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OUR LADY OF AFRICA S.S NAMILYANGO (OLAN) 

A LEVEL PURE MATHEMATICS SEMINAR SOLUTIONS 2022 

1(a). (√5− 2)
2
− (√5+ 2)

2

8√5
=
(√5− 2+√5 + 2)(√5− 2 − √5− 2)

8√5
 

=
2√5× (−4)

8√5
=
−8√5

8√5
= −1 

(b)(i) 

 

 

 

 

 

                   2𝑥2 + 7𝑥 − 4 = 2𝑥2 + 8𝑥 − 𝑥 − 4 

= 2𝑥(𝑥 + 4)− (𝑥 + 4) 

= (2𝑥− 1)(𝑥 + 4)         

   𝑥2 + 3𝑥 − 4 =    𝑥2 + 4𝑥 − 𝑥 − 4 

= 𝑥(𝑥 + 4)− (𝑥 + 4) 

= (𝑥 − 1)(𝑥+ 4) 

(ii) 

 

 

 

 

 

The common factor is 𝑥 + 4) 

𝑙𝑒𝑡 𝑓(𝑥) = 7𝑥2 + 𝑎𝑥 − 8 

𝑓(−4) = 7(−4)2 + 𝑎(−4)− 8 = 0 

112− 4𝑎− 8 = 0 

104= 4𝑎 

𝑎 = 26 
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(c) 𝑅 = 5, 𝑃 = 150,000,𝑛 = 7𝑦𝑒𝑎𝑟𝑠 

𝑇𝑜𝑡𝑎𝑘 𝑎𝑚𝑜𝑢𝑛𝑡, 𝐴𝑡𝑜𝑡𝑎𝑙 =∑𝐴𝑛

7

1

 , 𝑤𝑕𝑒𝑟𝑒 𝐴𝑛 = 𝑃(1+
𝑅

100
*
𝑛

 

𝐴𝑡𝑜𝑡𝑎𝑙 = 𝐴1 +𝐴2 +⋯+𝐴7 

𝐴𝑡𝑜𝑡𝑎𝑙 = 𝑃[(1+ 0.05)1 + (1+ 0.05)2+⋯+ (1+ 0.05)7] 

𝐴𝑡𝑜𝑡𝑎𝑙 = 𝑃[(1.05+ (1.05)2)+⋯+ (1.05)7] 

 

𝐴𝑡𝑜𝑡𝑎𝑙 = 𝑃 *
𝑎(𝑟𝑛 − 1)

𝑟 − 1
+, 𝑤𝑕𝑒𝑟𝑒 𝑎 = 𝑟 = 1.05 

𝐴𝑡𝑜𝑡𝑎𝑙 = 150,000*
1.05(1.057 − 1)

1.05− 1
+ = 1,282,366.331 

(d)(i) √𝛼 +√𝛽 = 𝑏 

√𝛼𝛽 = 𝑐 ;  𝛼𝛽 = 𝑐2 

(√𝛼 +√𝛽)
2
= (𝑏)2 

𝛼 + 𝛽 = (√𝛼+ √𝛽)
2
− 2√𝛼𝛽 

𝛼 + 𝛽 = 𝑏2 − 2𝑐 

(ii) 𝛼 + 𝛽 = 𝑏2 − 2𝑐 

(𝛼 + 𝛽)2 = (𝑏2 − 2𝑐)2 

𝛼2 +𝛽2 = (𝑏2 − 2𝑐)2 − 2𝛼𝛽 

𝛼2 +𝛽2 = (𝑏2 − 2𝑐)2 − (√2𝑐)
2
 

𝛼2 +𝛽2 = (𝑏2 − 2𝑐 − √2𝑐)(𝑏2 − 2𝑐+ √2𝑐) 

2(a) log2 𝑥 − log𝑥 4 ≤ 1 

log2 𝑥 − 2log𝑥 2 ≤ 1 

log2 𝑥 −
2

log2 𝑥
≤ 1 

𝑙𝑒𝑡 𝑦 = log2 𝑥 
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𝑦 −
2

𝑦
≤ 1 

𝑦 −
2

𝑦
− 1 ≤ 0 

𝑦2 − 𝑦 − 2

𝑦
≤ 0 

𝑦2+ 𝑦 − 2𝑦− 2

𝑦
≤ 0 

𝑦(𝑦 + 1)− 2(𝑦+ 1)

𝑦
≤ 0 

(𝑦 − 2)(𝑦+ 1)

𝑦
≤ 0 

The critical valves include: 𝑦 = −1, 𝑦 = 0 ,𝑦 = 2 

Region where the curve lies 

 𝑦 < −1 −1 < 𝑦 <0 0 < 𝑦 < 2 𝑦 > 2 

(𝑦 + 1) − + + + 

(𝑦 − 2) − − − + 

𝑦 − − + + 

(𝑦 − 2)(𝑦 + 1)

𝑦
 

− + _ + 

The solution set is : 𝑦 < −1 and 0 < 𝑦 < 2 

                         For 𝑦 < −1; log2 𝑥 < −1 

𝑥 < 2;1 

𝑥 <
1

2
 

                   For 0 < 𝑦 ≤ 2;         0 < log2 𝑥 ≤ 2 

20 < 𝑥 ≤ 22 

1 < 𝑥 ≤ 4 
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(b)   2𝑎 − 3𝑏 + 𝑐 = 10……………(𝑖)   
   𝑎 + 4𝑏 + 2𝑐 + 3 = 0……… . . (𝑖𝑖)   

 5𝑎 − 2𝑏 − 𝑐 = 7………………… (𝑖𝑖𝑖) 

Equation (𝑖)− 2(𝑖𝑖) gives; 

    2𝑎− 3𝑏 + 𝑐 = 10  

 -2𝑎 + 8𝑏 + 4𝑐 = −6 

  −11𝑏− 3𝑐 = 16…………………(𝑖𝑣) 

Equation (𝑖)× 5− (𝑖𝑖) × 3𝑔𝑖𝑣𝑒𝑠, 

10𝑎− 15𝑏+ 5𝑐 = 50 

                            -   10𝑎− 4𝑏 − 2𝑐 = 14 

                  −11𝑏 + 7𝑐 = 36…………… . (𝑣) 

Equation(iv)-(v) gives; 

    −11𝑏 − 3𝑐 = 16 

−   − 11𝑏 + 7𝑐 = 36 

                                                                 −10𝑐 = −20,      ∴ 𝑐 = 2 

From  equation (v),   −11𝑏 + 7𝑐 = 36 

                                              −11𝑏+ 7 ×2 = 36,                                  ∴ 𝑏 = −2  

From equation (ii),   𝑎 + 4𝑏 + 2𝑐 + 3 = 0 

𝑎 + 4× (−2)+ (2× 2)+ 3 = 0 
                                                                                                     ∴ 𝑎 = 1  
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(c) 𝑆∞ =
𝒂

1− 𝑟
 

12.5 =
10

1− 𝑟
 

12.5− 12.5𝑟 = 10 

12.5𝑟 = 2.5 

𝑟 =
1

5
= 0.2 

For 𝑆𝑛 > 10 

𝑎(
1− 𝑟𝑛

1− 𝑟
* > 10 

10(
1− (0.2)𝑛

1 − 0.2
) > 10 

1− (0.2)𝑛 > 0.8 

0.2 > (0.2)𝑛 

log0.2 > 𝑛 log 0.2 

−0.69897 > −0.6989𝑛 

−0.69897

−0.69897
< 𝑛 

𝑛 > 1 

∴ 𝑛 = 2 

The least number of terms is 2 

(d) The common root be ∝; 

∝3−2 ∝ +4 = 0……………. . (𝑖) 

∝2 +∝ +𝑐 = 0………………(𝑖𝑖) 

Equation (i)-∝ (𝑖𝑖)𝑔𝑖𝑣𝑒𝑠; 

∝3− 2 ∝ +4 = 0 

−∝3+∝2 +∝ 𝑐 = 0 
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                                         ∝2 +∝ (𝑐 + 2)− 4 = 0……………. . (𝑖𝑖𝑖) 

Equation (iii)-(ii) gives; 

                                         ∝2 +∝ (𝑐 + 2)− 4 = 0 

                     −  ∝2 +∝ +𝑐 = 0 

∝ (𝑐 + 1)− 4− 𝑐 = 0 

∝=
𝑐 + 4

𝑐 + 1
 

From equation (ii) 

(
𝑐 + 4

𝑐 + 1
*
2

+
𝑐 + 4

𝑐 + 1
+ 𝑐 = 0 

(𝑐 + 4)2 + (𝑐 + 4)(𝑐+ 1) + 𝑐(𝑐 + 1)2 = 0 

(𝑐2 + 8𝑐 + 16)+ (𝑐2 + 4𝑐 + 𝑐 + 4)+ (𝑐3 + 2𝑐2 + 1𝑐) = 0 

𝑐3 + 4𝑐2 + 14𝑐+ 20 = 0 

3(a) (2+ 5𝑖)2+ 5(
7 + 2𝑖

3 − 4𝑖
*− 𝑖(4− 6𝑖) 

= 4 + 20𝑖− 25+
(35+ 10𝑖)(3+ 4𝑖)

9+ 16
− 4𝑖 − 6 

= 16𝑖− 27+
105+ 140𝑖+ 30𝑖 − 40

25
 

=
570𝑖− 610

25
=
114𝑖

5
−
122

5
= 22.8𝑖− 24.4 

Where 𝑎 = 24.4, 𝑏 = 22.8𝑖 

(b) 3𝑥2 + 2𝑥 − 5 = 0 

𝑥2 +
2

3
𝑥 −

5

3
= 0 

𝑠𝑢𝑚 𝑜𝑓 𝑟𝑜𝑜𝑡𝑠,    ∝ +𝛽 =
−2

3
 

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑟𝑜𝑜𝑡𝑠,   ∝ 𝛽 =
−5

3
 

∝4+𝛽4 = (∝2)2+ (𝛽2)2 = (∝2+𝛽2)2− 2 ∝2 𝛽2 
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= [(∝+𝛽)2− 2 ∝ 𝛽]2− 2(∝ 𝛽)2 

*(
−2

3
*
2

− 2 (
−5

3
*+

2

− 2 (
−5

3
*

2

 

[
4

9
−
50

9
]

2

−
50

9
=
2116

81
−
50

9
=
1666

81
≈ 20.568 

(c) √𝑥 + 5 +√𝑥 + 21= √6𝑥 + 40 

𝑥 + 5+ 𝑥 + 21+ 2√𝑥2 + 26𝑥+ 105 = 6𝑥 + 40 

2√𝑥2 + 26𝑥 + 105= 4𝑥 + 14 

√𝑥2 + 26𝑥 + 105= 2𝑥 + 7 

𝑥2 + 26𝑥 + 105 = 4𝑥2 + 28𝑥+ 49 

3𝑥2 + 2𝑥 − 56 = 0 

𝑥 = −2±
√22 − 4 ×3 × (−56)

2 × 3
=
−2+ 26

6
 

Either 𝑥 =
;2;26

6
=

;14

3
≠

;14

3
 

Or 𝑥 =
;2:26

6
= 4;   𝑥 = 4 
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(d) log5 21 = 𝑚 

5𝑚 = 21………… . . (𝑖) 

log9 75 = 𝑛 

9𝑛 = 75 

32𝑛 = 52 .31 

32𝑛;1 = 52…………. . (𝑖𝑖) 

Equation (𝑖𝑖) ÷ (𝑖) 

32𝑛;1

21
=
52

5𝑚
 

32𝑛;1

3 × 7
= 5(2;𝑚) 

32𝑛;2

5(2;𝑚)
= 7 

log5 7 = log5 3
(2𝑛;2) − log5 5

(2;𝑚) 

log5 7 = (2𝑛− 2) log5 3 − (2−𝑚). 

𝑏𝑢𝑡 log5 3 = log5 (
21

7
* = log5 21− log5 7 

log5 7 = (2𝑛− 2)(log5 21− log5 7)− (2−𝑚) 

(1+ 2𝑛 − 2)log5 7 = (2𝑛 − 2)log5 21− (2 −𝑚) 

(2𝑛− 1)log5 7 = 2𝑚𝑛− 2𝑚− 2+𝑚 

log5 7 =
1

2𝑛− 1
(2𝑚𝑛 −𝑚− 2) 

4(a) 
(1− 𝑥)

1
3 = 1 +

1

3
(−𝑥)+

1

3
×
−2

3
×
(−𝑥)2

2!
+
1

3
×
−2

3
×
−5

3
×
(−𝑥)

3!

3

+ ⋯ 

= 1 −
1

3
𝑥 −

1

9
𝑥2 −

5

81
𝑥3 +⋯ 

For the hence part; 

√24
3

= (27− 3)
1
3 = [27(1 −

3

27
*]

1
3
= 3 (1−

1

9
*

1
3
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𝑏𝑦 𝑐𝑜𝑚𝑝𝑎𝑟𝑖𝑠𝑜𝑛,𝑥 =
1

9
; 

√24
3

= 3*1 − (
1

3
×
1

9
*−

1

9
× (

1

9
*
2

−
5

81
× (

1

9
*
3

+ 

√24
3

= 3× 0.9615 = 2.88   (3 𝑠.𝑓) 

(b) 
(1+ 𝑎𝑥)𝑛 ≈ 1 + 𝑛(𝑎𝑥)+

𝑛(𝑛 − 1)

2!
(𝑎𝑥)2 +⋯ 

                                                      ≈ 1+ 𝑛𝑎𝑥 + +
𝑛(𝑛;1)

2
𝑎2𝑥2 +⋯ 

By comparison, 

𝑛𝑎 =
−5

2
       → 𝑎 =

−5

2𝑛
……………. (𝑖) 

1

2
𝑛(𝑛 − 1)𝑎2 =

75

8
…………………(𝑖𝑖) 

Substituting equation (i) into (ii) gives; 

1

2
𝑛(𝑛 − 1)(

−5

2𝑛
*

2

=
75

8
 

1

2
𝑛(𝑛 − 1)×

25

4𝑛2
=
75

8
 

25

8𝑛
(𝑛 − 1) =

75

8
 

(𝑛 − 1) = 3𝑛 

2𝑛 = −1 

𝑛 = −0.5 

From equation (i), 

𝑎 =
−5

2× (−0.5)
= 5 

𝑡𝑕𝑒 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑖𝑠 𝑣𝑎𝑙𝑖𝑑 𝑓𝑜𝑟 |𝑥| <
1

5
. 
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(c) General term = 6∁𝑟 × (
3

𝑥2
)
𝑟
(2𝑥)6;𝑟 

= 6∁𝑟 × 3𝑟 × 26−𝑟 × 𝑥−2𝑟 × 𝑥6−𝑟 

For the term independent of 𝑥; 

−2𝑟 + 6− 𝑟 = 0 

6− 3𝑟 = 0 

𝑟 = 2 

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑡𝑒𝑟𝑚 = 6∁2 ×3
2 × 26;2 = 15×9 ×16 = 2160 

(d) 
(𝑥3 +

1

𝑥4
*
15

=∑(15∁𝑟)(𝑥
3)𝑟

15

𝑟<0

(
1

𝑥4
*
15;𝑟

 

𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑡𝑒𝑟𝑚 = (15∁𝑟)(𝑥
3)𝑟 (

1

𝑥4
*
15;𝑟

= (15∁𝑟)(𝑥
3)𝑟(𝑥;4)15;𝑟 

= (15∁𝑟)𝑥
3𝑟;4(15;𝑟) = (15∁𝑟)𝑥

7𝑟;60 
𝑓𝑜𝑟 𝑡𝑕𝑒 𝑡𝑒𝑟𝑚 𝑖𝑛 𝑥17; 

7𝑟 − 60 = 17, 𝑟 =
77

7
= 11 

Term in 𝑥17 = 15∁𝑟= 15∁11= 1365. 

5(a) 
𝑦 = 𝑡𝑎𝑛;1 (

𝑎𝑥 − 𝑏

𝑏𝑥 + 𝑎
* 

tan 𝑦 =
𝑎𝑥 − 𝑏

𝑏𝑥 + 𝑎
 

𝑠𝑒𝑐2𝑦
𝑑𝑦

𝑑𝑥
=
(𝑎𝑥 − 𝑏). 𝑎 − (𝑎𝑥 − 𝑏). 𝑏

(𝑏𝑥 + 𝑎)2
 

𝑠𝑒𝑐2𝑦
𝑑𝑦

𝑑𝑥
=

𝑎2 + 𝑏2

(𝑏𝑥 + 𝑎)2
 

𝑏𝑢𝑡 𝑠𝑒𝑐2𝑦 = 1+ 𝑡𝑎𝑛2𝑦 

= 1 + (
𝑎𝑥 − 𝑏

𝑏𝑥 + 𝑎
*
2

 

=
(𝑏𝑥 + 𝑎)2 + (𝑎𝑥 − 𝑏)2

(𝑏𝑥 + 𝑎)2
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=
𝑏2𝑥2 + 2𝑎𝑏𝑥+ 𝑎2 + 𝑎2𝑥2 − 2𝑎𝑏𝑥+ 𝑏2

(𝑏𝑥 + 𝑎)2
 

=
𝑏2𝑥2 + 𝑏2 + 𝑎2 + 𝑎2𝑥2

(𝑏𝑥 + 𝑎)2
 

=
𝑏2(1+ 𝑥2) + 𝑎2(1+ 𝑥2)

(𝑏𝑥 + 𝑎)2
 

=
(𝑎2 + 𝑏2)(1+ 𝑥2)

(𝑏𝑥 + 𝑎)2
 

𝑑𝑦

𝑑𝑥
=

𝑎2:𝑏2

(𝑏𝑥:𝑎)2
.

(𝑏𝑥:𝑎)2

(𝑎2:𝑏2)(1:𝑥2)
=

1

1:𝑥2
  

(b) Let 𝑦 = cos(𝑥2𝑒𝑥) , 𝑎𝑛𝑑 𝑢 = 𝑥2𝑒𝑥 , 𝑦 = 𝑐𝑜𝑠𝑢 

𝑑𝑢

𝑑𝑥
= 𝑥2𝑒𝑥 + 2𝑥𝑒𝑥 = 𝑥(𝑥 + 2)𝑒𝑥 ,   

𝑑𝑦

𝑑𝑢
= −𝑠𝑖𝑛𝑢 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑢
×
𝑑𝑢

𝑑𝑥
= −sin(𝑥2𝑒𝑥) ×  𝑥(𝑥 + 2)𝑒𝑥 

= −𝑥(𝑥 + 2)𝑒𝑥sin (𝑥2𝑒𝑥) 

(c) 𝑦 = 𝑐𝑜𝑠2𝑥 

 𝑦 + ∆𝑦 = 𝑐𝑜𝑠2(𝑥 + ∆𝑥) 

∆𝑦 = 𝑐𝑜𝑠2(𝑥+ ∆𝑥)− 𝑐𝑜𝑠2𝑥 

∆𝑦 = [cos(𝑥 + ∆𝑥)− 𝑐𝑜𝑠𝑥][cos(𝑥 + ∆𝑥)+ 𝑐𝑜𝑠𝑥] 

∆𝑦 = −2sin (𝑥 +
∆𝑥

2
*𝑠𝑖𝑛 (

∆𝑥

2
* [cos(𝑥 + ∆𝑥)+ 𝑐𝑜𝑠𝑥] 

𝑠𝑖𝑛 (
∆𝑥

2
) ≈

∆𝑥

2
 for small angles in radians 

∆𝑦

∆𝑥
= −sin (𝑥 +

∆𝑥

2
* [cos(𝑥 + ∆𝑥)+ 𝑐𝑜𝑠𝑥] 

𝑑𝑦

𝑑𝑥
= lim

∆𝑥→0
(−sin (𝑥 +

∆𝑥

2
* [cos(𝑥 + ∆𝑥)+ 𝑐𝑜𝑠𝑥]* 

𝑑𝑦

𝑑𝑥
= −2𝑐𝑜𝑠𝑥𝑠𝑖𝑛𝑥 
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(d)(i) 
𝑦 =

𝑡2 + 4

𝑡
,

𝑑𝑦

𝑑𝑡
=
𝑡 × 2𝑡− (𝑡2+ 4) × 1

𝑡2
=
2𝑡2 − 𝑡2 − 4

𝑡2
=
𝑡2 − 4

𝑡2
 

𝑥 =
3𝑡− 1

𝑡
= 3−

1

𝑡
; 
𝑑𝑥

𝑑𝑡
=
1

𝑡2
 

𝑑𝑦

𝑑𝑥
=
𝑑𝑦

𝑑𝑡
×
𝑑𝑡

𝑑𝑥
= (

𝑡2 − 4

𝑡2
)× 𝑡2 = 𝑡2 − 4 

𝑑2𝑦

𝑑𝑥2
=
𝑑

𝑑𝑡
(
𝑑𝑦

𝑑𝑥
* ×

𝑑𝑡

𝑑𝑥
=
𝑑

𝑑𝑡
(𝑡2 − 4)× 𝑡2 = 2𝑡× 𝑡2 = 2𝑡3 

(d)(ii) Let 𝑥 and 𝑦 be the dimensions that will give him the maximum 
possible area of the land. 

 
𝑃𝑒𝑟𝑖𝑚𝑒𝑡𝑒𝑟 = 𝑥 + 𝑦 + 𝑥 = 100 
𝑦 + 2𝑥 = 100,      𝑦 = 100− 2𝑥 

𝑎𝑟𝑒𝑎,𝐴 = 𝑥𝑦 = 𝑥(100− 2𝑥) = 100𝑥 − 2𝑥2 
𝑑𝐴

𝑑𝑥
= 100− 4𝑥 

Area is maximum when 
𝑑 

𝑑𝑥
= 0 

100− 4𝑥 = 0,   𝑥 =
100

4
= 25𝑚 

𝑦 = 100− 2𝑥 = 100− 2(25) = 50𝑚 

 𝑎𝑥𝑖𝑚𝑢𝑚 𝑎𝑟𝑒𝑎 = 𝑥𝑦 = 25× 50 = 1250𝑚2 
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6(a) 𝑑𝑦

𝑑𝑥
+

2𝑥𝑦

𝑥2 + 1
− 𝑥 = 0 

𝐼. 𝐹 = 𝑒
∫
2𝑥
𝑥2:1

𝑑𝑥
= 𝑒ln(𝑥

2:1) = 𝑥2 + 1 

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑦𝑖𝑛𝑔 𝑡𝑕𝑟𝑜𝑢𝑔𝑕 𝑏𝑦  𝑥2 + 1 𝑔𝑖𝑣𝑒𝑠 

(  𝑥2 + 1)
𝑑𝑦

𝑑𝑥
+ 2𝑥𝑦 = 𝑥3 + 𝑥 

𝑑

𝑑𝑥
[(  𝑥2 + 1 )𝑦] = 𝑥3 + 𝑥 

∫
𝑑

𝑑𝑥
[(  𝑥2 + 1 )𝑦]𝑑𝑥 = ∫(𝑥3 + 𝑥)𝑑𝑥 

∴ 𝑦(  𝑥2 + 1) =
𝑥4

4
+
𝑥2

2
+ 𝑐 

(b) 𝑑𝑦

𝑑𝑥
= 𝑘𝑥,   𝑦 =

1

2
𝑘𝑥2 + 𝑐 

𝑎𝑡 (2,3),𝑥 = 2 𝑎𝑛𝑑 𝑦 = 3 

3 =
1

2
𝑘 × 22 + 𝑐 .          3 = 2𝑘 + 𝑐…………… . (𝑖) 

Also at (2,3), gradient is 6, 

𝑑𝑦

𝑑𝑥
= 𝑘𝑥,    6 = 𝑘 × 2,     𝑘 = 3 

From equation (i), 

3 = 2𝑘+ 𝑐,     3 = 2 × 3 + 𝑐               𝑐 = 3 − 6 = −3 

The equation of the curve is given by; 

𝑦 =
1

2
𝑘𝑥2 + 𝑐 ,     𝑦 =

1

2
3𝑥2 − 3 ,       𝑦 =

3

2
𝑥2 − 3  



COMPILED BY MR MUGERWA FRED      0778081136 /    0700863565                              Page 14 of 40 
  

(c)(i) 𝑑𝑝

𝑝
∝ 𝑝,      

𝑑𝑝

𝑝
= −𝑘𝑝    

(ii) 
∫
𝑑𝑝

𝑝
= ∫−𝑘𝑑𝑡 

𝑙𝑛𝑝 = −𝑘𝑡 + 𝑐 ……………. . (𝑖) 

When 𝑡 = 0, 𝑝 = 𝑝𝑜 

𝑙𝑛𝑝𝑜 = −𝑘 × 0+ 𝑐 ,     𝑐 = 𝑙𝑛𝑝𝑜 

Equation (i) becomes 

𝑙𝑛𝑝 = −𝑘𝑡 + 𝑙𝑛𝑝𝑜 ………………(𝑖𝑖) 

When 𝑡 = 4,     𝑝 =
1

3
𝑝𝑜 

𝑙𝑛 (
1

3
𝑝𝑜* = −4𝑘+ 𝑙𝑛𝑝𝑜 

𝑙𝑛 (
1

3
𝑝𝑜* − 𝑙𝑛𝑝𝑜 = −4𝑘 

𝑙𝑛 (
1

3
* = −4𝑘 

𝑘 = 0.25𝑙𝑛3 

Equation (ii) becomes 

𝑙𝑛𝑝 = −0.25𝑙𝑛3𝑡 + 𝑙𝑛𝑝𝑜 

𝑙𝑛 (
𝑝

𝑝𝑜
* = −0.25𝑙𝑛𝑡 

𝑝

𝑝𝑜
= 𝑒;0.25𝑙𝑛3𝑡 

𝑝 = 𝑝𝑜𝑒
;0.25𝑙𝑛3𝑡 

𝑝 = 𝑝𝑜𝑒
;0.275𝑡 

7(a) 
𝑓(𝑥) =

𝑥4 + 𝑥3 − 6𝑥2 − 13𝑥− 6

𝑥3 − 7𝑥 − 6
=
𝑥4 + 𝑥3 − 6𝑥2 − 13𝑥 − 6

(𝑥 − 1)(𝑥 − 3)(𝑥+ 2)
 

Let 
𝑥4:𝑥3;6𝑥2;13𝑥;6

(𝑥;1)(𝑥;3)(𝑥:2)
≡ 𝐴𝑥 +𝐵 +

𝐶

𝑥:1
+

𝐷

𝑥;3
+

𝐸

𝑥:2
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𝑥4 + 𝑥3 − 6𝑥2 − 13𝑥 − 6

≡ (𝐴𝑥 + 𝐵)(𝑥 − 3)(𝑥 + 2)(𝑥+ 1)+ 𝐶(𝑥 − 3)(𝑥 + 2)+ 𝐷(𝑥 + 1)(𝑥 + 2)

+ 𝐸(𝑥 + 1)(𝑥− 3) 

Put 𝑥 = 3;  81+ 27− 54− 39− 6 = 20𝐷;    9 = 20𝐷;   ∴ 𝐷 =
9

20
 

Put 𝑥 = −2;   16− 8− 24+ 26− 6 = 5𝐶,      4 = 5𝐸;     ∴ 𝐸 =
4

5
 

Put𝑥 = −1;1 − 1 − 6∓ 13− 6 = −4𝐶,       1 = −4𝐶;        ∴ 𝐶 =
;1

4
 

Compare coefficients of 

𝑥4;   1 = 𝐴 

Put 𝑥 = 0; −6 = −6𝐵− 6𝐶 + 2𝐷− 3𝐸 

−6 = −6𝐵− 6 (
−1

4
*+ 2(

9

20
*− 3(

4

5
* 

−6 = −6,     ∴ 𝐵 = 1 

∴ 𝑓(𝑥) ≡ (𝑥 + 1)−
1

4(𝑥 + 1)
+

9

20(𝑥 − 3)
+

4

5(𝑥 + 2)
 

Hence; 

∫ 𝑓(𝑥)𝑑𝑥
5

4

= ∫ (𝑥 + 1)𝑑𝑥
5

4

−
1

4
∫

1

𝑥 + 1
𝑑𝑥

5

4

+
9

20
∫

1

𝑥 − 3
𝑑𝑥

5

4

+
4

5
∫

1

𝑥 + 2
𝑑𝑥

5

4

 

= *
𝑥2

2
+ 𝑥 −

1

4
ln(𝑥 + 1)+

9

20
ln(𝑥 − 3)+

4

5
ln (𝑥 + 2)+

5

4
 

(
52

2
+ 5−

1

4
ln(5+ 1)+

9

20
ln(5 − 3)+

4

5
ln(5+ 2))

− (
42

2
+ 4 −

1

4
ln(4+ 1)+

9

20
ln(4− 3)+

4

5
ln(4+ 2)) 

= 5.8896967= 5.8897 (4𝑑𝑝𝑠)  

(b)(i) For the points of intersection; 𝑥(𝑥 + 2) = 𝑥(4− 𝑥) 

𝑥2 + 2𝑥 = 4𝑥 − 𝑥2 

2𝑥2 − 2𝑥 = 0 

2𝑥(𝑥 − 1) = 0 
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𝑒𝑖𝑡𝑕𝑒𝑟 𝑥 = 0 𝑜𝑟 𝑥 = 1 

   

 

b(ii) 𝐸𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑎𝑟𝑒𝑎 ∆𝐴 = 𝑦∆𝑥 

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑎𝑟𝑒𝑎 𝐴 = ∫ (𝑦2 − 𝑦1)𝑑𝑥
1

0

= ∫ [4𝑥− 𝑥2 − (𝑥2 + 2𝑥)]𝑑𝑥
1

0

 

= ∫ (2𝑥 − 2𝑥2)𝑑𝑥 =
1

0

[𝑥2 −
2

3
𝑥3]

1

0
= (1 −

2

3
*− (0) =

1

3
𝑠𝑞 𝑢𝑛𝑖𝑡𝑠 

(iii) 𝐸𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑣𝑜𝑙𝑢𝑚𝑒 ∆𝑉 = 𝜋(𝑦2 − 𝑦1)
2∆𝑥 

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑣𝑜𝑙𝑢𝑚𝑒 𝑉 = 𝜋∫ (2𝑥 − 2𝑥2)2𝑑𝑥
1

0

= 𝜋∫ (4𝑥2
1

0

− 8𝑥3 + 4𝑥4)𝑑𝑥 

= 𝜋[
4

3
𝑥3 − 2𝑥4 +

4

5
𝑥5]

1

0
 

= 𝜋(
4

3
− 2+

4

5
*− 0 =

2𝜋

15
𝑐𝑢𝑏𝑖𝑐 𝑢𝑛𝑖𝑡𝑠 

8(a) 
∫𝑥𝑐𝑜𝑠2𝑥𝑑𝑥 = ∫𝑥 (

1 + 𝑐𝑜𝑠2𝑥

2
*𝑑𝑥 =

1

2
∫𝑥 𝑑𝑥 +

1

2
∫𝑥𝑐𝑜𝑠2𝑥𝑑𝑥 

Sign Differentiation Integration 

+ 𝑥 𝑐𝑜𝑠2𝑥 

- 1 1

2
𝑠𝑖𝑛2𝑥 

+ 0 −1

4
𝑐𝑜𝑠2𝑥 

∫𝑥𝑐𝑜𝑠2𝑥𝑑𝑥 =
1

2
𝑥2 +

1

2
(
1

2
𝑥𝑠𝑖𝑛2𝑥 +

1

4
𝑐𝑜𝑠2𝑥*+ 𝑐 
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=
1

2
𝑥2 +

1

4
𝑥𝑠𝑖𝑛2𝑥 +

1

8
𝑐𝑜𝑠2𝑥+ 𝑐 
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(b) Intercepts; 

𝑥; 𝑦 = 0 

0 = 𝑥(𝑥 − 1)(𝑥− 2) 

𝑥 = 0, 𝑥 = 1,   𝑥 = 2 

∴ (0,0), (1,0),   𝑎𝑛𝑑 (2,0) 

𝐴𝑠 𝑥 → +∞, 𝑦 → +∞ 

𝐴𝑠 𝑥 → −∞, 𝑦 → −∞ 

 

𝐴 = 𝐴𝐼 +𝐴𝐼𝐼 

𝐴𝐼 = ∫ (𝑥3 − 3𝑥2 + 2𝑥)𝑑𝑥
1

0

= *
𝑥4

4
− 𝑥3 + 𝑥2+

1

0
 

𝐴𝐼 = (
1

4
− 1+ 1*− 0 =

1

4
𝑠𝑞 𝑢𝑛𝑖𝑡𝑠. 

𝐴𝐼𝐼 = ∫ (𝑥3 − 3𝑥2 + 2𝑥)𝑑𝑥
2

1

= *
𝑥4

4
− 𝑥3 + 𝑥2+

2

1
 

𝐴𝐼𝐼 = (4 − 8+ 4) − (
1

4
− 1 + 1* = |

−1

4
| =

1

4
𝑠𝑞. 𝑢𝑛𝑖𝑡𝑠 

∴ 𝐴 =
1

4
+
1

4
=
1

2
𝑠𝑞. 𝑢𝑛𝑖𝑡𝑠 
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(c) 

 

From similarities of figures; 

𝐻

𝑕
=
𝑅

𝑟
,   
10

𝑕
=
5

𝑟
,    𝑟 =

𝑕

2
 

𝑉 =
1

3
𝜋𝑟2𝑕,    𝑉 =

1

3
𝜋 (
𝑕

2
*
2

𝑕 =
𝜋𝑕3

12
 

𝑑𝑉

𝑑𝑕
=
𝜋𝑕2

4
 

𝑑𝑉

𝑑𝑡
=
𝑑𝑉

𝑑𝑕
.
𝑑𝑕

𝑑𝑡
 

1.5 =
𝜋𝑕2

4
.
𝑑𝑕

𝑑𝑡
 

𝑑𝑕

𝑑𝑡
=

6

𝜋𝑕2
 

𝑊𝑕𝑒𝑛 𝑕 = 4𝑐𝑚; 
𝑑𝑕

𝑑𝑡
=

6

𝜋42
=
3

8𝜋
𝑚𝑚𝑖𝑛;1 

(d) 
𝑦 = 𝑥 −

1

𝑥
 

𝑉𝑒𝑟𝑡𝑖𝑐𝑎𝑙 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒, 𝑦 − 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑,𝑤𝑕𝑒𝑛 𝑥 = 0 

𝑆𝑙𝑎𝑛𝑡𝑖𝑛𝑔 𝑎𝑠𝑦𝑚𝑝𝑡𝑜𝑡𝑒,𝑦 = 𝑥 

Intercepts; 

𝑥; 𝑦 = 0 

0 = 𝑥2 − 1 

𝑥 = ±1;    (−1,0) 𝑎𝑛𝑑   (1,0) 
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𝐸𝑙𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝐴𝑟𝑒𝑎 , ∆𝐴 = 𝑦∆𝑥 

𝑅𝑒𝑞𝑢𝑖𝑟𝑒𝑑 𝑎𝑟𝑒𝑎 , 𝐴 = ∫ (𝑥 −
1

𝑥
*

2

1

𝑑𝑥 = *
𝑥2

2
− 𝑙𝑛𝑥+

2

1
= (2 − 𝑙𝑛2)− (

1

2
− 𝑙𝑛1* 

𝐴 = 0.806852819= 0.8069 𝑠𝑞.𝑢𝑛𝑖𝑡𝑠 

9(a)  3𝑐𝑜𝑠4𝜃+ 7𝑐𝑜𝑠2𝜃 = 0 

3(2𝑐𝑜𝑠22𝜃 − 1)+ 7𝑐𝑜𝑠2𝜃 = 0 

6𝑐𝑜𝑠22𝜃− 3 + 7𝑐𝑜𝑠2𝜃 = 0 

6𝑐𝑜𝑠22𝜃+ 7𝑐𝑜𝑠2𝜃− 3 = 0 

𝑐𝑜𝑠2𝜃 = −7 ±
√72− 4×6 × (−3)

2× 6
 

𝑒𝑖𝑡𝑕𝑒𝑟 𝑐𝑜𝑠2𝜃 =
1

3
   𝑜𝑟 𝑐𝑜𝑠2𝜃 = −1.5 

𝑓𝑜𝑟 𝑐𝑜𝑠2𝜃 =
1

3
   , 2𝜃 = 70.530 ,289.740 , 𝜃 = 35.270 ,𝜃 = 144.740 

𝑓𝑜𝑟 𝑐𝑜𝑠2𝜃 = −1.5, 𝜃 𝑖𝑠 𝑢𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑. 

(b) 10𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 + 12 𝑐𝑜𝑠2𝑥 ≡ 𝑅𝑠𝑖𝑛(2𝑥+∝) 

10𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 + 12 𝑐𝑜𝑠2𝑥 ≡ 𝑅𝑠𝑖𝑛2𝑥𝑐𝑜𝑠 ∝ +𝑅𝑐𝑜𝑠2𝑥𝑠𝑖𝑛 ∝ 

𝑏𝑦 𝑐𝑜𝑚𝑝𝑎𝑟𝑖𝑠𝑜𝑛, 𝑅𝑐𝑜𝑠 ∝= 5……… . (𝑖),    𝑅𝑠𝑖𝑛 ∝= 12……… . .(𝑖𝑖) 
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(𝑖𝑖)− (𝑖)𝑔𝑖𝑣𝑒𝑠,
𝑅𝑠𝑖𝑛 ∝

𝑅𝑐𝑜𝑠 ∝
=
12

5
, 𝑡𝑎𝑛 ∝=

12

5
,      ∝= 67.380 

𝑅 = √52 + 122 = 13 

10𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 + 12 𝑐𝑜𝑠2𝑥 ≡ 13sin(2𝑥 + 67.380) 

∴  𝑎𝑥𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 = 13× 1 = 13 

(c) 𝐹𝑟𝑜𝑚  𝐿𝐻𝑆; 

𝑐𝑜𝑠110+ 𝑠𝑖𝑛110

𝑐𝑜𝑠110 − 𝑠𝑖𝑛110
=
1+ 𝑡𝑎𝑛110

1− 𝑡𝑎𝑛110
=
𝑡𝑎𝑛450 + 𝑡𝑎𝑛110

𝑡𝑎𝑛450 − 𝑡𝑎𝑛110
 

= tan(45+ 11) = 𝑡𝑎𝑛560 

(d) From 𝐿𝐻𝑆; 

  𝑆𝑖𝑛𝐵+ 𝑆𝑖𝑛𝐶 − 𝑆𝑖𝑛𝐴 = [2𝑠𝑖𝑛(
𝐵 + 𝐶

2
* 𝑐𝑜𝑠(

𝐵− 𝐶

2
*] − 2𝑠𝑖𝑛(

𝐴

2
* 𝑐𝑜𝑠(

𝐴

2
* 

𝑓𝑜𝑟 𝑎𝑛𝑔𝑙𝑒𝑠 𝑜𝑓 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒, 𝐴, 𝐵, 𝐶, 

𝑠𝑖𝑛 (
𝐵 + 𝐶

2
* = 𝑠𝑖𝑛(90−

𝐴

2
* = 𝑐𝑜𝑠 (

𝐴

2
* 

𝑐𝑜𝑠 (
𝐵 + 𝐶

2
* = 𝑐𝑜𝑠(90−

𝐴

2
* = 𝑠𝑖𝑛 (

𝐴

2
* 

  𝑆𝑖𝑛𝐵+ 𝑆𝑖𝑛𝐶 − 𝑆𝑖𝑛𝐴 = 2𝑐𝑜𝑠 (
𝐴

2
*𝑐𝑜𝑠 (

𝐵 − 𝐶

2
*− 2𝑠𝑖𝑛(

𝐴

2
*𝑐𝑜𝑠 (

𝐴

2
* 

2𝑐𝑜𝑠(
𝐴

2
* [𝑐𝑜𝑠 (

𝐵 − 𝐶

2
* − 𝑐𝑜𝑠(

𝐵 + 𝐶

2
*] 

2𝑐𝑜𝑠(
𝐴

2
* [−2𝑠𝑖𝑛(

𝐵

2
*𝑠𝑖𝑛(

−𝐶

2
*] 

= 4𝑐𝑜𝑠(
𝐴

2
*𝑠𝑖𝑛 (

𝐵

2
*𝑠𝑖𝑛 (

𝐶

2
* 

10(a) 10𝑠𝑖𝑛2𝑥+ 10𝑠𝑖𝑛𝑥𝑐𝑜𝑠𝑥 = 𝑐𝑜𝑠2𝑥+ 2 

𝐷𝑖𝑣𝑖𝑑𝑖𝑛𝑔 𝑡𝑕𝑟𝑜𝑢𝑔𝑕𝑜𝑢𝑡 𝑏𝑦 𝑐𝑜𝑠2𝑥 𝑔𝑖𝑣𝑒𝑠; 

10𝑡𝑎𝑛2𝑥 + 10𝑡𝑎𝑛𝑥 = 1+ 2𝑠𝑒𝑐2𝑥 

10𝑡𝑎𝑛2𝑥 + 10𝑡𝑎𝑛𝑥 = 1 + 2(1+ 𝑡𝑎𝑛2𝑥) 

8𝑡𝑎𝑛2𝑥 + 10𝑡𝑎𝑛𝑥 − 3 = 0 
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𝑡𝑎𝑛𝑥 =
−10±√102 − 4 ×8 × (−3)

2× 8
=
−10± 14

16
 

𝑒𝑖𝑡𝑕𝑒𝑟, 𝑡𝑎𝑛𝑥 =
−10− 14

16
= −1.5,   𝑥 = 123.690,−56.310 

𝑜𝑟,𝑡𝑎𝑛𝑥 =
−10± 14

16
= 0.25,    𝑥 = 14.040,165.960 

(b) 𝑆𝑖𝑛16𝜃𝑐𝑜𝑠2𝜃 − 𝑐𝑜𝑠6𝜃𝑠𝑖𝑛12𝜃

𝑐𝑜𝑠4𝜃𝑐𝑜𝑠2𝜃 + 𝑠𝑖𝑛6𝜃𝑠𝑖𝑛8𝜃
 

=

1
2
(𝑠𝑖𝑛18𝜃 + 𝑠𝑖𝑛14𝜃) −

1
2
(𝑠𝑖𝑛18𝜃 + 𝑠𝑖𝑛6𝜃)

1
2
(𝑐𝑜𝑠6𝜃 + 𝑐𝑜𝑠2𝜃) +

1
2
(𝑐𝑜𝑠14𝜃 − 𝑐𝑜𝑠2𝜃)

 

=
𝑠𝑖𝑛14𝜃− 𝑠𝑖𝑛6𝜃

𝑐𝑜𝑠6𝜃+ 𝑐𝑜𝑠14𝜃
=
2𝑐𝑜𝑠10𝜃𝑠𝑖𝑛4𝜃

2𝑐𝑜𝑠10𝜃𝑐𝑜𝑠4𝜃
=
𝑠𝑖𝑛4𝜃

𝑐𝑜𝑠4𝜃
= 𝑡𝑎𝑛4𝜃 

(c) 2𝑠𝑖𝑛3𝜃 = 1,   𝑠𝑖𝑛3𝜃 = 0.5 

3𝜃 = 300 ,1500,3900,5100 ,7500,8700 

𝜃 = 100 ,500 ,1300,1700 ,2500 ,2900 

For the hence part, 

8𝑥3 − 6𝑥 + 1 = 0  𝑙𝑒𝑡, 𝑥 = 𝑠𝑖𝑛𝜃 

8𝑠𝑖𝑛3𝜃− 6𝑠𝑖𝑛𝜃+ 1 = 0 

6𝑠𝑖𝑛𝜃 − 8𝑠𝑖𝑛3𝜃 = 1 

2(3𝑠𝑖𝑛𝜃− 4𝑠𝑖𝑛3𝜃) = 1 

2𝑠𝑖𝑛3𝜃 = 1 

𝜃 = 100 ,500 ,  1700, 2500 ,  2900 

𝑥 = 𝑠𝑖𝑛𝜃 

 𝑥1 = 𝑠𝑖𝑛100 = 𝑠𝑖𝑛1700 = 0.1736 

𝑥2 = 𝑠𝑖𝑛500 = 𝑠𝑖𝑛1300 = 0.7660 

𝑥3 = 𝑠𝑖𝑛2500 = 𝑠𝑖𝑛2900 = −0.9397 
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(d) From sine rule, 𝑎 = 2𝑅𝑆𝑖𝑛𝐴, 𝑏 = 2𝑅𝑠𝑖𝑛𝐵,    𝐶 = 2𝑅𝑠𝑖𝑛𝐶 

𝑓𝑟𝑜𝑚 𝐿𝐻𝑆, 

𝑎2 − 𝑏2

𝑐2
=
(2𝑅𝑆𝑖𝑛𝐴)2− (2𝑅𝑆𝑖𝑛𝐵)2

(2𝑅𝑠𝑖𝑛𝐶)2
=
𝑆𝑖𝑛2𝐴 − 𝑆𝑖𝑛2𝐵

𝑆𝑖𝑛2𝐶
 

(𝑠𝑖𝑛𝐴− 𝑠𝑖𝑛𝐵)(𝑠𝑖𝑛𝐴+ 𝑠𝑖𝑛𝐵)

𝑠𝑖𝑛2𝐶
 

=
2𝑐𝑜𝑠 (

𝐴 + 𝐵
2

)𝑠𝑖𝑛 (
𝐴 − 𝐵
2

) × 2𝑠𝑖𝑛 (
𝐴 + 𝐵
2

)𝑐𝑜𝑠 (
𝐴 − 𝐵
2

)

𝑠𝑖𝑛2(𝐴+ 𝐵)
 

2𝑠𝑖𝑛(
𝐴 + 𝐵
2

)𝑐𝑜𝑠 (
𝐴 + 𝐵
2

) × 2𝑠𝑖𝑛(
𝐴 − 𝐵
2

)𝑐𝑜𝑠 (
𝐴 + 𝐵
2

)

𝑠𝑖𝑛2(𝐴+ 𝐵)
 

=
𝑆𝑖𝑛(𝐴 + 𝐵) × sin(𝐴 − 𝐵)

𝑠𝑖𝑛2(𝐴+ 𝐵)
=
sin (𝐴 − 𝐵)

sin (𝐴 + 𝐵)
 

11(a) from LHS; 1+ 𝑠𝑒𝑐2𝜃 = 1 +
1:𝑡2

1;𝑡2
=

1;𝑡2:1:𝑡2

1;𝑡2
=

2

1;𝑡2
×

𝑡

𝑡
 

=
2𝑡

1− 𝑡2
×
1

𝑡
= 𝑡𝑎𝑛2𝜃𝑐𝑜𝑡𝜃 

 

(b)(i) 
𝑦 =

𝑠𝑖𝑛𝑥 − 2𝑠𝑖𝑛2𝑥+ 𝑠𝑖𝑛3𝑥

𝑠𝑖𝑛𝑥 + 2𝑠𝑖𝑛2𝑥+ 𝑠𝑖𝑛3𝑥
=
2𝑠𝑖𝑛2𝑥𝑐𝑜𝑠𝑥 − 2𝑠𝑖𝑛2𝑥

2𝑠𝑖𝑛2𝑥𝑐𝑜𝑠𝑥 + 2𝑠𝑖𝑛2𝑥
=
2𝑠𝑖𝑛2𝑥(𝑐𝑜𝑠𝑥− 1)

2𝑠𝑖𝑛2𝑥(𝑐𝑜𝑠𝑥+ 1)
 

=
𝑐𝑜𝑠𝑥 − 1

𝑐𝑜𝑠𝑥 + 1
=
(1 − 2𝑠𝑖𝑛2 (

𝑥
2
)* − 1

(2𝑐𝑜𝑠2 (
𝑥
2
) − 1) + 1

=
−2𝑠𝑖𝑛2 (

𝑥
2
)

2𝑐𝑜𝑠2(
𝑥
2
)
= −𝑡𝑎𝑛2 (

𝑥

2
) 

∴ 𝑦 + 𝑡𝑎𝑛2 (
𝑥

2
) = 0 
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(ii) For 𝑡𝑎𝑛2150 ,   
𝑥

2
= 150,     𝑥 = 300 

𝑦 =
𝑐𝑜𝑠𝑥 − 1

𝑐𝑜𝑠𝑥 + 1
=
𝑐𝑜𝑠300 − 1

𝑐𝑜𝑠300 + 1
=

√3
2
− 1

√3
2
+ 1

=
√3 − 2

√3 + 2
=
(√3 − 2)(√3− 2)

(√3 + 2)(√3− 2)
 

=
3− 4√3+ 4

3 − 4
=
7 − 4√3

−1
= −7 + 4√3 

∴ 𝑡𝑎𝑛2150 = −7+ 4√3 

(iii) 2𝑦 + 𝑠𝑒𝑐2 (
𝑥

2
) = 0 

−2𝑡𝑎𝑛2 (
𝑥

2
) + (1+ 𝑡𝑎𝑛2 (

𝑥

2
)) = 0 

−𝑡𝑎𝑛2 (
𝑥

2
)+ 1 = 0 

𝑡𝑎𝑛2 (
𝑥

2
) = 1 

𝑡𝑎𝑛(
𝑥

2
) = ±1 

𝑥

2
= 450 ,1350,2250,3150 

𝑥 = 900 ,2700   

12(a) 
𝐶𝑜𝑠𝜃 = 1− 2𝑠𝑖𝑛2 (

𝜃

2
* 

𝑠𝑖𝑛
𝜃

2
= ±√

1− 𝑐𝑜𝑠𝜃

2
 

𝑠𝑖𝑛𝑐𝑒 
𝜃

2
= 292

1

2

0

 𝑖𝑠 𝑖𝑛 𝑡𝑕𝑒 𝑓𝑜𝑢𝑟𝑡𝑕 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 𝑖𝑛 𝑤𝑕𝑖𝑐𝑕 𝑡𝑕𝑒 𝑠𝑖𝑛𝑒 𝑟𝑎𝑡𝑖𝑜  

𝑖𝑠 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 

𝑠𝑖𝑛292
1

2

0

= −√
1− 𝑐𝑜𝑠𝜃

2
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𝑠𝑖𝑛292
1

2

0

= −√
1− 𝑐𝑜𝑠[(6 × 900)+ 450]

2
=− √

1− [−𝑐𝑜𝑠450]

2
 

= −
√
1+

1

√2
2

= −√
2+√2

4
=
−1

2
√2+√2 

∴ 𝑆𝑖𝑛(292
1

2

0

) = −
1

2
√2 +√2 

(b)(i) 𝑃 = 2𝑐𝑜𝑠2𝑥+ 3𝑐𝑜𝑠4𝑥 

𝑝2 = 4𝑐𝑜𝑠22𝑥 + 12𝑐𝑜𝑠2𝑥𝑐𝑜𝑠4𝑥+ 9𝑐𝑜𝑠24𝑥 

𝑞 = 2𝑠𝑖𝑛2𝑥 + 3𝑠𝑖𝑛4𝑥 

𝑞2 = 4𝑠𝑖𝑛22𝑥 + 12𝑠𝑖𝑛2𝑥𝑠𝑖𝑛4𝑥+ 9𝑠𝑖𝑛24𝑥 

𝑝2 + 𝑞2 = 4(𝑐𝑜𝑠22𝑥+ 𝑠𝑖𝑛22𝑥)+ 12(𝑐𝑜𝑠2𝑥𝑐𝑜𝑠4𝑥+ 𝑠𝑖𝑛2𝑥𝑠𝑖𝑛4𝑥)+ 

9(𝑐𝑜𝑠24𝑥 + 𝑠𝑖𝑛24𝑥) 

𝑝2 + 𝑞2 = 4 + 9 + 12cos(4𝑥− 2𝑥) 

𝑝2 + 𝑞2 = 13+ 12𝑐𝑜𝑠2𝑥 

𝑡𝑕𝑒 𝑔𝑟𝑒𝑎𝑡𝑒𝑠𝑡 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑝2 + 𝑞2 = 13+ 12= 25 

𝑡𝑕𝑒 𝑙𝑒𝑎𝑠𝑡 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑝2 + 𝑞2 = 13− 12 = 1 

(ii) 𝑝2 + 𝑞2 = 19 

13+ 12𝑐𝑜𝑠2𝑥 = 19 

𝑐𝑜𝑠2𝑥 =
1

2
 

2𝑥 = 𝑐𝑜𝑠;1 (
1

2
* = 600 ,3000,4200 , 6600 

𝑥 = 300 
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(iii) 𝑝𝑞 = (2𝑐𝑜𝑠2𝑥 + 3𝑐𝑜𝑠4𝑥)(2𝑠𝑖𝑛2𝑥 + 3𝑠𝑖𝑛4𝑥) 

𝑝𝑞 = 4𝑠𝑖𝑛2𝑥𝑐𝑜𝑠2𝑥 + 6𝑐𝑜𝑠2𝑥𝑠𝑖𝑛4𝑥 + 6𝑐𝑜𝑠4𝑥𝑠𝑖𝑛2𝑥 + 9𝑐𝑜𝑠4𝑥𝑠𝑖𝑛4𝑥 

𝑝𝑞 = 2𝑠𝑖𝑛4𝑥 + 6 sin(4𝑥 + 2𝑥)+
9

2
𝑠𝑖𝑛8𝑥 

𝑓𝑜𝑟 𝑥 = 300 , 𝑝𝑞 = 2 sin(1200)+ 6𝑠𝑖𝑛(1800)+
9

2
𝑠𝑖𝑛2400 

𝑝𝑞 =
2√3

2
+ 0 −

9

2
×
√3

2
=
4√3− 9√3

4
=
−5√3

4
 

13(a) 3𝑥 − 𝑦 + 𝑧 = 2…………………(𝑖) 

𝑥 −     5𝑦+ 2𝑧 = 6………………(𝑖𝑖) 

2 × (𝑖)− (𝑖𝑖) 

6𝑥 − 2𝑦+ 2𝑧 = 4 

(−) 𝑥 + 5𝑦+ 2𝑧 = 6 

                                             5𝑥 − 7𝑦 = −2  ,    𝑥 =
7𝑦− 2

5
………… (𝑖𝑖𝑖) 

5(𝑖)+ (𝑖𝑖)𝑔𝑖𝑣𝑒𝑠; 

15𝑥 − 5𝑦+ 5𝑧 = 10 

(−)   𝑥 − 5𝑦+ 2𝑧 = 6 

                                            16𝑥+ 7𝑧 = 16,   𝑥 =
16− 7𝑧

16
……………. (𝑖𝑣) 

𝑡𝑕𝑒 𝑐𝑎𝑟𝑡𝑒𝑠𝑖𝑎𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡𝑕𝑒 𝑙𝑖𝑛𝑒 𝐴 𝑖𝑠    𝑥 =
7𝑦− 2

5
=
16− 7𝑧

16
 

(b)(i) 
Direction vector, 𝑑 = (

3
−1
1
+ 

Position vector= (
1
1
0
+ 

Cartesian equation of the line B is 
  𝑥;1

3
=

𝑦;1

;1
= 𝑧 
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(ii) For line A, 𝑥 =
7𝑦;2

5
=

16;7𝑧

16
 

𝑥 =
7𝑦 − 2

5
=
7𝑧 − 16

−16
 

direction vector 𝑑 = (

1
5

7
;16

7

, =
1

7
(
7
5
−16

+ 

for line B, directional vector   𝑑𝐵 = (
3
−1
1
+ 

𝑑 .    𝑑𝐵 = (
7
5
−16

+. (
3
−1
1
+ = 21− 5 − 16 = 0 

∴ 𝜃 = 900 

(c) 3𝑨𝑩⃗⃗⃗⃗⃗⃗ = 2𝑨𝑪⃗⃗⃗⃗  ⃗ 

3 [(
−2
5
−4
+− (

2
−1
0
+] = 2 [𝑶𝑪⃗⃗⃗⃗⃗⃗ − (

2
−1
0
+] 

(
−12
18
−12

+= 2𝑶𝑪⃗⃗⃗⃗⃗⃗ − (
4
−2
0
+ 

(
−8
16
−12

+= 2𝑶𝑪⃗⃗⃗⃗⃗⃗  

𝑶𝑪⃗⃗⃗⃗⃗⃗ =
1

2
(
−8
16
−12

+ = (
−4
8
−6
+ 

∴ 𝐶(−4,8,−6) 

14(a) 𝑂𝑃⃗⃗⃗⃗  ⃗ = 2𝒂− 5𝒃,   𝑂𝑄⃗⃗⃗⃗⃗⃗ = 5𝒂− 𝒃     𝑂𝑅⃗⃗⃗⃗  ⃗ = 11𝒂+ 7𝒃 

𝑃𝑄⃗⃗⃗⃗  ⃗ = 𝑂𝑄⃗⃗⃗⃗⃗⃗ − 𝑂𝑃⃗⃗⃗⃗  ⃗ = (5𝒂− 𝒃)− (2𝒂− 5𝒃) = 3𝒂+ 4𝒃 

𝑄𝑅⃗⃗⃗⃗  ⃗ = 𝑂𝑅⃗⃗⃗⃗  ⃗ − 𝑂𝑄⃗⃗⃗⃗⃗⃗ = (11𝒂+ 7𝒃)− (5𝒂− 𝒃) = 6𝒂+ 8𝒃= 2(3𝒂+ 4𝒃) 

Since 𝑃𝑄⃗⃗⃗⃗  ⃗ = 2𝑄𝑅⃗⃗⃗⃗  ⃗ and they share a common point 𝑃, then 𝑃, 𝑄, and 𝑅 are 

collinear. 
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𝑃𝑄⃗⃗⃗⃗  ⃗ :𝑄𝑅⃗⃗ ⃗⃗  ⃗ = 1:2 

P 

(b) 

 

 

 

 

 

                                              𝒓 = 2𝒊− 3𝒋 + 𝒌 + 𝑡(2𝒊+ 𝒋 − 2𝒌) 

                                              𝑭(
2 + 2𝑡
−3 + 𝑡
1 − 2𝑡

+     

𝑃𝐹⃗⃗⃗⃗  ⃗ = 𝑂𝐹⃗⃗⃗⃗  ⃗ − 𝑂𝑃⃗⃗⃗⃗  ⃗ = (
2 + 2𝑡
−3+ 𝑡
1 − 2𝑡

+− (
1
−2
3
+ = (

1 + 2𝑡
−1 + 𝑡
−2 − 2𝑡

+ 

𝑃𝐹⃗⃗⃗⃗  ⃗.𝒅 = 𝑜, (
1+ 2𝑡
−1+ 𝑡
−2− 2𝑡

+ . (
2
1
−2
+ = 0,   2 + 4𝑡 − 1+ 𝑡 + 4 + 4𝑡 = 0 

9𝑡 = 5         𝑡 =
5

9
     

𝑃𝐹⃗⃗⃗⃗  ⃗ = (
1+ 2𝑡
−1+ 𝑡
−2− 2𝑡

+ =

(

 
 
 
1 + 2(

5

9
*

−1+ (
5

9
*

−2 − 2(
5

9
*)

 
 
 

=

(

 
 
 

19

9
−4

9
−28

9 )

 
 
 

 

= √(
19

9
*
2

+ (
−4

9
*
2

+ (
−28

9
*
2

 

|𝑃𝐹|⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  = √
43

3
= 3.7859 𝑢𝑛𝑖𝑡𝑠 

(c) 
Normal vector, 𝑛 = |

𝒊
1
−1
     

𝒋
−3        
−3

𝒌
3
2
| = 𝒊|;3

;3
3
2
| − 𝒋| 1

;1
3
2
|+ 𝒌| 1

;1
;3
;3
| 

= 𝒊(−6 + 9)− 𝒋(2 + 3)+ 𝒌(−3− 3) = 3𝒊− 5𝒋− 6𝒌 

 𝑃(1,−2,3),         
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𝒓. 𝒏 = 𝒏. 𝒂 

(
𝑥
𝑦
𝑧
) . (

3
−5
−6
+ = (

3
−5
−6
+(

1
−3
2
+ 

3𝑥 − 5𝑦− 6𝑧 = 3 + 15− 12 

3𝑥 − 5𝑦− 6𝑧 = 6 

15(a) 

𝑂𝐶⃗⃗⃗⃗  ⃗ =
𝜆𝑏:3𝑎

𝜆:3
, (
𝑎
4
5
) =

𝜆(
6
7
8

+:3(
1
2
3

+

𝜆:3
  (𝜆 + 3)(

𝑎
4
5
) = (

6𝜆 + 3
7𝜆 + 6
8𝜆 + 9

+ ,  

(𝜆 + 3)𝑎 = 6𝜆 + 3,… . (1)
(𝜆 + 3)4 = 7𝜆+ 6… . (𝑖𝑖)

 (𝜆 + 3)5 = 8𝜆+ 9… . (𝑖𝑖𝑖)

  

3𝜆 = 6, 𝜆 = 2,𝑎 = 3                ∴ 𝜆 = 2  𝑎 = 3. 

(b) From the Cartesian equation of the line, 

Position vector, 𝑂𝐴⃗⃗⃗⃗  ⃗ = (
1
−4
−1
+, directional vector, 𝒅 = (−

2
3
−1
+ 

The point on the plane is B(2,3,-1) 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝑂𝐵⃗⃗⃗⃗  ⃗ − 0𝐴⃗⃗⃗⃗  ⃗ = (
2
3
−1
+− (

1
−4
−1
+= (

1
7
0
+ 

Normal vector,𝒏 = 𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝒅 = |
𝒊
1
2
     

𝒋
 7  
−3

𝒌
  0
  −1

| = 𝒊 |
7

−3

0

−1
|− 𝒋 |

1

2

0

−1
|+ 𝒌|

1

2

7

−3
| 

= 𝒊(−7− 0)− 𝒋(−1− 0) + 𝒌(−3− 14) = −7𝒊 + 𝒋 − 17𝒌 

The equation of the plane is given by  𝒓. 𝒏 = 𝒏. 𝒂 

(
𝑥
𝑦
𝑧
) . (

−7
1
−17

+= (
−7
1
−17

+(
2
3
−1
+ 

−7𝑥 + 𝑦 − 17𝑧 = −14+ 3 + 17 

−7𝑥 + 𝑦 − 17𝑧 = 6 

∴ 7𝑥 − 𝑦 + 17𝑧 = −6 
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(c) 𝐜 = (
2
−3
) , 𝒅𝟐 = (

3
2
) 

For the lines 𝐿1 and 𝐿2 to be perpendicular, 

𝒅𝟏 . 𝒅𝟐 = 𝟎 

(
2
−3

). (
3
2
) = 6 − 6 = 0 

For the point of intersection;𝐿1 = 𝐿2 

(
2+ 2𝜆
5− 3𝜆

) = (
3 + 3𝜇
−3 + 2𝜇

* 

2𝜆− 3𝜇 = 1……… . . (𝑖) 

3𝜆+ 2𝜇 = 8………(𝑖𝑖) 

Equation 3(i)-2(ii) gives; 

6𝜆 − 6𝜇 = 3 

(−)6𝜆+ 4𝜇 = 16 

−13𝜇 = −13,      𝜇 = 1 

Position vector= (
3 + (3× 1)
−3+ (2× 1

* = (
6

−1
) 

16(a) Perpendicular distance, 𝑑 = |
6𝑥;𝑦:2𝑧;14

√62:(;1)2:22
| = |

(6×4);(3):(2×5);14

√41
| 

=
17

√41
= 2.6550 𝑢𝑛𝑖𝑡𝑠 

(b)   

 

 

                                 
𝑥;11

10
=

𝑦:2

;2
=

𝑧:5

;11
                                          

                                              𝐹 (
11+ 10𝑡
−2 − 2𝑡
−5− 11𝑡

+     

𝑃𝐹⃗⃗⃗⃗  ⃗ = 𝑂𝐹⃗⃗⃗⃗  ⃗ − 𝑂𝑃⃗⃗⃗⃗  ⃗ = (
11+ 10𝑡
−2− 2𝑡
−5− 11𝑡

+    − (
4
3
5
+ = (

7+ 10𝑡
−5− 2𝑡
−10− 11𝑡

+ 

 

𝑃(4,3,5) 
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𝑃𝐹⃗⃗⃗⃗  ⃗.𝒅 = 𝑜, (
7+ 10𝑡
−5− 2𝑡
−10− 11𝑡

+ .(
10
−2
−11

+ = 0,    

70+ 100𝑡+ 10+ 4𝑡+ 110+ 121𝑡 = 0 

225𝑡 = −190,        𝑡 =
−38

45
 

𝑡𝑕𝑒 𝑓𝑜𝑜𝑡 𝐹 = (
11+ 10𝑡
−2− 2𝑡
−5 − 11𝑡

+ =

(

 
 
11+ 10(

;38

45
)

−2 − 2(
;38

45
)

−5 − 11(
;38

45
))

 
 
= 

(

 
 

23

9
;14

45
193

45 )

 
 

 

The coordinates of the foot is F  𝐹 (
23

9
,
;14

45
,
193

45
  )        

(c) Let the angle required be 𝜃; 

𝑛 = (
1
−2
1
+,   𝑑 = (

3
4
12
+ 

𝑛. 𝑑 = |𝑛||𝑑|𝑠𝑖𝑛𝜃 

(
1
−2
1
+. (

3
4
12
+ = √9 + 16+ 144 √1+ 4+ 1  𝑠𝑖𝑛𝜃 

3− 8 + 12 = √196√6𝑠𝑖𝑛𝜃,      7 = 13√6𝑠𝑖𝑛𝜃 

𝜃 = 𝑠𝑖𝑛;1 (
7

13√6
* = 12.70 
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(d) 

 

𝑃𝑄⃗⃗⃗⃗  ⃗ = (
4
−1
)− (

1
−2
) = (

3
1
),          𝑆𝑅⃗⃗⃗⃗  ⃗ = (

5
2
) − (

2
1
) = (

3
1
) 

𝑃𝑆⃗⃗⃗⃗  = (
2
1
) − (

1
−2
) = (

1
3
) ,  𝑄𝑅⃗⃗⃗⃗ ⃗⃗  = (

5
2
) − (

4
−1
) = (

1
3
) 

|𝑃𝑄⃗⃗⃗⃗  ⃗ | = √32 + 12 = √10,      |𝑃𝑆⃗⃗ ⃗⃗  | = √32 + 12 = √10,     

𝑃𝑆⃗⃗ ⃗⃗  . 𝑃𝑆⃗⃗ ⃗⃗  = (
3
1
) . (

1
3
) = 3+ 3 = 6  

Since 𝑃𝑄⃗⃗⃗⃗  ⃗ ↗↗ 𝑆𝑅⃗⃗⃗⃗  ⃗,𝑃𝑆⃗⃗ ⃗⃗  ↗↗  𝑄𝑅⃗⃗ ⃗⃗ ⃗⃗  , |𝑃𝑄| = |𝑃𝑆| 𝑎𝑛𝑑 𝑃𝑆⃗⃗ ⃗⃗  .𝑃𝑆⃗⃗ ⃗⃗  ≠ 0 it implies that the 

 Quadrilateral is a rhombus  

17(a) Let the variable point be 𝑃(𝑥, 𝑦); 

𝐴𝑃⃗⃗⃗⃗  ⃗: 𝑃𝐵⃗⃗ ⃗⃗  ⃗ = 2: 3 

3𝐴𝑃⃗⃗⃗⃗  ⃗ = 2𝑃𝐵⃗⃗⃗⃗  ⃗ 

3√(𝑥 − 2)2 + (𝑦 − 4)2 = √(𝑥 + 5)2 + (𝑦− 3)2 

9(𝑥2 − 4𝑥 + 4 + 𝑦2 − 8𝑦+ 16) = 4(𝑥2 + 10𝑥+ 25+ 𝑦2 − 6𝑦 + 9) 

9𝑥2 − 36𝑥 + 9𝑦2− 72𝑦+ 180= 4𝑥2 + 40𝑥 + 4𝑦2− 24𝑦+ 136 

5𝑥2 + 5𝑦2− 76𝑥 − 48𝑦+ 44 = 0 

𝑅𝑎𝑑𝑖𝑢𝑠 = √(
;76

5
)
2

+ (
;48

5
)
2

−
44

5
= √314.4 units 

𝑇𝑕𝑒 𝑙𝑜𝑐𝑢𝑠 𝑖𝑠 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡𝑕 𝑐𝑒𝑛𝑡𝑟𝑒 (
;76

5
,
;48

5
) and radius= √314.4 units 

(b) Let the variable point be 𝑃(𝑥, 𝑦); 

  

𝐴𝑃⃗⃗⃗⃗  ⃗: 𝑃𝐵⃗⃗ ⃗⃗  ⃗ = 3: 2 

2𝐴𝑃⃗⃗⃗⃗  ⃗ = 3𝑃𝐵⃗⃗⃗⃗  ⃗ 
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2√(𝑥 + 2)2 + (𝑦− 0)2 = 3√(𝑥 − 8)2 + (𝑦 − 6)2 

4(𝑥2 + 4𝑥 + 4 + 𝑦2) = 9(𝑥2 − 16𝑥 + 64+ 𝑦2 − 12𝑦+ 36) 

4𝑥2 + 16𝑥 + 16+ 4𝑦2 = 9𝑥2 − 144𝑥 + 9𝑦2− 108𝑦+ 900 

5𝑥2 + 5𝑦2 − 160𝑥− 108𝑦+ 884 = 0 

𝑆𝑖𝑛𝑐𝑒 𝑥2  𝑎𝑛𝑑 𝑦2  𝑕𝑎𝑣𝑒 𝑡𝑕𝑒 𝑠𝑎𝑚𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑎𝑛𝑑 𝑡𝑕𝑒 𝑟𝑒𝑠𝑡 𝑜𝑓 𝑡𝑕𝑒 𝑡𝑒𝑟𝑚𝑠  

𝑎𝑟𝑒 𝑙𝑖𝑛𝑒𝑎𝑟,𝑡𝑕𝑒𝑛 𝑡𝑕𝑒 𝑙𝑜𝑐𝑢𝑠 𝑖𝑠 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒. 

(c) 

 

𝐴𝑃⃗⃗⃗⃗  ⃗ = 2 𝑃⃗⃗⃗⃗ ⃗⃗  

√(𝑥 − 5)2+ (𝑦 − 3)2 = 2√(𝑥 − 2)2 

(𝑥2 − 10𝑥 + 25)+ (𝑦2− 6𝑦+ 9) = 4(𝑥2 − 4𝑥 + 4) 

(𝑥2 − 10𝑥+ 25)+ (𝑦2 − 6𝑦+ 9) = 4𝑥2 − 16𝑥 + 16 

𝑦2 − 6𝑦 − 3𝑥2 + 6𝑥 + 18 = 0 

3𝑥2 − 𝑦2 − 6𝑥 + 6𝑦 − 18 = 0 

(d)  

 

At point A; 3(11− 𝑥) = 𝑥 − 3 

33− 3𝑥 = 𝑥 − 3, 4𝑥 = 36, 𝑥 = 9 
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𝑦 = 11− 9 = 2,      𝐴(9,2) 

At point B; 11− 𝑥 = 𝑥 − 1,   2𝑥 = 12,     𝑥 = 6 

𝑦 = 11− 6 = 5       𝐵(6,5) 

At point C; 3(𝑥− 1) = 𝑥 − 3, 3𝑥 − 3 = 𝑥 − 3,   2𝑥 = 0,   𝑥 = 0 

𝑦 = 0− 1 = −1    𝑐(0,−1) 

Centroid= (
9:6:0

3
,
2:5;1

3
) = (5,2) 

18(a) Centre=  𝑖𝑑𝑝𝑜𝑖𝑛𝑡𝑜𝑓 𝐴𝐵 = (
1:(;2)

2
,
3<5

2
) = (−0.5,4) 

𝑅𝑎𝑑𝑖𝑢𝑠 =
𝑙𝑒𝑛𝑔𝑡𝑕 𝑜𝑓 𝐴𝐵

2
=
√(−2− 1)2+ (5 − 3)2

2
=
√13

2
𝑢𝑛𝑖𝑡𝑠 

The required equation of the circle is given by; 

(𝑥 + 0.5)2 + (𝑦− 4)2 = (
√13

2
)

2

 

𝑥2 + 𝑥+ 0.25+ 𝑦2 − 8𝑦+ 16 =
13

4
 

4𝑥2 + 4𝑥 + 1+ 4𝑦2 − 32𝑦+ 64 = 13 

4𝑥2 + 4𝑦2+ 4𝑥 − 32𝑦+ 52 = 0 

(b)(i) For 8𝑥 − 15𝑦 = 120;𝑤𝑕𝑒𝑛 𝑥 = 0,0 − 15𝑦 = 120,   𝑦 = 8 

𝑤𝑕𝑒𝑛 𝑦 = 0,   8𝑥 − 0 = 120,    𝑥 = 15 
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Length AC, 𝑟 = |
8𝑟;15𝑟;120

√82:(;15)2
| = |

;7𝑟;120

17
| = |

;(7𝑟:120)

17
| =

(7𝑟:120)

17
 

17𝑟 = 7𝑟 + 120, 10𝑟 = 120, 𝑟 = 12 

𝑇𝑕𝑒 𝑐𝑒𝑛𝑡𝑟𝑒 𝑖𝑠 (12,12),𝑅𝑎𝑑𝑖𝑢𝑠 = 12 𝑢𝑛𝑖𝑡𝑠 

The required equation of the circle is given by; 

(𝑥 − 12)2+ (𝑦 − 12)2 = 122 

𝑥2 − 24𝑥 + 144+ 𝑦2 − 24𝑦+ 144= 144 

𝑥2 + 𝑦2 − 24𝑥 − 24𝑦+ 144= 0 

 

(ii) The circle touches the x-axis at a point(12,0) 

(c) 𝑥2 + 𝑦2 + 2𝑔𝑥 + 2𝑓𝑦+ 𝑐 = 0 

Considering tangent 𝑦 = 0, 𝑥2 + 2𝑔𝑥+ 𝑐 = 0 

For tangency; 𝑏2 − 4𝑎𝑐 = 0,     (2𝑔)2− 4 ×1 × 𝑐 = 0 

4𝑔2 − 4𝑐 = 0,    𝑐 = 𝑔2……………(𝑖) 

Considering tangent , 𝑥 = 0, 𝑦2 + 2𝑓𝑦 + 𝑐 = 0 

For tangency, 𝑏2 − 4𝑎𝑐 = 0,    (2𝑓)2− 4 ×1 × 𝑐 = 0 

4𝑓2 − 4𝑐 = 0,    𝑐 = 𝑓2……………(𝑖𝑖) 

Combining equations (i) and (ii) gives; 

𝑐 = 𝑔2 = 𝑓2 

19(a) 

 

𝑥2 + 𝑦2 − 4𝑥 − 3𝑦 = 36 
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Comparing with the general equations of the circle; 𝑥2 + 𝑦22𝑔𝑥 + 2𝑓𝑦+
𝑐 = 0.2𝑔 = −4, 𝑔 = −2, 2𝑓 = −3,𝑔 = −1.5, 𝑐 = −36 

𝑟𝑎𝑑𝑖𝑢𝑠,𝑟 = √𝑔2 + 𝑓2 − 𝑐 = √4 + 2.25+ 36 = √42.25 = 6.5 𝑢𝑛𝑖𝑡𝑠 

Length of each diagonal, 𝑙 = 2𝑟 = 2× 6.5= 13 𝑢𝑛𝑖𝑡𝑠 

By Pythagoras theorem, 𝑙2 = 𝑠2 + 𝑠2 ,   𝑙2 = 2𝑠2 ,𝑠2 =
𝑙2

2
 

Area of a square= 𝑠2 =
𝑙2

2
=

1

2
× 132 = 84.5𝑐𝑚2 

(b) 

 

3𝑦− 𝑥 + 2 = 0,   𝑦 =
1

3
𝑥 −

2

3
, ∴ 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝐴𝐵 = −3 

𝑦 + 6

𝑥 − 2
= −3, 𝑦 + 6 = −3𝑥+ 6,   𝑦 = −3𝑥 

1

3
𝑥 −

2

3
= −3𝑥,          𝑥 − 2 = −9𝑥,     10𝑥 = 2,     𝑥 =

2

10
=
1

5
 

𝑦 = −3×
1

5
=
−3

5
,    ∴ 𝐵 (

1

5
,
−3

5
*  
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(c) 

 

𝐵𝐶⃗⃗⃗⃗  ⃗ = |
4𝑔− 3𝑓 + 4

42 + (−3)2
| =

4𝑔 − 3𝑓+ 4

5
 

𝐴𝐶⃗⃗⃗⃗  ⃗ = √(𝑔− 𝑔)2 + (𝑓− 0)2 = 𝑓 

But, 𝐵𝐶⃗⃗⃗⃗  ⃗ = 𝐴𝐶⃗⃗⃗⃗  ⃗ 

4𝑔− 3𝑓 + 4

5
= 𝑓, 4𝑔− 3𝑓+ 4 = 5𝑓 

4𝑔− 8𝑓+ 4 = 0……… . . (𝑖) 

Also, centre (𝑔, 𝑓) lie on the line 𝑥 − 𝑦 − 1 = 0 

𝑔 − 𝑓 − 1 = 0………… . . (𝑖𝑖) 

Equation (i)-4x(ii) gives 

4𝑔 − 8𝑓+ 4 = 0 

(−)𝑔− 𝑓− 1 = 0 
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−4𝑓+ 8 = 0,    𝑓 = 2 

𝑓𝑟𝑜𝑚 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (𝑖𝑖),𝑔 = 2 = 1 = 3 

The equation of the circle is given by; (𝑥 − 3)2 + (𝑦− 2)2 = 22 

𝑥2 − 6𝑥 + 9+ 𝑦2 − 4𝑦 + 4 = 4 

𝑥2 + 𝑦2 − 6𝑥 − 4𝑦+ 9 = 0 

(d) 

 

𝐺𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝐴𝐶⃗⃗⃗⃗  ⃗ =
−4− 4

−3− 5
= 1, 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝐵𝐷 = −1 

Midpoint of AC,  (
;3:5

2
,
;4:4

2
) = (1,0) 

The equation of line BD is given by; 
𝑦;0

𝑥;1
= −1,   𝑦 = −𝑥 + 1 

The equation of line BC is given by; 
𝑦;4

𝑥;5
= 2, 𝑦 = 2𝑥 − 6 

At point B, −𝑥+ 1 = 2𝑥 − 6, 𝑥 =
7

3
 

For 𝑥 =
7

3
, 𝑦 = −

7

3
+ 1 =

;4

3
,          𝐵 (

7

3
,
;4

3
) 

Midpoint of AC= (
7

3
:𝑥

2
,
−4

3
:𝑦

2
) = (1,0) 

7

3
+ 𝑥 = 2,       𝑥 =

1

3
 

−4

3
+ 𝑦 = 0,         𝑦 =

4

3
 

𝑡𝑕𝑒 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 𝑜𝑓 𝐵𝑎𝑛𝑑 𝐷 𝑎𝑟𝑒 𝐵 (
7

3
,
−4

3
*  𝑎𝑛𝑑 𝐷(

1

3
,
4

3
* 

𝐴𝐶 = 𝑂𝐶 −𝑂𝐴= (
5
4
)− (

−3
−4
)= (

8
8
) 
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 𝐵 = 𝑂𝐵 −𝑂 =
1

3
(
7
−4
)− (

1
0
) =

1

3
(
4
−4
) 

𝐴𝑟𝑒𝑎 = |𝐴𝐶|| 𝐵| = √82 + 82 ×
1

3
√42+ 42 =

64

3
 

= 21.3333 = 21
1

3
𝑠𝑞. 𝑢𝑛𝑖𝑡𝑠 

20(a) 𝑦2 − 4𝑦 = 4𝑥 

(𝑦 − 2)2 − 4 = 4𝑥 

(𝑦− 2)2 = 4(𝑥 + 1) 

This is the form 𝑌2 = 4𝑎𝑋, Hence it is a parabola. 

𝑌 = 𝑦 − 2,    𝑋 = 𝑥 + 1,        4𝑎 = 4,𝑕𝑒𝑛𝑐𝑒 𝑎 = 1 

𝑉𝑒𝑟𝑡𝑒𝑥 𝑖𝑠 (−1,2) 

𝐹𝑜𝑐𝑢𝑠,(𝑥, 𝑦) = (0,2) 

𝑡𝑕𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑟𝑖𝑥 𝑖𝑠 𝑡𝑕𝑒 𝑙𝑖𝑛𝑒 𝑥 = −2 

B(i) 
𝑦2 = 4𝑥,   

𝑑(𝑦2)

𝑑𝑥
=
𝑑(4𝑥)

𝑑𝑥
 

2𝑦
𝑑𝑦

𝑑𝑥
= 4,      

𝑑𝑦

𝑑𝑥
=
2

𝑦
 

At the point 𝑇(𝑡2,2𝑡), 𝑥 = 𝑡2 ,𝑦 = 2𝑡 

𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 𝑜𝑓 𝑡𝑕𝑒 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦;
𝑦− 2𝑡

𝑥 − 𝑡2
=
1

𝑡
 

𝑦 − 2𝑡 =
1

𝑡
(𝑥 − 𝑡2),    𝑦 =

1

𝑡
𝑥 + 𝑡 

(ii) Gradient of line L= −1 ÷
1

𝑡
= −𝑡 

The equation of the line L is given by;
𝑦;0

𝑥;1
= −𝑡,       

𝑦 = −𝑥𝑡(𝑥 − 1),     𝑦 = −𝑥𝑡 + 𝑡 

(iii) At point of intersection, 
1

𝑡
𝑥 + 𝑡 = −𝑥𝑡+ 𝑡 

1

𝑡
𝑥 = −𝑥𝑡,     𝑥(1+ 𝑡2) = 0,   𝑥 = 0 
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𝑤𝑕𝑒𝑛 𝑥 = 0,𝑦 = −𝑥𝑡 + 𝑡 = 0 + 𝑡 = 𝑡 

The point of intersection is 𝑋(0,𝑡) 

(c) 𝑋(0,𝑡), 𝑃(𝑥, 𝑦),    𝑇(𝑡2 ,2𝑡) 

|𝑋𝑃| = |𝑃𝑇| 

√(𝑦 − 𝑡)2 + (𝑥 − 0)2 = √(𝑦− 2𝑡)2 + (𝑥 − 𝑡2)2 

√𝑦2 − 2𝑡𝑦+ 𝑡2 + 𝑥2 = √𝑦2 − 4𝑡𝑦+ 4𝑡2 + 𝑥2 − 2𝑥𝑡2+ 𝑡4 

𝑦2 − 2𝑡𝑦+ 𝑡2 + 𝑥2 = 𝑦2 − 4𝑡𝑦+ 4𝑡2 + 𝑥2 − 2𝑥𝑡2 + 𝑡4 

0 = −2𝑡𝑦+ 3𝑡2 − 2𝑥𝑡2 + 𝑡4 

𝑡4 + 3𝑡2 − 2𝑡𝑦− 2𝑥𝑡2 = 0 

𝑡4 + 3𝑡2 − 2𝑡(𝑥𝑡 + 𝑦) = 0 

∴ 𝑡3 + 3𝑡− 2(𝑥𝑡 + 𝑦) = 0 

(d) 
4𝑎 = 6,   𝑎 =

3

2
 

Equation of the tangent is  𝑦 = 𝑚𝑥+
𝑎

𝑚
 

At (10,-8);     −8 = 10𝑚+
3

2𝑚
 

20𝑚2+ 16𝑚+ 3 = 0 

𝑚 =
−16± √162 − 4 ×20×3

2× 20
=
−16± 4

40
 

𝑒𝑖𝑡𝑕𝑒𝑟 𝑚 =
−16− 4

40
=
−1

2
, 𝑜𝑟   𝑚 =

−16+ 4

40
=
−3

10
 

The tangents are; 𝑦 =
;1

2
𝑥 − 3,𝑎𝑛𝑑 𝑦 =

;3

10
𝑥 − 5 

***END*** 

 

 

 

 


