R = Mgcos#8

—_— —— e = e

e
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t
e component Mg s

> balances '8 do - :
(i plane DWARCEs jt. & down the planc witl causc motion unless the frictionat force, F acting up
atequillibrium; = g :
Bsing

. Max = R
H=tang gsing

pxample 1

A body of m

S5 6 kg roste i fises : i
the cocfficie 5 Fests in limiting equillibrium on a rough planc inclined at 30° to the horizontal. Find

n of {ricy;
fiction between the body and the plane.
Selution

since the body ig -
Y 1s on the point of moving down the planc, the friction force acts up the planc

R
] . -91', 1_-":_-.';’

6g sin a0

lE.g N
Resolving at right angles to the plane;
R = 6gcos30°
Resolving parallel to the surface of the plane;
6gsin30° = pR
6gsin 30° = u X 6gcos 30°

__ 6gsin30° _ RIEEPL] S
= 6gcos30® 0.577 T Lot

ol
Example 2 S : . R
A mass of 10 kg is placed on a plane inclined at an angle of 30° to the horizontal. What force parallel to
the plane is requiredto C L R

(i) hold the mass at rest :

(iiy  make the mass move steadi

cocfficient of friction between t
Solution " et d
is just held at rest, itiso
ds along the plane.

ly up the plane with an acceleration of 2ms’!
he mass and the plane is 0.4
' . A LS SR e T H BATIPR P

(a) As the block n the \{erge of slipping d?wn, hence friction force
F = uRacts upwar

R

- - # oves T e w™

10g sinﬁ"

.
108 R Rt URRC

at right angles 1o thé plane; .
T R

~

3

) Resolving

]
e
<y

2oL ST IR AR AN S

SIS Y PP
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R = 10gcos 30°
. Resolving parallel to the planc; .‘
P + uR = 10gsin 30° : . 1

' p + 0.4( 10gcos 30°) = 10gsin30°

= 10gsin 30° — 4gcos 30°
P 49-3395=155N

(b) f the mass is moving steadily up the plane, the I'rlcuon force,

B S N

F = pRacts down the plane

1

'

{

10§ !

Resolv:ng at rlght angles to the plane i |
= 10gcos30°

Resolving parallel to the plane; : )

"Resultant force = ma et e e '

P —(10gsin30° + uR) = 10 % 2 LI |

P —(10gsin30% + 0.4 x 10gcos30°) =20 _ . g |

P ~(49+33.25) =20
P =20+8235=10235N
ST vhnrouleriaed 4, .

Examnle 3 - ‘e
Az parcel of mass 2 kg s placed on a rough plane which is inclined at 45° to the honzontal The
coefficient of friction between the parcel and the plane is 0 25 Find the force that mu
the direction parallel to the plane so that;- . TR -
(i) The parcel is just prevented from sliding down the plane %
(i} The parcel moves up the plane with an acceleration of 1 5ms=- -
(iif)  Ifitis prevented from shdmg down the plane find the fnctlonal force tha

i — A g

st be applied in

tacts up the plane.

. Wt - SOllItlon Ty " '-.' r S i, . . 'A‘
(i) Let the forcebeP B ST |
. . A p F=puR i
e Tt A . . f
e . Vg singd” Fo o
, Do, . . 2g cos 45
LI S Ty - ;
123 . - 37 l v
e A Love L o
R= Zg cos 45" T

Parallel to the plané’ )
P + pR = 2gsin 45° )
P +0.25(2g cos 45%) = 29sin 45° i
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P = 2gsin45°% — 0,5g cos 45°
P =1039N e
(i) ~ Onthe point of moving up the planc, the friction force acrs down the plane

2g sin4§' 9
4509 2g cos 45
%8

A

Parallel to the plane; R = 2gcos 45°
Along the plane; P = 2gsin45° + R
P = 2gsin 45° + 0.25(2g cos 45°)

P =2 x9.81 X sin45° + 0.5 x 9.81 x cos 45° .
P =1386+3.46=17.32N Lo T
lf_t_hc parcel moves up the plane; S T : .
Then Resultant force, F = mass x acceleration A
Resultant force up the plane = P — (2gsin 45 + uR) ot raitasn
P — (2g sin45° + 0.25 X 2gcos 45%) =2 X 1.5 Tooh
) yhob "

P—(13.86+3.46)=3 .
P—3+1732—2032N - T

: Trlal questions
1. Ifa force of 10N is just sufficient to move a mass of 2kg resting on a rough honzontal table, f'nd the

1-1 yl:,- ~

coefficient of friction [Ans: 0.51 ] T
2. A block of mass 10kg is placed on an inclined plane at an angle of 30%to the: horizontal where the
coefTicient of friction between the plane and the surface is 0. 5. Find - ooy g bs i .
(a) The force required to make the block move up the plane .« .o ng i T ,\..,-~,._._.“.,I.,»‘ ey
(b) Keep the block at rest . C s anags ey ‘s
(c) Acceleration of the block down the plane R A -
[Ans: (2) 91.4N ‘() 6.6N () 0.66 ms™ 2) e et i
3. A block of mass § kg placed on an inclined plane of angle 60° to the honzontal is Jﬁst '1t rest. Fmd

the force parallel to the plane requnrcd to push the block up the plane
i " [Ans: 98 N ]

4, A box of mass 20kg starts from rest and slides down a slope inclined at 30° to the horizontal. If the
coefficient of friction is 0.4, find the acceleration of the box. [Ans 2
5. A particle is placed on a rough plane inclined at an angle, 8 to the honzontal,\where tanf = 3 The

coefficient of friction between the plane and the particle is 0.5, The partlclc 1s rest under the actlon of

rd direction parallel to the plane.
is about to move down the plane

a force F applicd in an upwa
(a) Calculate the value of F when the particle i
(b) Calculate the value of F when the particle is about to move up the pianc I

VoMED gl s R

[Ans (a)2N (b) 10N ] . T I

- e v ana

Cut e r*""'“
4
"

o Ay s o

SRR

et ma . v *
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CHAPTER 23: NEWTON'

First law: . . .0 on the body otherwise.
A change in the state of motion of @ body is caused by @ force acting

Body at rest :
""i;;;&;?balﬂ"cc- Hence if a number pf forces act op 5

Il forces act on a body and docs not move, the forc
) y direction ‘must be z¢ro.

body and it remains at rest, the resultant force in an

Example 1
A body is at rest when subjected to the forces shown bel

StiN
3 e SO N
—»10N

o

“yY 10N

oW, Fiﬁ‘d xand y

Solution
The horizontal forces must balance -
X=50+10=60N :
The vertical forces must also balance .
Y+10=50
Y=40N

Vet

A body in motion
A body can only change its velocﬂy i.e increase its specd, slow down or change dircction if a resultant

force acts upon it. Thus 1f a body is moving with a constant velocity, there can be no resultant force
acting on it.
~ %, e 'r:.-_."'." :‘.:sf':i N

Example 2 S ; .
A body moves horizontally at a constant speed of Sms .and is subjected to the forces shown. Find P and

S.

PR .
LoTNE S T, N

Sms™!

—_—
300N —bP
JT%
2000 N
S+S=2000N e |

25 =2000 =5 =1000N
Since the horizontal velocity is contant,
P=300N
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Second law:

Lon's second law can be summari . '
w10 marised by the equation F = ma, where F is the resultant force on the

N .

N misthe mass of the body and a is th

~ ca i .

M § force or resultant force, ccleration of the body produced in the direction of the ;.

gmple 3

\ body of mass 8 kg is acted upon by a fo
Solution :

ree of 10N. Find its acceleration I .

8 kg 10N e

————
a

F=ma
10 = 8a

< 10 .
a= i 1.25ms™2

Example 4 ‘ el N T
lfind the resultant force that would give a body of mass 200 g an acceleration of 10ms™. -
~ Solution TR SR I TR e A

iR
10 ms~? C_

-_— _'.ﬂ_ ':'s-._-- “
m=200g = —== 0.2 kg v
Using F =ma’
F=02x10=2N

The force is 2N

- T

Example 5 .
A horizontal force of 0.6N acts on a body of mass 0.3 kg. There is a resistance of 0.15 N opposing the

first force. What acceleration will be produced?
Solution e

HERar TEIL T

o e

.
(&4 ', v .. I L PR S A PR "'_..,-:j

e

04BN
'.r':. "“"
| - — L
T .
F Net force = 0.6—0.15= 045N .
The acceleration will take place in the direction of the resultant force
F=ma '
0.45 = 0.3a
045 2 oo

=—=15ms"
a 0.3
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Examplc 6
/\ car of mass 500 kg moves along

forcc of 1100 N, what resistance is the car exper
Solution

' -2 T .
a level road with an acceleration of 2ms™ [f it-is exerting a forwarg
{ ¢ : * )

iencing?

v

- .2 ' N -
. _Lmst

Re—] S00kg 110N

_ Net force=ma
_ Net force =1100—-R
1100 — R = 500 X 2
1100~ R = 1000
R =1100,— 1000 = 100'N

Example 7 _
A van of mass 2 tonnes moves along a‘level road against a resistance of 700N [f its-en

forward force of 2200N, find the acceleration of the van.”
Solution
Mass = 2x1000 =2000kg

a m§-2

gine is exerting a-

~~:rr-:7oon.'-_*., W00kg—"22008 - .z ¢ e e A

Netforce"—Ma : S W . . : '
Net force = 2200 — 700 = 1500N ' PR : 1

1500 = 2000a

" 1500
o a=-——-075ms
Pt - 2000

Example 8 e _
A box of mass 5 kg is lowered vemcally by a. rope Fmd the force in the rope when the box is lowered

with an acceleratlon of 4ms

Solution )
f r - ' " -
- l-‘ [ 2] !"'

Massof box =5kg oo T Cre .
weight of box = 5g N ‘
Resultant vertical force = (5g — T) down wards




v

Aevanssd deexed Subsidi
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il Matlriation: . Keisn it w Jedition

58-'1'=5x“
SN‘).[]__T _:20

T=49-99= 2

wample ¥

ach o bricks of mass X . s
" tmass 100 ky is hoisted up the side of the house: Find the force in the lifting rope Whe?

*beicks are lifted wi
e bricks are tifted with an accelertaion of 0.25 ms™
Selution

1~

100 kg T!ms_‘
i :

100g N
Mass of bicks = 100kg
Weight of bricks = 100g N
The resultant upward force = (T — 1008) (since motion 1S upward
T — 100g = 100 X 0.25
T = 100g + 25 = 100X 98+25 = 1005 N

Newton’s third 13w .
If two bodies are in contact, actually touching or connected by a string, Tope or rod. They will have an
effect on each other. Newton's third law states that if two bodies A and B are in contact, A will exerta
force on B and B will excrtan cqual but opposite force on A i.e. equal in magnitude but directed in the

opposite sense along the same line.

1. C onsider a box of mass M kg resting on a horizontal floor
" n )

1«

' ‘

The box exerts a force on the floor and the floor reacts by exerting an équal but opposite force R

7. Consider a car pulling a caravan
“~.¥;, Lo

ra

The pull of the car is transmitted through the tie rod to the caravan but the caravan equally pulls

the car backwards.
3. Consider &0 masses suspended by a string over a frictionless (smooth) pulley
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Irds when considering A but pulls B upwards when

The string transmits a tension which pulls A upwa
considering B

‘4 . .~ . . -. " CONNECTED PARTICLES

Case 1
Consider a body of mass 3 kg at rest on a smooth ho
which passes over a smooth pulley at-the edge of the table to anot

rizontal table. This body is connecled by a light string
her body of mass 2 kg hanging freely.

R
1 —_—
-
3 kg B
i La
38 N
: )
2 kg
. __g N
The 3.kg mass will not move in a vertical dlrectlon SO the vertical forces actmg on it nust balance.
The honzontal force actmg on the 3 kg mass is T, . C e

Using F = ma gives the equation of motion as
T =30 ccrmmmmvinenns (i)
The 2 kg mass moves vertically downwards
Using F = ma gives the equation of motion as;

26—T=2a orivunnnes (i)
Solving the two equations (i) and (11) smultaneously i.e (i) + (ii)
2¢g=3a+2a :

2,2 = -2
a-sg.-sx9.8—3.92ms

Substituting for a into equation (i}
T=3%x392=11L76'N B T

Casc 2 ;
Particles of mass 4kg and 2 kg are: connected bya llght string over a smooth fixed pulley. The particles
hang frecly and arc rcleased from rest. Find the acceleration of the two particles and the tension in the
string. SEERRUEE
Solution
Let the acceleration be a and the tension in the string be T

_ ——
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22 N

Using F = ma
por2kg: T—28= 20 v (0) oY
fordkg: 48 =T = 4a v vev v (i)
Adding equations (i) and (i) gives;
2g=6a -
11 . e
a—§g=§xl;9.8=3.27ms‘2 .o Iy

ubstituting for a in equation (i);
T=2a+28
T =2(3.27) +2(9.8) =26.13N

Example 2 o

A light inextensible string’ g are attaclied niagses of !

is placed over a smooth pulley. To the ends of the strin
vertical. With what acceleration does the system- -

2 kg (A) and 1 kg (B) and both parts of the string are
move? What is the reaction at the axle of the pulley? R B A L
T .
a

N

' . e oy i1

' -t Cbute s svvait e TN i e
PP e

The | kg mass accelerates upwards as the 2kg mass accelerates downwards

T T‘ .

al-. ercec/s ENEY PRI .//I/k,// ALY ERG SRR P I N N
3127 L LL a
e, e
T

For mass A, since acceleration is _do:wnwards; 2g =T =2a oo )

‘t'
rea o3
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l ’ e 'llll(ii) . o ' ‘e , :... ;I-
For mass B,-accclcration is upwards; T—g=4a’ - )

C R = RO (1)) '
For the pulley, since it has no acccleration; R=2T ...
Now solving cquations (i) and (ii) for a and T
Eqn (i) + (ii) !
g = 3a o
1,1 =327ms™2"" Lo ‘.
a=38 3)(9.8 32 ‘ § . _.
From equation (ii); T =a+§ ) _ _ 4 .-
. =327+98=131N ' K
From (iii); R=2T
R=2x131=262N o |
Therefore the reaction at the axle of the Pullley is262N S

4 .
- . I

Case3: ~° : :

A body A rests on a smootli horizontal table. Two bodies of mass 2kgand 10 kg,

attached to A by strings which pass over smooth pulleys at the edges of the table.

When the system is released from rest, it accelerates at 2 ms~2. Find the mass of A |
N LA S PN R SR 3 "

—_—2mst

hanging freelj'f are
The strings are taut.

DN i e oL, 10g N .

Let the mass of A be M kg. The tensions in the two strings will be différgrit; Let ;he}h be Thand T, . ,
Using F =ma gives; o

For2kgmass: T, —28=4  .ueennn(i) A
ForAY Ty=Ty=2M [ v n (i) 70 777 00 : f |
For 10 kg mass; 10g — Ty = 20 ... . ({6
Adding equations (i) , (i) and (iii) gives;* - ' §
gz i
it 2M - 54.4 ) i P . LR W, - .
M=272 SR . . ‘.

The mass of the body A is 27.2 kg

Casc 4 N

Consider three masses A, B and C connected by light inextensible sirings as shown i the figure below
where B is held on a rough horizontal plane whose coefficient of friction is 0.6, The pulleys are smooth




when B is released, what will be the aceeleration of lhc masses?
Solution ]
The forces that act on the masses can be shown in the diagrams below
T R: Ts | . )
] . B | » I P " "
t CL e D S L |
e kg -—3 kg 7 k| |a
l S L. . F = uR , l
. R TP B Wy ! PR
dG=Tym g ) v, 0T s et
F=uR(asB moves) and acts against the motion «
R=3g
=2 F=06x3g=18g 4 IR . o
N1 =M+ F)=3a i () o 0 0
T,—8=a e (iii) ' =
< From() Ty=4g—4a. . . . ..T . . . ... U
From(iii)T, = g+a - . Ll L s
Substituting for Tyand T, gives; i
4g — 4a—(g+a+18g)—3a"~' o ]
Which snmp!lf'es to;l.2g=8a R A T pin ‘-:-“3 o
la=2g="2x08 S147mst L e TR )
Note: it is necessary to decide in certain problcms in which direction the frlctlon is gomg o act
. .." ..-'»-;~.;;,'E’ L)
Case S o ST

The bodies shown are connccted by a light string which passes over a smooth pulley The
| kg mass moves upwards while the 3 kg mass moves downwards, Caleulate the ten510n T thc normal

reaction, R and the acceleration, a. - Cee

Solutmn

Applying F = ma in the vcrtlcal dlrectlon for the 1 kg mass gives;

A e




+

., , d o
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7'~'= : ‘l TIRLCRLLR AL 'll(!) .
Applying 1+ ma down the plane for the 3 kg mass B
Apsinabt =1 = 3a

[ves;

v %.Iﬂ—'r = 3“ ITRTLRALR LR "”(Il)
Adding cquni;:}:;s (i) onel (i) LT '
SE-g=da Wwe

1,1213g = 4a

| Q= 1.1:13 x.‘J.ﬁ - 2'7‘47"15-2
I . )

Substituting for a in equation (i); - :
T =g+ 2747 =984 2747 = 12547 N -

To get the narmal reaction, we resolve at right angles to the surface of the
that in this dircction, there is no aceeleration) - '
s R=3gcos45% = 20.79N

AN

plane, for the 3kg mass (note

o

v ' - Trial questions - Co .

1" A'block of mass | kg rests in equilibritun on a rough horizontal table under the action of a force P

which acts at an angle of 30° to the horizontal as shown in the diagram beIO\}f. .
. t. N » r .

Given that the magnitude of P is 2.53 N, calculate - **
()’ The normal cxerted by the table on the block
(ii)  The Iriction force on the block N , : _
a Given 'that the block is about to slip, calculate the coefficient of friction ™ *"*
' [Ansi (i) 854N (ii)2.19N; 0.26] ]

2. A light inextensible string passes over a smooth fixed pulley and carries freely hanging masses of
800g and 600g at the ends. Find the acceleration of the system and the force on the pulley.
[Ans: 14 ms? ,1344N] . - . . . - , , o

3. A car of mass 900kg tows a caravan of mass 700kg along a level road. The engine of the car exerts
a forward force of 2.4 kN and there is no resistance to motion

[Ans: 1.5 ms?, 1050N ]

4. A car of mass 900kg tows a trailer of mass 600kg by means of a rigid tow bar. The car ex eriences
a resistance of 200N and the trailer a resistance of 300N. If the car engine exerts a forwarcrjJ force of
3 kN, find the tension in the tow bar and the acceleration of the system [Ans: [300%0
1.67ms? ] : > '
5. Each of the following diagram shows two freely hanging masses connected by
sting passing over a smooth fixed pulley. For each system, find the
(i)  Acccleration of the masses.
(i)  Magnitude of the tension T
(iii) Magnitude of the reaction T2

.-

a light inextensible
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) Z
8 (c) T,
7
T, %
. T4 4% .
ske| l2kg skgl |58 2 ) sgo -
SgN 2N ‘ 'SgN 5N | —!,-g %‘N
[Ans: (a) (i) 4.2 ms* (i) 28N (i) 56 N (b) (i) 0 -(ii) 49N (“')98N , |
(©) (i) 2.8 ms? (ii) 63N (iii) 126 N) ' his bod
6. A body of mass 65g lies on a smooth horizontal table. A light inextensible string runs from this Ys

over a smooth fixed puiley at the edge of the table to a body of mass 58 hangmg freely wnth the strmg

taut, the system is released from rest. Find <~ A
(a) the acceleration of the system po ' o

(b) The tension in the string E

" (¢) the distance moved by the Sg mass in the ﬁrst 2 seconds of motion’ ! -

[Ans: (2) 0.7 ms? (b) 0.0455N (¢) LAm ]. L e
7. Find the acceleration and tensions in the strings for the following systems et T Sty L
ey ~(b) - - 1ngss e mie it et
; 4% o FR B
{ |0 kﬂ o - - LS N g PP 2y ,":-;‘ {...‘:
’ ' Wz R TSI T
mass , Inass mass Y G Sy S
AR KT . . . ILI; ’ TR le AT L .
Tk . g et WO
. [Ans: (a)14ms~ 448N, 588N (b)|4ms- 168N 112N] by
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GY AND POWER
CHAPTER 24: WQRK, ENER R

WORK , i dircction of force.
Work is defined as the product ¢ of the force, F and th.c_(.l_iilanct_:, S moved in the ¢
F— R
]T— S 4
W=FxS$§

The unit of work is Joules (J)

“Work done against gravity

ant speed, a force mg N must be applied vertically

In order to raise a mass m kg vertically at a const
upwards to the mass.

—— ———

mg

In raising the mass a distance, S metres the work done against gravity will be given by;

Work done against gravity = mg$ where g is the acceleration due to gravity . -~
Exam le TN e ' : v U ‘,,:\L :
Find the work done agamst gravity when an ob_;ect of mass 3 Skg is ralsed through a verucal dlstance of
6m

Solutlon .

Vemcal force rcquu'ed F=3. Sg '3 X 9 8 34 3 N"

andS 6m' SRt :

Fandd

work done = F X §'=34.3 ><6 2058]
The work done against gravity is 205.8 ]

General mofion at constant speed
In otder to move a body at a constant speed, a force equal in magnitude to the forces of resistance acting
on the body has to be applied to the body . : j

we Y e

Example 1
A block of wood is pulled a distance of 4m across a horizontal surface 1ga1nst remst’mces totaling to 7.5

N. If the block moves at a constant velocity, find the work done against the resistances,




Solution
10 e pulting foree be I

.

| |
e ot o

!

-

L

4

pesolving horizontally; F=7.5N

Work done against resistances = force X horizontal distance moved
=75x4=30]

the work done against the resistances is 30J

\
/

fxample 2
A horizontal lorcc pulls a body of 2.25 kg a dlSl'\nCL of8m across a rough horizontal surface, ‘coefficient
of friction 155 _The body moves with a constant velocity and the only resisting force is that due to friction.

Find the work donc against {riction.
Solution _ e

The friction force is KR

uR F 2.25kg

e l . .

2.25¢ v T O I AT REL oI L b R
Resolve vertically; R=2. 258 =2.25 x9.8=18 ‘ S A
Work done against friction = uR X distance moved

=1x18x8="588) i
gor tee . . v g e el S
1=%The work done against fnctaon is 58.8J .
o Work done against gravity and friction .. T

When a body is pulled at a uniform speed up the surface of a rough inclined plane, work is done both
; -agamst gravity and agamst the frictional force which is acting on the body due to the comacl wnth the

1 rough surface of the plane. R e g
. " - IERT AT PR A S b Bl

Example .
A rough surface is inclined at tan™ 1(—) to the horizontal. A body of mass 5kg lies on the surface and is --

pulled at a uniform speed, a distance ofO 75 m up the surface by a force acting along:the line of greatest' -
stope. The coefficient of friction bclwccn the body and the surface i IS = Fmd

(1) the work done agamst gravuy
(i) the work done agamst frlctlon i

- - bl ~ v L
[ —;‘.;.1.,.I4.._.
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Solntion
7
8= :m“(-) = tanf =
Using the l‘)lhagoras theorem nnd the right angled lrmnglc

24
sinB—_-z-;' mtdcoso =

0.758m

L T
o

SgNSgcose i

() Work done against gmvny force X vertical dzstance mo_ved

-
Since sin'8 = vy

| . Vertical distance movcd h=0.75sin8 = 0. 75 x —=0 21 m D
Work donc against gravity = 5g X 0,21 = 5 X 9.8 X 0.21 10.29) . .. .
- The work done against gravity is 10.29]

(i) . Resolving perpendicular to the plane gives;
R =5gcosf = 5><98><—-=4704

Ze o rBut frlCtIOI.'lal_,‘fQ[CC =uR = E >,<.47.‘0,‘4 =196N ...,
Work done against friction = 19.6 x 0.75 = 14.7J

Trial questions SN \
1. Find the work done against gravity when a body of mass § kg is {aised‘l_hroﬁgh a vertical distance
of 2m [Ans: 98 J)
2. Find the work done against gravity when a body of mass 1 kg is ralsed lhrough a vemcal ‘distance
of 3m  [Ans: 29.4 ]
3. Abody of mass 10 kg is pulled a distance of 20 m
totaling to 40 N. If the body moves with umform veloc
[Ans: 800J ]

4. A surface is inclined at tan“l(?i) to the horizontal. A bod

y of mass 50 kg lics on the surface and is
pulled at a uniform speed, a dlstance of Smupa line ofgreatest slope against resistances totaling to 50
N. Find the; . ¢ et Ce _

across a horizontal surface against resistances
ity, find the work done against the resistances

) Work done against gravnty
(i)~ Work done against the resistances [Ans: (I) l960J (1|) 250 J]

Y.l
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ENERGY

ty w

Energy

y cncrgY.Of a bady is a measyre of the capaci
] s pody, it changes the cnergy of a body

hi "

| ' tich the body has 1o do work. When a force does work
qsider VO main types; kinetic energy an
)

) Can exist in a number of different forms, but we shall
polential energy

riinctic enev
fhe kinetic encrgy of a body is that cner

qork on @ body 50 as to increage jts eeg;y :}:hwh ' possesses by virtue of its motion. When a force does
qergy of the body. Peed, then work done is the measure of the increase in the kinetic

oomp?
The quantity =—1s defined as the kinetic cnergy of am

) ass m moving with a velocity v. A body at rest
terefore has zero kinetic energy,
Example 1 . i ‘ - ) : - - S A
find the Kinetic energy of a particie of mass 0.25kg m‘(;)\l.'ing with a.sb.eed of 6;15;“ 0
Solution ) Lo “e o et
Kinetic energy = %n'wz L P
=2x025x62 =45 S

The Kinetic energy of the particle is4.5J i

Exnmnlé 2.

A body of mass 4kg decrjcaées its I;ineti‘c énerg:}; by 32)Ifit ilﬁﬁ&llﬁ( had a'Sp'ée_d_ﬁoi; 5ms™, find its final
speed. : ' el

L U e

B T S TP

Solution

initial kinetic energy =% my? = % X 4% 5% =50]

. P N B T A (I TNy it !:5!1-1 i

; Final kinetic energy =50-32=18] ' ' ore e et

-\ Let the final speed.hg.\/,‘ Cen s . O LRV DIT R SRt SO U 1 .‘z N

. Then - 5(4)V2 =18 | R R

yz=09 Tt I T I PN (LT T S R N

f' s Y= 3msml o eneet o T T T e ‘V'*"::’:.':‘.-:

The final speed of the body is 3ms?" _ CoLEE L)

Toat .}‘ " caere . DR N ;J [T Ve ., AR ,' .

F:liample 3 L. ve ot Lo ’ T B S P S

A cricket ball of mass 400g moving at 3ms” and a goif ball of mass 100 g have equal kinetic energies.
Find the speed at which the golf ball is !pgy{gg_ L ‘ AR L

Solution SR PR AL
Kinetic energy of cricket ball = %m’vz. = %x 0.4 x3%=18]
Kinetic energy of golf ball == x 0.1V
But kinetic energy of golf ball = kinetic energy of cricket ball
>x0.1V% =18
0.1V =18x2

LI
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V? = T 36 |

V= V36 = 6ms™ ’ ‘ ‘
The golf ball is moving at 6ms™" :

. ofits position. When a body of ma

irtuc of its position. ¥ ody ssm
rrg done against gravity Is mgh qulcs. The
nergy of the body i.c. the

Potentinl enerpy . b
The potential energy of a body is that encrgy it possesscs Y

; : : wo
kp is rniscd vertically (hrough a distance of b mclres, lhc'n 1
work done against gravity is the measure of the increase !
capacity of the body to do work is increased.

he potential ¢

Fxnmple 1 . - : ical distance of 2 m.
Find the potential encrgy of a child of mass 48 kg when ascending a verti
Solution : g '

Patentit:lf ené'r_:qy = mgh )
=48x 9.8 x 2 = 94.08)

The potential encrgy is 94.08 J

Example 2 , L
Find the polential energy gained by a ball of mass 0.075 kg at a distance of 32 m above the ground. -
Solution .. e e '
. Potential encrgy = mgh ‘ o B
Al e NS «  =0.075% 9.8 X 32 =2352] ‘ \: vt | -l K o |

" The pélcniial'cncfgy'is 23527

T " Trial questions
Find the potential energy given by; :
(i) A body of mass 5 kg raised through a vertical distance of 10m -

Ve v P P "

(ii)’A man of mass 60 kg ascending a vertical distance of Sm -~ .. ., crn ex s
'(iii)  A’body of mass 20 kg above a vertical distance of 2m from the ground.
[Ans: () 490 (i) 20407 . Giii) 392J ] o |

r ALY

"The pl;i'nciplefof cbnscrvation of energy

Suppose we have a situation involving a moving body in which
(a) There is no work done against friction, and S : ,
(b) Gravity is the only external force which does work on the body (or against which the body has to do
work) ¢ e
The total mechanical energy possessed by the body will then be the total of its kinetic energy and its
potential energy and by the principle of conservation of energy, this will be constant i.e. '
Total energy = kinetic energy (K.E) + potential energy (P.E)

Or total energy in the inittal state = total energy in the final state
Examplel =~ . . ' ;
The point A is vertically below the point B. A particle of mass 0.1 kg is projected from point A vertically

upwards with a speed of 21 ms™! and passes point B with a speed of 7 ms™!

v e




| .:tm'.«zu:::f.(.(.-.c.\:c.(..S‘.u(mhf.fm':l.'.A:m/.l.u:umum»'.11.u;A’ o s At llitlon
jind (he dlstance from A to 1

h's!l;!!lnu
all choose 1o measiee the LB rom the Jovel of A, Let the dlstance from A to B be hmetres.

“‘c ,\.h
At A
KB = e e lx 0.0 x 217 B 2204
P 0) stneehe0nt A .
Total energy = L b 22,08 § . L
Al KE= -,}tmr"’- =1x 01 % 7" = 245 J

P = mgh=01 x98X h = 0.961h)

Totl enerpy = K.+ P E = (245 -+ 0,981) ]
But from the principle of conservation of energy, total cnergy at A

= 245 4 098N = 22,05

™ 0.98h = 22.05 - 245 . e
v ) 0.98h = 19.6 .

: h

= total energy at B

Y o 19.6
o == 20m , N
0.90 . : ) e
ST R AT

-4l L
N vt . 4

| .
/ The distance from A (o Bis 20m

E.\:'nmpIcZ ‘. e e
The point A is 4 metres vertically above the point B. A body of mass 0.2 kg is projected from A vertically

downwards with a speed of 3 ms™ F
Solution

ind the speed of the body when it rdcachc‘sml@‘__ g it

At A;
K.E = smv* =21x02x3" =09/
PE=mgh=02x98x4=784) -~ A B A LA L
Total encray at A= 0.9+7.84 =874 T e i e A
At B; S Ceoe s Tt v
K.E =3mv?=3x02V2=01V° S
. PE=0 S e
Total energy = 0.1V2 e ST ‘
Using the principle of conservation of energy; 0.1V2 =874 - - Hent v pemon , ‘ ‘
Vi =874 - . N R LTI T U S U :‘.‘ .
V=+874=935ms" | ‘
The speed of the body is 9.35 ms'l’whcn]treachesB i T e T

- .
oA e .-'I’..; PR TGS K aciths

see 1T )

: Trialgu‘éstions‘ N e e _
l. A body of mass 6kg is released from rest and it falls frecly under gravity. Find the distance it has

fallen when its speed is 7 ms™ . .

2. A body of mass 20 kg is projected-vertica

4ms™. The body passes through a point B, 5m be

Ily downwards from a point A with speed N
low A. Find the speed of the body at g

P A S AT
FERFIAEEN
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3. A body of mass 5 kg, is released from rest and falls r

fallen n distance of 10m , i
[Ans: 1. 2.5m 2, 10.68 ms? 3. 14ms” ]

POWER ~ i« being dos
Power is n measure of the rate at which work 1§

, a . i of power is Walls (W) ,
rate of working is 1 Watt (W). Thus the unit of p _distance_ _ rorce X velocity

o IE 1 joule of work is done in | second, the

work dane _ Force xdistance _ ¢y 0 o !
Pawer = time taken  timetaken f tme ta

Example | ‘ here AB = 10 m and also the i
Find the work donc by a force of 6N in moving a body fromdA :ogiotc the body from A to B.
average rate at which the force is working if it takes 5 secconds to

Solution '

Work donc = force X distance
=6x10=060/

. kdone ,_-60 _
Rate of working/ power ='%‘-‘-a£k:—i i 12w
The force docs 60J of work and its ayerage rate of working is 12 Watts | .. .
Exnmnch ,

Find the rate at which “;'ork is being done when a mass of 20kg is lifted vertically at a constant speed of
Sms™ .
Solution
Work done = force X distance
But for body vertically above the ground, T = weight = mg
Force =20x98=196 N

Rate of doing work = force X velocity = 196 x5 =980 W
The rate at which work is being done is 980 W

Trial questions
1. What is the ratc at which work nust be done in'lifting a mass of 500 kg vertically at a constant
speed of 3ms™ 7 RS :
2. What is the average rate at which work mist be done in liftin
of 5m in 7 seconds?

[Ans: 1. 14700W 2.700W ]

g a mass of 100kg a vertical distance
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SOLUTIONS TO UNEB 2013 -

‘ SECTION A (40 MARKS)
All questions are supposed to be attempted

1. Giventhatp = log,(ay~?) and log (ay?), find the value of p + q (05 marks)
Selution

P+q=loge(a’y™?) + log,(ay?)

= IOE’aa[ﬂZ}"2 xay?] ... refer to the laws of logarithms
=logql(a® xa) x (y~2x y?)] ....... collecting the like terms

= log[al®*h x yenal using the law of indices (@™ % @ = a™*") -
=logala* x¥®]  buty? = 1since any number power zero = 1

= log, a* = 4log, a referto the laws log, a® = nlog, @ and logga =1
.'.p+q=4)§1=4 3

1r

2. The table below shows the age in years of mothers at the time they had their first child. &3
Age in years 15 = 20— | 25— | 30— [35—.] 40—-45_.|. .. -
Number of numbers | 2 14 29 43- 33,19

Calculate the modal age of the mothers (05 marks} i
Solution

\ The ciass boundaries are provided in this case and not the class limits

Mode = L, + (A“i‘ﬂz) ¢

A=43-29=14 and A,=43—33=10, classwidth=5

Mode =30+ () x5=3042917=33917 |

The modal age is 32.917 years

3. Find the sum of the first ten terms of the gco:metric progression (GP) - o
84424+ (05 marks)
~ . Solution ' , e O
!dentify the first te:m aland the ?mfatidn r since.it isigL ) o
a=8,7‘=§=z: ) . - b

to find the sum

5 - 3(1—@)10) =_s-(1 =) =,8("1f1,;:1) _ 8(1023) o2

1024 1

. N a(1-r"}
We can sce that ¥ < 1 so we use the formula S, = =

LI St P
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Hion
: . ing weights in years 200
A, Vie i belowe shawes the prices of items and their COL{&ZMC € }. 0 ang 2004,
Price(1fshs) "
Veig

lems 2000 2004

JFand 55,000 00,000 4

2
Housing, | 48,000 52,000

Transport | 16,000 20,000 ]

Using 2000 as the base year, calculate the weighted price index for the items in 204
Solution
Weighted aggregate price index = ;—‘;—:’E # 100

6000024 4520007242000071 4 5y
T 5500074 44R000%2+1600071

364000 _
= 532000 % 100 = 109.64
Allcrnativclfy;‘

' ‘%lzw

=2 %100
Iw

60000, . 52000, 20000

— 25090 43000x2+_16000x1

x 100
44241
__ 43642.1741.25

: x 100 = Zﬂx 100 = 111.11

Weighted average price index

5. Solve the diffcrential equation Sy% = 9x?

Hence find the equation given thaty =2 and x = 1. (05 marks)
Solution
. d_y—_ ,
8y ol 9x
By scparating the variables
8y dy = 9x? dx

[ 8y dy = [9x? dx _...Integrating on both sides
. T .aﬁu— ?ﬁ.‘. C . (o

2 3
M- 4y? =334 C

el

This is a general solution'and since the initial conditions are given, we can find the value of the constant
C o
whenx=1,y=2
4(2) =3(1)* + ¢
16=3+C = (=13
= 4y? = 3x% + 13 is the particular solution

6. Solve the equation sec?§ —tand = 1 for 0° < 6 < 90°

(05 marks)
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Sulutien

SECH0 ~tanp = 1
peg the ddentity: sec®0 = 1 4 tan?g
(l..'l' tan’) —tang =
tanf~um1-1=0q
) t(;n"() —tanf =0
aot et adl the rg::::li(ro((lldx::\glc—sf) = 0 (1t should be noted that we factorize not to cancel be
ot "li.!jlwr_mn 0=0 = 0=tm™?0=0°
- .“ 0 1 = ‘{) Sl =1 thus 0 =tan~' 1 = 45° '
L w range ofangles required wis 0° < 0 < 90% i in the first quadrant, then
For 0" £ 0 £90° ¢ = {0° 45°) | ‘

e after the other
! {05

cause we might

7. A bag contnins Wk

\\'i:I g contains § black pens (B) and 4 red pens (R).Two pens are picked at random, on
| Irtn;l replacement, Find the probability that both pens arc of the same colour.

narks

P |

Solution

58
4R _
} P ’"\'l-.r_-"" ‘s P
TS LISCIPOL AR Y S Gl el
P( Same color) = P(B, N By)+P(R N R,) e e g )
5 4 4.3 :
==X=t~=X-
9 8 9 8 e 4 s b .
20 12 32 _ 4 :
=—"+ — I — Il PR ‘2'_5.' . '~..";' . o-:
72 72 72 9 ) ) . : .

y in factory is moving in a straight line with a constant acceleration. It passes

| It takes 8 seconds to travel 60m from a point A to point B.

I from point B to point C. Find the value of U.
. N . . N : Lo At e

8. A powered trolle
point A with a velocity of Ums’
Finally it takes 4 scconds to trave

L

{05 marks)
Solution -
Ums? ’
a ——pr 4 a b N
o ] bt} <
I__,.,—— T . L
A t=8s, §=60m B t=4s C

Let the acceleration be a
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Congiderin
golal fime ™ f

accelerntion i
§=1t -I-%at”
¢ = (1) +3 (0 2)*

S = 12(} "' 72“ YR LA ([[)
ed o obtain (he vatlu

I

Consdelering the motlon from A 1o I
Uslng the 2™ equatton

S = U -1--2‘.m"

60 = U(8) -+ ?

) J(#) 1 ,(n)(n)’
60 = 8 4 32t ... (0)

L motion from AlC. .
yopoh = 124

initial velocity = U

cof U

But $ = distance AC is not given thus it becomes complicat

] SECTION B (60 MARKS)
5. Binl . FFour questions are supposed 0 be attemptc
. Eight candidates seeking admission 1o a university course sal

d in this section
for written an

as shown in the table below: e
Written(X) | 55 54 35 62 87 5 |1l 50
Oml(Y) |57 60 47 65 83 56 74 63

(2) (l) Draw a scatter diagram for the data
(u) Draw a line of best fit on your scalter diagram
. (iii) Usc the linc of best fit to find the valuc of Y when Xx=70 (08 marks)
(b Calculate Spearman’s rank correlation co-cf ficient. Comment on your result.
(07 marks)
Solution

——

B

d oral tests. The scores were

g
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i The linc of best fit should pass through the point (X, ¥)where X = LX md 7 =%
_ 67 n n
F="2=584 and Y=27=631

{he line of best fit passes through (58.4, 63.1) leaving equal number of points below and above the line

0] From the graph, it is estimated that when X =70, Y = 71

(b)
Written(X) | Oral (Y Ry Ry | d=Ry—Ry d?
55 57 14 6 -2 4
54 60 5 5 0 0
35 47 8 8 0 0
62 . 65 3 3 0 0
87 83 1 1 0 ¢ .
53 56 6 7 -1 ! '
7 74 2 2 0 0 X
s - (& - 7 4 3 9 .

yd? =14 ,
Soen ) - R = _ 63 d?
pear man’s rank correlation coefficient, p =1 — T
T 6X14 B4 84
=l-g@n 1 Twe -5 = 170167 =0.833

Comment; There is a high positive correlation between the two tests

10.(a) Sketch the curvey =5+ 4x —x . (10 marks) : .
(b) Find the area enclosed between the curve and the x-axis fromx =-1to x =25 (05 marks)
f Solution ;

" (a) The requirements 10 sketch a curve are; find the intercepts i.c. where the curve cuts the axes and -

. . . . d
the turning point and its nature 1.c. where ;i: =0

Intercepts

T whenx=0,y=5+4(0)—(0)=5
= (0,5) is the y — intercept
wheny = 0,5+ 4x — x2 = 0 [ This is a quadratic equation which needs to be factorized)
Multiplying 5 X —1 = —5, factors of =5 which give us asumof 4are5 and — 1
Thus 5+ 5x —x—x%= - . :
5(1+x) —x(1+2)=0
(A+x)5-x)=0
Cither 1+x=0 =2x=-1 or5-x=0=2x=5
Thus (-1, 0) and '(5,0) are the x — intercepts
Turning point ~ . -
y =5+ 4x — x*

dy _ 4
dx-’} 2x

For turning points, % =0 =4-2x= 0 which gives x = 2

Now we need to find the y- value corresponding to the x-value obtained above P
: whenx=z,y=5+4(2)—(2)2=5+8—4=9 '
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bl
1

Thus ( 2, 9 b5 the wrning, point
Nature of (he tnralng poind

l 2 R
g 0 -
/ AN
Thus (2, 9) is a maximum tarning, point

Allernatively we can find the nature of the turning poi

) i -
From <L =4 - 2x
ix

- .ty
Sipgnof ==

nt using the sccond derivative

i
2 ‘ ‘ .
Sincc% < 0,it is a maximum turning point
y A 29)
(0,51 .

-

(/Jl 0) %0 x
' y =5+ 4x —x?
Note that a student is required to use one of the two methods not both in an exam

)

] A

%

= [°(5+ 4x — x?)dx

et
= [Sx + 2x% — —-]:

= (56) +2(57 = £) - (5(-1) + 21y - &)
- (25 +50 - 28) - (=5 +243)

3
= (18- - (-3+3)
100 , 8 _ 108

— 8 — ]
= t;=5 = 36 sq. units




1, The table below
shows the number of bags of sugar sold by 2 certain wholesalc shop from

2009 t0 2012,

the year

Ye
ar _ QUARTER
5505 i gnd 3rd
010 192 280 320
o] 300 360 380
1 342 420 430
12012 424 480 510

E:)) E;&Iculale the four-point moving averages for the d
) og the same axes, plot the original data and the
_ (i) Comment on the trend of the number of bags ©

ata

four-point m

(06 marks)
oving averages

f sugar sold over the

(05 marks)

four-year period

. Solution

; 1924280+3204260
=263

4

(@ * M
280+3204+260+300
542 = , = 290

320+260+300+360

4 2
300+360+380+270
n45 =_.:___._....-—---'—-------—-—':= 327

6

4
27043424420

5

4
380+270+342
__ 360+380+2707°7% - 338

0

4
60+300+360+380 '

=_2__.__...—-——-—-—--=325

(01 mark)

) ;;\ (iii) Use your graph to estimate the Jumber of bags to be sold in the
A first quarter of 2013.

(03 marks)

2704342+420+430
4 .
342+420+430+320
)= = 378

Myo = 420+4§o:320+4z4 - 398.5"
My, = 430+320:424+4eo — 4135

= 320+424:480.+510 = 4335 -
 424448045104412°_ Yoo

13 = 4

-

- TOANTN
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(ii) There is a general increase in the'number of bags of sugar sold over the given period
(iif)  Let the number of bags to be sold in the first quarter of 2013 be x

From the graph, we can estimate the 14" moving average Mi4 = 460

.- 480+510+412+x e

T, Lt . .' ’ - 4 =460 .

- 1402+ x = 4'x 460 : o
x = 1840 — 1402 = 438
The number of bags to be sold would be 438

12. The points P and Q have p0§ition vectors 0P =-~2i - 5 and0Q =i — 2f respectively. R is a point

suchthat OR = 0P + APQ = ~ tere
(a) Find the ; . X Co
(i) value of OP. OQ N
(ii) angle between the two vectors OP and 0Q (07 marks)
[P
25 KR n.;

P R
PYTP=RLY O I g R Y




{ .-,u.f.\‘.tzuf:s.’dJ«f.\‘.c.l.ﬁs.dexfr!im’:):.A:lm.lmm.qri.c.\'..!n:-.Ka.\.v.tt’mn.:Eahﬂd-~--‘ 2 Eedition

: n;lt‘““"“
|] (t““ 10
o veetor OR interms of A

i) valne of A for which OR is perpendicular to PQ
Solution
P = =2i-5j = ("2
) (-s)

00=i—2j=(_12)

(@ () 0P.0Q = (_i)(fz) =(-2X 1)+ (-5%x-2)=-2-10=-12
(i) Letthe angle be 6
0P.0Q =10P)|0Q| cos 8
10P) = J(=2)2 + (=5)2 = VA + 25 = y29
1001 = /() + (~2)2 = VT+4d =15
-12 = V29 xS cos§

cosf = ﬁlf\— = —0.9965

8 = cos~!(—0.9965) = 175.24°
The angle between the two vectors OP and OQ is 175.24°

® 6 Po=00-0p=(1)-(1)=() I

iy OR=0P+2PQ =~ )+A(3) (:gjrgi)

(ii1) The dot product of perpendicular vectors is zero i.e OR.0Q = 0

(08 marks)

g —24+32y (3 _

Y (Csia)-G)=0

E.-;wj: 3(-2+31)+3(-5+31)=0

v ~6+92—15+91=0

/ 184-21=0 , =
2 _7
. A_w_s

Ty

13. A bakery produces loaves of bread whose welght is normally dlstnbuted with mean 1000 ¢ and
standard deviation 40 g : .o

(2) Find the probability that a randomly selected loaf has a weight of utmost 1020 g. (07 marks)

'(b) Assuming that the bakery makes 10500 loaves, find the approximate number of loaves with a weight
greater than 950 g. (08 marks)

I Solution ' .

" Let X be the random variable weight of loaves of bread _}
X~N(1000,40%) s

(a) Utmost 1020 g means a value that does not exceed 1020 i.e. 1t must be below or equal to.
1020-1000
P(X < 1020) = P(Z <—f0——) P(z<B)=PEz<08)

—— e




' t/ .:.(.{hg.d..;.‘:,,,u;:“ u’i;’ ..
Arlmzrr,nfl.l,.q'.wzl,.S:.r.k,*:frl;.'«za.f.M«!.lzf—znmr;.z.bx,{f aouma ko Zn,@%

] .

. U9 0

P(Z<05)=05-P05<Z20)
=0.5-0.1915 = 0.3085
The probability that a loaf has 2 weight of utmost 1020 g is 0.3085

_ 950-1000Y _ U3 - —1.25
(b)P(x>950)_p(z> . )_p(z> 40) P(Z > —1.25)

l//////////l_
0

P(Z>-125)=05+P(-125<Z<0)=05+0.
Approximate number of loaves = 10500 x 0.8944 = 9
The number of loaves with a weight greater than 950 ¢

-1.25

14.(2) The diagram below shows three forces FN, 4N znd SN acting on & pardcle

FN

If the forces are in equilibrium. find the value of

(i) 8 () F

(b) In the rectangle ABCD, AB =4m and BC = 3m. Forces of magaiedes INL 10N, 2N, &\ a3 SN
act in the directions of the letters AB, BC, CD. DA 2nd AC respectively, ot
find the magnitude of the resultant force. (09 marks)

(08 marks)

TaXing AB a5 horiroozl

[J
44

SRR 3
5\\5\‘& R R
RO i f

SOV AN,

MOHERER ‘—Q\;“:\:\
> N \ X ¥

-
3
D

N
)

)
", -
W - T
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T tioti
g IRYIAY 3518 ‘,.(-.“ .‘ g . 4 e, m!_ o
3 o ?-'-‘(?ﬁfd.«fr.):.f).m/!,mman'gv.v!z.u: .’mtcz(mrza!:".ahn.d.:........f....z....Escil (i

(™) Solution

I'|0ri'.'.munlly Vertically

: Fceos@ « Fsing 1

g 1cos30 - 45in301

E I? Mt NALE] By O 8 l

X o torees in Cauilibrium, sum of upward forces = sum of downward forces

_f ! SiNG 4+ 45300 = g
Fsing =g 4 sin 30°
Fsing = :
. . AL L LT TN l
Similarly; horizontnlly; ®
Fcos6 = 4 cos30°
o FrosO=3464 .. ..Gi) :
Dividing eqn (i) by eqn (i) . o C e e
Esing _ 6
Feosé ~ 3464 ) .
tand = 1,732 Teooeh T
8 =tan~!1.732 = 60°

(ii) USing Fc°sg —_ 3«464 ..‘” ) .
_ 3464 _ L , B
T cos 60° 6.928 N R
()] ) N |
v AI(JN
6N 10m
fad SN - '
| fa) am .
CA N B

AC=VaZ + 32 =y25=5cm

Resultant horizontal force, K, = 3 + S5cosf—4
=3+5x5-4=3+4-4=3N >

-

Resultant vertical force =10 + 5sin@ -6 -
= 10+5x§—6=10+3—6=7m

R= [R*+F} =3+ T2 =58 =762N

Resultant horizontal force,

...‘
e
R

—Napoa.
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SOLUT JONS TO UNEB 2014

L SECTION A (40 MARKS)

. The roots of the cquation 2x* + 4x =1 =0are & and . Find the value of «* + i?

Solution
2x% + 4x 1=0
x?+2x—=-=0 ondividing throughout by 2
Sum of roots +ﬂ = —2and product of roots aff =
From (a + f8)? = a® + 2af + f?
It follows that a2 + g% = (a + B)? —2af
(-2 -2(-1) = =
= (-2)*- 2( N=4+1=5

Mathatics. e SORRGISL o717 Lidlithy

2. The ninth term of an arithmetic progression (A.P} is greater than the fifth term by 6. The sum of

the first twelve terms is 123. Find the:
. {a) common difference ofthe' AP

(b) first term of the AP
Solution

oleonterm = a+ (n—1)d
C o 9thterm =+ 8d; S5™term =a+4d

(@ 9thterm — 5thterm =6
(a+8d)-(a+4d)=6
a+8d=a-— 4—d 6
4d=6 =d -— =15

) Sz =123

++ From $p, = E[2:1 + (n - 1)d]
2 (2a+11x15] = 123
6[2a + 16.5] = 123

2a +16.5 =205
. 2a=4=>a=2

3. (a) How many arrangements can be made using the letters in the word “TROTTING"
(b) In how many of these arrangements are the letters N and G next to each other
Solution
(a) TROTTING has 8 letters wuh 3T’s
Number of arrangements = = = 6720
(b) we can take N and G as one such that they are always together
TROTTI(NG) has 7 letters with 3T’s .

Number of arrangements =—:—: = 840




Advanced Level Subsidiai
ubsidians: Matheatios by, Ky Fald . ams

Number of arran
arrangements of N ang
G=21=
Total number of arrangements = 840 x 2 i 16
= 1680

4. Solve the differentjal cquation &
noy = 2x+ 5 giventhaty = =1 and x =3
. Solution
)I
= 2x+5
; :y = (2x + S)dx
Y “'23;(2-" +5)dx  on integrating either sides
==+ Sx+C
y = x4+ 5x +
whenx =3,y=-1
(1) =R)P+53)+C-
C=-25 |
s y=x%+5x-25

atics test. Given that T fx = 400, );:‘;_’x2 = 6500 and the

5. A class of n students sat for a mathem
Jetermine the value of

mean X = 16, where x is the mark and f is the frequency;

(a)n
(b) the standard deviation
Solution
3 s -2
?;;'_p;:."-(a) Mean, X = n
fw N __ 400
2 =—
“' ‘ — - ﬂE — P
p;:’_y/ 16n =400 =2n="7% 25
2
'*/ (b) Standard deviation = Lixt (E-fl) .
n n TN

= ’%?—162 =360 -256=vV4=2

29 + cosec’8 = sec*fcosec?d

6. Show that sec
Solution .

1 1
1 andcosec® =53
siné

From sec8 =
cosé - -
_ 2 29 — 1 1 sin?6+cos’0
'? L. H.S= sec g + cosec b cos*8 + sin%6 cos28sin?d
.. 1 . . . .
G ey Since sin?@ +cos?8 =1
cost@sin*8 ‘
i _ ‘
T sectfcosec?d = R.H.S as required

X -
cos?f sin 0 ‘
* . (]

lity of a success for n trials is 0.6.1f the mean is 7.2, find

.
N L e e

7. In a bimodal experiment, the probabi

the (a) value of n
(b) probability of obt

Ay
i
f

aining 7 successes

g S SR S

-
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Sotution
(n) Mean = np
7.2 =0.6n
n= % =12
bYPX=r)= "Cp g™
P(X=7)= 120,(0.6)"(0:4)°
=0.227

8. A cyclist rides along a straight road from shop P to Sho!’ Q. He passes shop P“l"“h a velocity of
2 ms™ and accelerates uniformly at 1,25 ms? until he attains a velocity of 12 ms” at shop Q, Fing

the ; (a) time taken by the eyclist to reach Q
(b} distance PQ
[ .

P— —Q
U=2ms!a=125ms’ % V=I2ms",
(@) using V=0U+at ST ’
C 12=241250 ¢
C1256=10 s t=L =g
- 1.25 -
OREES o
Using V? = U2 + 24§ Alternatively; S = ut + -zi-at2
- -122=224+2x 1255 s=2x3+§x1.25x82
144 = 4 4258 - §=16+40 = 56m

- 2,55 =140= S5 = 56m

S SECTION B ‘ 4
9. The table below shows the marks of 8 students in the mid-term test and end of term test in
economics.

Mid-term tests (x) 99 71 50 67 77 81 96 72
Endoftermtest(y) [99 -]55 - [35 .]&0 75 70 99 50
(a) (i) draw a scatter diagram for the data .
(ii) on the same diagram draw a line of best fit ‘ -

(iii} Use the line of best fit to find the value of y when x = 85

(b) Calculate the spearman’s rank correlation coefficient. Comment on your resylt
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K Fialiadeiici Al ltlitlon,,

Adi%éc:.c‘M.ﬁ.éual.Su!zs}'r.ir.’m:r.Mﬂszﬁf”-“"'-‘"f"‘{"
o o 13 _ ~ 68
613 _ 726,625 = 77 and ¥V = 5-,;' = 67.875

- ,\-’ =
]
Line of best fit passes through (77, 68)
(iii) when x = 85,y = 84" | . N
(b) ' : o Py e I S
Midiemess 00 199 |71 |50 |67 |77 %‘"%%’"5’6" .
End of term test (y) | 99 55 |35 [60 |75 7 __-——-—-5-—-“
. R, [ G |8 J7 413 __2_______7_._
R, 5 16 |8 |5 (3 |4 _1_2__ - 4 C
— 2. R {05 10 |0 |z |1 |- [% I° e
(o025 o [0 |4 ||l 19% 4 | xd?=105
6xd’ 6X105 _ 4 _ =0.
G ) p=1—m%_—15=1——ﬂ(6—3)f—1 0.125 0875 ] for the two
Cqmmcnt: There is a high positive correlation between the mar{ks (?fgl1c stu e:?t.s.c.)r ¢ two ests
o iventhatd = (2 = andp=(* L)ifnd
10. (@) Given that 4 = (1 ) and 8= (7 )i |
(i) AB" (ii) BA LT e '
Comiment on your result ' . .
ays. The first day it bought three

(b) A family bought the following items for three successive'd .
bunches of matooke, two kilograms of rice, five kilograms of meat and two kilograms of sugar.

The second day it bought only one kilogram of sugar. The third day the family bought a bunch of
matooke and two kilograms of rice. A bunch of matooke costs Shs15,000. A kilogram of rice, meat

and sugar cost Shs3,300, Shs8,000 and Shs3,000 respectively.
(i) represent the family’s requirements ina 3 x 4 matrix = 0 U v
(ii) write down the cost of each item as a column matrix . - .
(iii)Use the matrices in b(i)-and (ii) to find the family’s total expenditure for the three days
Solution R
2x4+-3%X0 2xl+—3x—2)=(8 8)
4 -1

@ UMB:@ _13)’(3 —-12)=(1><4+1><0 1x1+1x=2
4x2+1x1 4x—3+1x1)=(9' —11)
-2

o (4 1N[2 =3\ _
@8a=(g _))(5 1)"(o><2+—2x1 0x—3+-2x1 -2
Comment: AB # BA hence t’_hé_'cq_m_mutl_a.tiv; law doesn’t apply for matrices

(b) (i) let B — Bunch ofMatooké; R- lgilograml of rice , M - kilogram of meat, S — Kilogram of

sugar
BRM
1/3 2 5 2
2(0 0 0 1)
3\ 2 0 0
(i) '
15000

PRI
0
<
=
(=]
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ilh) Using matrix multipication

' R 2 5 2 15000
({} 0 0 1) 3300 _
3000
_ (45000 + 6600 + 6000
- 3000
15000 + 6600

pxpenditure on the fiest day = 57600/=
pxpenditure on the second day = 3000/=
I_Z.‘\'pcuditurc on the third day = 21600/=

Fotal expenditure = 57600 + 3000 + 21600 = 82200/=

11 () the table below shows the price (U Shs) of flour an

COMMODITY PRICE (UShs)
i 2000 2010
Flour (kg) 3000

! Egos (1 tray) 5000 ]

Taking 2000 as the base year, calculate the:

(i) price relative of cach commodity
(ii) simple aggregate price index
Comment on your result

s with their corresponding price e

nm:li«lm.d.:...'..}.::!.EZﬁf.fEdif;:oin'f\

3x1 .

wéﬂﬁﬁ 2 X 3300 + 5 x 8000 -+ 2 x 3000y

oo +0x3300+0x8000+1x3000)
5000 + 2 x 3300 + 0 x 8000 + 0 x 3000

57600
3000
21600

)-(z)

d cggs in the years of 2000 and 2010

R RS frn e
latives and weights ..

i (b) the data below shows item
. ITEM : SRICE RELATIVE | WEIGHT e
Food ~ 120 172 _ .
Clothin 124 160 e "
Housing 125 170 :
Transport 135 210 - s
Others . 104 . 140 '
, (i) Find the cost of living index , . =
i (if) Comment on your result .
) Solution
(a) (i) Price relative for Tlour ='-2—g%g- x-100 = 166.67 - v -
R . _ zg(l?- . _ : - =
Price relative for €885 = 5oo0 x 100 = 140
(ii) Simple aggregate price index = %i;i x 100
Total price in 2010 i¢ £ Py = 5000% 700012000 | .
Total price in 2000ie. 2P0 = 3000 + 5000 = 8000
' o 12000 a
Simple aggregate price index = 550 % 100 = 150 ‘ '
ased by 50% from 2000 to 2010

jes incrc

Comment: The prices of the commodit
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, i el
- o« o Nt dal ity
.:lrl.\'.«tu.‘t:r.i.Ls'.\:c.l.b‘.f.tha:lr!.lm:1:.-A.fm.lzr:mr.uu.-.';..b.i..l\

v

[,
(1) (1) 1T’(ﬁ~m %_
Hem Price Index(l) === 206
Food 120 ‘l;’:', 19840
Clothing 124 170 21250
Housing 125 210 28350
Transport 135 140 14560
Others 104 = 104640
852 |
)y SrW 104640 82
LW _ = 122.
Cost of living index = weighted price index = YW oz

(ii) Comment: The cost of living increased by 22. 82%

12. Given the curve y = 3x3 — 4x? —x
(a) find the tuming points of the curve
(b) distinguish between the nature of the turning points
' Solution
. .o d
“{a) For turning points; ﬁ% =0

y=3x3—4x?—x

ﬂ-‘)x — 8x — 1
dx
9x2—8x—1=0

9x? —-9x+x—-1=0 .
Ox(x-1)+(x-1)=0
x-DOx+1)=0
Eitherx—-1=0=2x=1 or9x+1=0=>x=—=

9
Whenx =1,y =3(1)°-4(1)2 - (1) = -2
(1,-2) is a turning point
S 13 1\? 1 14
s =233 -4 - (49 -3
(—; 243) s atummg pomt C o
(b) Nature of the turning points-* . _ S
x T T TR T T IR
‘ . .-Sigrvl of - . - » . -~ 9-
RN I I -)».d_y ‘ e .0 + + 0 _
dx .
: Minimum

Maximum
- _1 14
Therefore (1, —2) is a minimum turmng point and ( Pyr At a maximum turning point
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1. The wable bel '
" Numb::vosl!l((;;;?slg;zmbnbilily distribution of the number of Compact Discs (CDs) o
Probability, p(x
Determine the:
(a) value of ¢
(L) probability that at Jeast 2 CD’s are sold
(c) expectation L(X)
(d) standard devigtion
Solution

() Eattxp(x =x)=1

0.05+028+c+4+0224+009=1

c+0.64=1=c=036 L

(b) PX22)=PX=D+PX=3)+PX =4) . ; ..., . e

‘ P A e

=036+ 0.22 + 0.09 = 0.67

S et b

o abaat srwgy el

0.05 0.28 c 0.22 0.99

Ly e e s

A& v,

s

(c) )
x P(X =x) xP(X = x) x2P(X =x) " |
0 0.05 0 0
! 0.28 0.28 0.28
2 0.36 0.72 1.44 i
i 3 0.22 0.66 1.98
4 0.09 0.36 1.44 :
3 ] 2.02 "5.14 -,
Expectation E(X) = ). xP(X = x) = 2.02 . L e
(d) standard deviation = /Var (X) : cr e,
Var(X) = E(X?) — [E(X))? = 5.14 — (2.02)2 = 1.0596 . . . . ;.
Standard deviation = v1.0596 = 1.0294 - _ .

14. (a) A brick of mass 750 g is dragged by a horizontal force at a uniform speed.-along a rough
horizontal surface, through a distance of 20m. The work done against friction is 49.8J. Calculate
the coefficient of friction between the brick and the surface o

L R I . . - .1
(b) A truck of mass 8 tonnes has a maximum speed of 20 ms™ up an‘incline of arcsin - when the

engine is working against resistances of 30,000 N. Calculate the maximum power of the engine.

"Solution

(a) M = 750g'= 0.75 kg

R
A
y —
Fuk v
CoemE L . :
| Work done against friction = Frjctron force X distance

49_8 = Fx20
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F=i‘§=z49w

But friction force , F = uR
R=075g=075x98=735N

= 2.49 = 7.351

2.49

u—7—3—s—0339

(b)

1
sin@ =33

At maximum speed, a = 0
— [30000 + 80004 sin 8] = 0
D= 30000+8000x98xi

v, 7 D =30000+ 1568 = 31568 N
Maximum power of the engine = driving force (D) % Velocity (V)
C ", = 31568x20=631360W -
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SECTION A
I Evaluate lage 216+1og, 64 {40 MARKS)
logy 243~ ~log,0 01

Solution
loge 216+log, 64 _

loge 63 6
+10g3 243-logy0 0.1 Bo 6 +l0g; 2% _ 3loge6+ilogy2 _ 346 2 .3

= e—— - -

S- P —
lop; 35-10g,010-1 ~ Slogy3+log010 S+1 6 2

Kowwmma Fabed....
SOLUTIONS TO UNEB 2015

5 2 Edition®

2. Thet i
able below shows the ranks of marks awarded by Judge | (Rx) and Judge 2 (Ry) to 7 cholr

groups A to G.

Rank Judge 2 (Ry) 2 3 5 1 6

Calculate Spearman’s rank correlation coefficient between the marks.

Comment on your result.

Choir "A B cCl D “El" T G
Rank Judge 1 (Rx) 2 4 6 i s 3| 7
al 7

awarded by the two judges.

Solution
Choir A B C D E- " F
Ry 2 -4 6 1 5 3 rp=ted

Ry 2 3 5 1 6 4
ad= Rx - Ry 0 1 1 0 -1 -1

d? o 1] 1] © i 1 0 =4 |

_ g 6Tl _ g _ 84
p=1 D) i 0.9286

Comment: There is a very high positive correlation between the judges

3. Solve the equation 3 sin
' Solutlon

. Froméin29+c0329¥1=>sin29=1—c0529
3(1—c0326)+c059+1—0: R
3~ 3c0529+c0s6+1—0-_-_

4 — 3c0529+c059 =0

B 9 +cosf+1=0 for valucs of 8 from 09 to 180° inclusive.
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(const- D(ieos) =4) =0
Bither eosf) b 1 = ey cos ) = 1

0= con~(1) = 0" e ) = (160}

1

Ordeonf) =4 =0 conll =

coxf) = cos™! (:';) (palues do not exist}
Sfor 0 50 5 1800 = (180°)
4o A vommitiee of S people is to be formed from a group of 6 men and 7 women.

(1) Find the number of possible committees

(1) What is the probability that there are only 2 women on the commitiee?

(n)
l Men/6 Women/7 Number of committees
0 5 6Cox’Cs = 21
I, 4 0C1%"Ca =210
2 3 8Cax’Cs = 525
3 2 8C»'Ca =420
4 1 8Csx’Ci1 = 105
5 0 %Csx'Co=6
Total 1287

Number of possible commitices = 1287

(b) Number of committecs with two women = 525

P(2 women) = f'z% = 0,408

5. Find the gradient of the curve y = 4x2(3x + 2) at the point (1, 20)

¢ -

" Solution

y = 4x? X 3x + 422 X 2 = 125 + 8x?
L 36x? + 16x
dx
CAL(1,20), x=1
& = 36(1)? +16(1) = 52

The gradicnt of the curve is 52

gy




Find
) P(ANB)
(b) P{C/B)

P(B)

7. The matrix A = (

%B:I
_f2 1
A“(_g 0)

-3 0

dvaueed .(«.c.\'.c.l..?;.r.(z.s:(rﬂim:}.'.Mm.!u:mmfmr-bv

3 Three events A, B and C are such that P(A) = 0.6, PNy =

{(a) From P(B/A) = PUinA)

#(a}

0.0

2 1
-3 0

.me.azm.-.l:".czhad.:;....3.:.:..2:’.‘.‘.}3riirf.dn'

0.8, P(B/A)=0.45and P(B 1 C) = 0.28.

Solution

P(ANnB) = P(A) X P(B/A)

= 0.6 X 0.45 = 0.27

) p(c/B) = 0 < 828 <035

) and 7 is a 2x 2 identity matrix. Determine the matrix B such that At +

Solution

- ) -

Let the matrix, B = (g 3)

Az=(2 1)(_23 é)_(2x2+1x—3 2x1+1x0)_(1_-ﬂ2) L

A2+IB=1

~3x2+0x-3 =3x1+0x0

2z
+§=1=>a=0

~ 5= (102 2o
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o stationary wooden plock al .

s aSte a constant resistance 0f36,000N

8. A bullet of mass 50g is fired towards - ’
. provi r
~1_The wooden block P INI

v enters.the block when t'a\'cnin
B8

horizontally with a specd of 500mS
et will penctratC: |
. &

Find how far into the block the bull .
Soluiion
oden block be M. Let the;,

i nass of the wo
ith the velocity and the !

Let the mass of the bullct be 1 W

velocity afler collision be V.

500ms'f

! : 1
v S0g -

VYYI/YI/II/T/IIIIIIII

sl
}77777?7223
I/IIIII/I//II .

(m+ M)V

mu+0=
. 25 -1
L

-3 *
SDXIO XSOO ms .
 0.05+M -

V= L omu
m+M 50x10‘3+M

y o, . :
- 0- f . ma where f is thcres:stance “force

o _ 36000 -2 Mﬁ

From v? =u?+2aS
0=V2+2x~-720,000x%xS$ :
VZ
: $= 1,440,000 m
Nofe: In this question, the mass of the wooden block was not given and the final velocity of the
wooden block and the bullet would not be calculated.

SECTION B (60 MARKS)
9. The table below shows the number of students and the marks scored in a test
MARKS N UMBER OF STUDENTS
0—4 10
5-9 7
10-14 5
15~19 3
20— 24. 7
25—-29 11
30-34 37
35-139
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() (i) Draw a cumulative frequency carve (Ogive) for the data

(ii) Use the Ogive to estimate the median mark
(b) Calculate the;

(1) mean mark

(ii) standard deviation

Solution
Class f X Kx fx* | F Upper class boundaries \
0—4 10 2 | 20 | 40 | 10 25 J
- 5-9 7 7 | 49 | 343 | 17 9.5 J
10 — 14 5 12 | 60 | 720 | 22 ' 14.5 J |
15—-19 3 17 | sl 867 | 25 19.5 J
20 — 24 7 2 | 154 3388 | 32 24.5 J
25 —29 11 27 | 297 | 8019 43 29.5 J
30 — 34 37 37 | 1184 | 37888 | 80 -~ 345 J
35— 39 20 37 | 740 | 27380 | 100 | 39.5 J
— | 100 2555 | 78645 | | J
> o B
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(@)D

A_cumulative frctmanC.'.'--

:
LT '
' 1
cop-— it
{ [« i
R DU DU § §
e
(L CLRRERE HE |2"'
~ Voo | '
':_ :'—' T_"'l' T i :
L * * °
o e f : St
A B
4 : :
+
=
27
K
Il
U
‘ v
&5

!
N
!

e e
' i

]

$

;

i

s anth SR
(i) Median = (3) * value = 50" vilue
From the graph; median-=.31.5

(b)(i) Mean mark = Eszx 2% = 25555

(i) Standand deviation = (B2 — (B2)" = 2645 _ (25,552 = VI336475 = 1156
10. The rate of decay of a radioactive material is proportional to the amount x grams of the material
present at any time ¢ Initially therc was 60 grams of the material. After 8 years the material had
reduced to 15 grams.
(a) Form a differential equation for the rate of decay of the material

(b) Solve the differential equation formed in (a) above —




,_1(!.1141!zggd..L.e.v.cz.l.&r.:.hs.idiaine;Ma!.lz;‘zn}gu.cﬁ.f!z}'{;l.( awuma Fahadin e Bdition'
R Find the time \aken for the material to reduce to 10 grams.

Solution

4 x
3

dl

ax — —kx
Fils

dx _ _
nooFo kdt

x

[E=[-kdt

Inx=-kt+C

att=0,x=Xp =>hxy=C

Inx = —kt +1nxq

Inx—Inxg = —-kt-
]n(i) = —kt

x, = 60, att=8x=15

15\ _ _ _1
In E-o)' k(8)=>k-—81n4

. )=l

11. The table below shows the prices (in Ug Shs) of some food items in January, June and December
together with the corresponding weights.

—

Item Price {(in Ug Shs) Weight
January June December
Matooke (1 bunch) | 15,000 13,000 18,000 4
Meat (1 kg} 6,500 6,000 7,150 1
Posho ( 1kg) 2,000 1,800 1,600 3
Beans(1kg) 2,200 2,000 2,860 2

Taking January as the base month, calculate the;

‘ SN
(a) simple aggregate price index for June. Comment on your result. @L;.\’ J
(b) weighted aggregate index price index for December. Comment on your result.
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4 IRy | 1 .

Solution. e . Coe

(a) Simple ngpregate price index = % x 100

13000+6000+1800+2000 100 = 22000 % 100 — 88-72
15000+6500+2000+2200 25700

luced by [1.28% in Junc

For June, S APl =

Commcm Thc prices of the commoditics re¢

(b) Weighted aggregale price index == LA¥ 100
p T roW

ForD = (1eoonx4)+(7150x1)+(1soox3)+(206°"2) 100
ccember, WA P L= ey (6s00x 1)+ (2000%3)+(2200%2)

99670 _
= 2690 ><100 11661

Comment The prlccs of the commod|t1es increase by 16. 61% in December.

. ! B . . o '
12. The roots of the equation 2x2 — 6x + 7 = 0 arc a and §. Determine the

(@) Vﬁlues of (o — ﬁ)z an_d ;;ﬂ- -%— . 1/.1," \

(b) quadrati¢ equation witl'integral coefficient whose roots are (@ — B)? and Py Uty
et E e Solution
232 —6x+7=0
x%—-3x+ Z- =0
@ +8=3: aff=+
@) (@— B =(a—p)a- ﬁ) = az—aﬁ af +p*=a +ﬁz 2af
But a2 + 2 = (a + )% - 2&[3
= (@ —f)? = (a+ f)* — 2af = 2af =, (a + )* — 4af
=324 (;):9-14:-5

1 L___ﬂ+a=a+ﬁ__a___ ___2_3' 4 12
wg e em @ @y 4 9 49
2
o 54l B . 2
(b) Sum of roots = —5.+ = = 7= 5=—=
12 _ 60
Product of roots = Sx”_ s

x% — (sum of roots)x + product of roots =0

xz_(._ZEE)xﬂf'—_o or 49x% +233x—60=10

- —
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13. A continuous random variable X has a probability density function given by,

kx

f(x)—{?' 1<x<2,

0 otherwise,

where k is a constant
&(a) Find

()  the value of k

() PX215)

(1) the mean of X, E(X)
(b) Sketch the graph of f(x)

Solution

P (@) () [, f(x) dx =1

X 1<x<2,

T‘ X W,/ = [03 " otherwise,
1t
1

3
(ifi) Mean, E(X) =, xf (x) dx

(b)

4
J®)

Hrzig = e =
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1 decclerates uniformly to

yen decclerales uniforml

a velocity V ms~Y in 10 seconds. He
14, A motorist moving at 90kmh”~

y to rest in 20 seconds.
maintains this speed for 30 scconds and tl

1 of the motorist

tior
cteh a velocity-time graph for thc mo
(@ Sketch a veloc e ur graph to calculate the value of V,

(1) Given that the total distance travelied is 800m, usc yo

(¢) Determine the two decelerations.

Solution
km __ 9000 -1 -1
M T st = 36ms
90 Jn 1600 ! . o S

®

Velocity/ ms™?

v

Slev—mmec e

i
—~—
=
.

60 time(s)

(b) Total dis;ance covered = Area under graph
800 = §'(if +36)10+ (30 x V) +5x20%V
v BOO=5(V+36)+ 30V + 10V
< B00=5Vi90+30V +10V

v 710=45V e
A v—Z‘—°__1578ms B Y
(é) Fif-é; decéi_‘gﬁgtion';?—sﬂ -2. 02ms -2 .- !
; Oy S - ‘
. Second déccleration= > ;5 28 - 2, 789ms .






